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ƳǊǎǉǊǆǏǔĲǈǉǗǐ�ƯǎǄǈıǋǗǐ

Ƭ�ƿǌǌǎǈĮ�ĲǎǑ�ǎǊǎǉǊǆǏǙǋĮĲǎǐ

ƳǏǈıǋǗǐ

ƠıĲǔ�I�ǋǈĮ�ıǑǌƾǏĲǆıǆ�ıİ�ƿǌĮ�įǈƾıĲǆǋĮ�Ʃ��ƧǏǒǈǉǀ�ıǑǌƾǏĲǆıǆ�ǀ�ȺĮ�

ǏƾǄǎǑıĮ�Ĳǆǐ�I�ıĲǎ�Ʃ�ǎǌǎǋƾǅİĲĮǈ�ǉƾǇİ�ıǑǌƾǏĲǆıǆ�)�ȺǎǑ�İǁǌĮǈ�ȺĮǏĮǄǔǄǁıǈǋǆ�

ıĲǎ�Ʃ�ǉĮǈ�ǈıǒǘİǈ�F x f x=l] ]g g�ǄǈĮ�ǉƾǇİ�[ ! D�
ƳǏǈıǋǗǐ

ƠıĲǔ�I�ǋǈĮ�ıǑǌƾǏĲǆıǆ�ǎǏǈıǋƿǌǆ�ıİ�ƿǌĮ�įǈƾıĲǆǋĮ�Ʃ��Ƨǌ�)�İǁǌĮǈ�ǋǈĮ�

ȺĮǏƾǄǎǑıĮ�Ĳǆǐ�I�ıĲǎ�Ʃ��ĲǗĲİ

�� ǗǊİǐ�ǎǈ�ıǑǌĮǏĲǀıİǈǐ�Ĳǆǐ�ǋǎǏĳǀǐ�G x F x c= +] ]g g ��F R! �İǁǌĮǈ�ȺĮǏƾ�

ǄǎǑıİǐ�Ĳǆǐ�I�ıĲǎ�Ʃ�

�� ǉƾǇİ�ƾǊǊǆ�ȺĮǏƾǄǎǑıĮ�*�Ĳǆǐ�I�ıĲǎ�Ʃ�ȺĮǁǏǌİǈ�Ĳǆ�ǋǎǏĳǀ�G x F x c= +] ]g g
��F R! �

ƧǗǏǈıĲǎ�ǎǊǎǉǊǀǏǔǋĮ

Ʒǎ�ıǘǌǎǊǎ�Ĳǔǌ�ȺĮǏĮǄǎǑıǙǌ�ǋǈĮǐ�ıǑǌƾǏĲǆıǆǐ�I�ıƝƿǌĮ�įǈƾıĲǆǋĮ�Ʃ�

ǎǌǎǋƾǅİĲĮǈ�ĮǗǏǈıĲǎ�ǎǊǎǉǊǀǏǔǋĮ�Ĳǆǐ�I�ıĲǎ�Ʃ�ǉĮǈ�ıǑǋǃǎǊǁǅİĲĮǈ� f x dx] g# ��

ƩǆǊĮįǀ�� f x dx F x c= +] ]g g# ��F R! �

īǈĮ� ǉƾǇİ� ıǑǌƾǏĲǆıǆ� I�� ȺĮǏĮǄǔǄǁıǈǋǆ� ıƝƿǌĮ� įǈƾıĲǆǋĮ� Ʃ�� ǈıǒǘİǈ�

f x cdx f x +=l] ]g g# ��F R! �

ƨĮıǈǉǎǁ�ĲǘȺǎǈ�ǎǊǎǉǊǀǏǔıǆǐ

ƴǁǌĮǉĮǐ�ƧǗǏǈıĲǔǌ�ƳǊǎǉǊǆǏǔǋƾĲǔǌ

�� dx c0 =#
�� dx x c1 = +#

�� xdx x c2
Ϯ

= +# f x f x cf x dx 2
Ϯ

= +l] ] ]g g g#

�� ,x dx x
1 1
1

!
a

a= + -a
a+

# ,f x f x dx f x c1 1
1

!
a

a= + + -a
a+

l] ] ]g g g#

�� ,lnx dx x c x1 0>= +# lnf x
f x dx f x c= +l]] ]gg g#
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ƴǁǌĮǉĮǐ�ƧǗǏǈıĲǔǌ�ƳǊǎǉǊǆǏǔǋƾĲǔǌ

�� e dx e cǆ ǆ= +# e f x dx e cf x f x= +l]] ]gg g#

�� lndx cǆ
ǆ

a
a
a= +# lnf x dx cf x

f x

a
a
a= +l]] ]gg g

#

�� xdx x chn vyo=- +# f x f xf x dx chn vyo=- +l]^ ] ]^gh g gh#
�� xdx x cvyo hn= +# f x f xf x dx cvyo hn= +l]^ ] ]^gh g gh#

��� x x c1
Ϯhn

v{=- +# f x
f x dx f x cϮhn

v{=- +l ]]̂ ]^ghg gh#

��� x x c1
Ϯvyo

f{= +# f x
f x dx f x cϮvyo

f{= +l ]]̂ ]^ghg gh#

ƭįǈǗĲǆĲİǐ�ĮǗǏǈıĲǎǑ�ǎǊǎǉǊǆǏǙǋĮĲǎǐ

�� ,f x dx f x dx RΎ!m m m=] ]g g# #
�� f x dx f xg x dx g x dx=+ +] ]^ ] ]g gh g g# # #
�� , ,f x g x dx f x dx g x dx RΎ!m n m n m n+ = +] ]^ ] ]g gh g g###

ƴĮǏĮĲǆǏǀıİǈǐ

L�� ƸȺƾǏǒǎǑǌ� ıǑǌĮǏĲǀıİǈǐ� ȺǎǑ� įİǌ� ƿǒǎǑǌ� ȺĮǏƾǄǎǑıĮ�� įǆǊĮįǀ� įİǌ�

ǋȺǎǏǎǘǋİ�ǌĮ�ǑȺǎǊǎǄǁıǎǑǋİ�Ĳǎ�ĮǗǏǈıĲǎ�ǎǊǎǉǊǀǏǔǋĮ�ĲǎǑǐ�

LL�� ƸȺƾǏǒǎǑǌ�ıǑǌĮǏĲǀıİǈǐ�ȺǎǑ�İǌǙ�ƿǒǎǑǌ�ȺĮǏƾǄǎǑıĮ��įİǌ�İǁǌĮǈ�ǎǊǎ�

ǉǊǆǏǙıǈǋİǐ�

LLL�� ƮƾǇİ�ıǑǌİǒǀǐ�ıǑǌƾǏĲǆıǆ�ıİ�įǈƾıĲǆǋĮ�Ʃ�ƿǒİǈ�ȺĮǏƾǄǎǑıĮ�ıĲǎ�Ʃ�

LY�� Ʒǎ�ĮǗǏǈıĲǎ�ǎǊǎǉǊǀǏǔǋĮ�ǋǈĮǐ�ıǑǌİǒǎǘǐ�ıǑǌƾǏĲǆıǆǐ�I�ıƝƿǌĮ�įǈƾ�

ıĲǆǋĮ�Ʃ�İǁǌĮǈ�ıǑǌƾǏĲǆıǆ�

ƮĮǌǗǌİǐ�ƳǊǎǉǊǀǏǔıǆǐ

ƧȺİǑǇİǁĮǐ�ǎǊǎǉǊǀǏǔıǆ

ƶĲǆǌ� ĮȺİǑǇİǁĮǐ� ǎǊǎǉǊǀǏǔıǆ� ȺǏǎıȺĮǇǎǘǋİ�� ǋİ� ȺĮǏĮĲǀǏǆıǆ�� ǌĮ�

ǃǏǎǘǋİ�ǋǈĮ�ıǑǌƾǏĲǆıǆ�Ĳǆǌ�ǎȺǎǁĮ�Įǌ�Ĳǆǌ�ȺĮǏĮǄǔǄǁıǎǑǋİ�ǇĮ�ȺƾǏǎǑǋİ�Ĳǆǌ�

ıǑǌƾǏĲǆıǆ�ȺǎǑ�ƿǒǎǑǋİ�ıĲǎ�ǎǊǎǉǊǀǏǔǋĮ�
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ưİǇǎįǎǊǎǄǁİǐ

L�� Ƨǌ�ıĲǎ�ǎǊǎǉǊǀǏǔǋĮ�ƿǒǎǑǋİ�ıǑǌƾǏĲǆıǆ�ǋİ�įǘǌĮǋǆ�ıĲǎǌ�ȺĮǏǎǌǎǋĮ�

ıĲǀ�ĲǗĲİ��Ĳǆǌ�ĮǌİǃƾǅǎǑǋİ�ıĲǎǌ�ĮǏǈǇǋǆĲǀ�ǉĮǈ�ǒǏǆıǈǋǎȺǎǈǎǘǋİ�Ĳǎǌ�

ĲǘȺǎ�ǄǈĮ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�Ĳǆǐ�įǘǌĮǋǆǐ�

x dx x dx x c1
1

1

a
= = - + +a

a
a

-
- +

##

f x
f x dx f x f x dx f x c1

1

a
= = - + +a

a
a

-
- +l

l]] ] ] ]gg g g g##
Ƨǌ� 1a = �ĲǗĲİ�ǒǏǆıǈǋǎȺǎǈǎǘǋİ�ĲǎǑǐ�ĲǘȺǎǑǐ�ǋİ�ĮȺǎĲƿǊİıǋĮ�Ĳǎ� ln��

įǆǊĮįǀ

lnx dx x c1 = +#

lnf x
f x dx f x c= +l]] ]gg g#

LL�� Ƨǌ�ıĲǎ�ǎǊǎǉǊǀǏǔǋĮ�ƿǒǎǑǋİ�ıǑǌƾǏĲǆıǆ�ǋİ�ǏǁǅĮ��ĲǗĲİ�ǇĮ�ǄǏƾĳǎǑǋİ�

Ĳǆǌ�ǏǁǅĮ�ǔǐ�įǘǌĮǋǆ�ǉĮǈ�ǇĮ�ǒǏǆıǈǋǎȺǎǈǎǘǋİ�Ĳǎǌ�ĲǘȺǎ�ǄǈĮ�Ĳǎ�ǎǊǎ�

ǉǊǀǏǔǋĮ�įǘǌĮǋǆǐ�

x x dx v
x cdx
1

v v
v 1

n

= =
+
+n

n
n +# # ��x 0>

,f x f x dx f x f x dx v
f x c f x

1
0>v v

v 1

n

= =
+

+n n
n +

l l] ] ] ] ] ]g g g g g g# #

ƴǏǎıǎǒǀ��Ƴǈ�ȺĮǏĮȺƾǌǔ�ıǒƿıİǈǐ�ǋȺǎǏǎǘǌ�ǌĮ�ǒǏǆıǈǋǎȺǎǈǆǇǎǘǌ�ǋǗǌǎ�Įǌ�

Ĳǎ� ,x f x0 0> >] g �ǀ�Įǌ�Ĳǎ�ǌ�İǁǌĮǈ�ƾǏĲǈǎǐ��ƶİ�ǗǊİǐ�Ĳǈǐ�ƾǊǊİǐ�Ⱥİ�

ǏǈȺĲǙıİǈǐ�ǇĮ�ȺǏƿȺİǈ�ǌĮ�ǒǏǆıǈǋǎȺǎǈǀıǎǑǋİ� [ �ǀ� f x] g ��ǎȺǗĲİ�
ǇĮ�įǆǋǈǎǑǏǄǀıǎǑǋİ�ǋǈĮ�ǉǊĮįǈǉǀ�ıǑǌƾǏĲǆıǆ�ǉĮǈ�ǇĮ�ǎǊǎǉǊǆǏǙ�

ıǎǑǋİ�ıİ�ǉƾǇİ�ǉǊƾįǎ�ǍİǒǔǏǈıĲƾ�

LLL�� Ƨǌ� ƿǒǎǑǋİ� [Ϯhn � ǀ� [Ϯvyo � ıǑǌǀǇǔǐ�ǒǏǆıǈǋǎȺǎǈǎǘǋİ� ĲǎǑǐ� ĲǘȺǎǑǐ�

ĮȺǎĲİĲǏĮǄǔǌǈıǋǎǘ�� 1x x
2
2Ϯhn

vyo= - �ǉĮǈ� 1x x
2
2Ϯvyo

vyo= + �

LY�� ƶİ�ǇİǔǏǆĲǈǉƿǐ�Įıǉǀıİǈǐ�ǋȺǎǏǎǘǋİ�ǌĮ�ǒǏǆıǈǋǎȺǎǈǀıǎǑǋİ�Ĳǈǐ�ǋİǇǗ�

įǎǑǐ�ȺǎǑ�İǁįĮǋİ�ıĲĮ�ĬİǔǏǀǋĮĲĮ�Ĳǔǌ�ƴĮǏĮǄǙǄǔǌ�ǄǈĮ�Ĳǆǌ�İǘǏİıǆ�

ǋǈĮǐ� ȺĮǏƾǄǎǑıĮǐ� �� ĮǏǒǈǉǀǐ� ıǑǌƾǏĲǆıǆǐ�� Ƨǌ� ǋĮǐ� įǁǌǎǑǌ� ĮǏǒǈǉƿǐ�

ıǑǌǇǀǉİǐ��Ĳǆǌ�Ĳǈǋǀ��įǆǊĮįǀ��Ĳǆǐ�ıǑǌƾǏĲǆıǆǐ�ǄǈĮ�ǋǈĮ�ıǑǄǉİǉǏǈǋƿǌǆ�

Ĳǈǋǀ�ĲǎǑ�[��ǋȺǎǏǎǘǋİ�ǌĮ�ǑȺǎǊǎǄǁıǎǑǋİ�Ĳǆǌ�Ĳǈǋǀ�ĲǎǑ�F�ȺǎǑ�ȺǏǎǉǘ�
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ȺĲİǈ�ĮȺǗ�Ĳǆǌ�ǎǊǎǉǊǀǏǔıǆ�

ƳǊǎǉǊǀǏǔıǆ�ǉĮĲƾ�ȺĮǏƾǄǎǌĲİǐ

ƠıĲǔ�ǎǈ�ıǑǌĮǏĲǀıİǈǐ�I��J�ǎǈ�ǎȺǎǁİǐ�İǁǌĮǈ�ȺĮǏĮǄǔǄǁıǈǋİǐ�ıİ�ƿǌĮ�įǈƾ�

ıĲǆǋĮ�Ʃ��ƷǗĲİ�ǆ�ǋƿǇǎįǎǐ�ǎǊǎǉǊǀǏǔıǆǐ�ǉĮĲƾ�ȺĮǏƾǄǎǌĲİǐ�İǉĳǏƾǅİĲĮǈ�ĮȺǗ�

Ĳǎǌ�ĲǘȺǎ�

f x g x dx f x g x f x g x dx= -l l] ] ] ] ] ]g g g g g g# #
ưİǇǎįǎǊǎǄǁİǐ

Ʒǆ�ǋƿǇǎįǎ�ǎǊǎǉǊǀǏǔıǆǐ�ǉĮĲƾ�ȺĮǏƾǄǎǌĲİǐ�Ĳǆǌ�ǒǏǆıǈǋǎȺǎǈǎǘǋİ�ǉǑ�

Ǐǁǔǐ�ǗĲĮǌ�ƿǒǎǑǋİ�ǄǈǌǗǋİǌǎ�ǋǈĮǐ�ıǑǌƾǏĲǆıǆǐ�ǋİ�İǉǇİĲǈǉǀ��ĲǏǈǄǔǌǎ�

ǋİĲǏǈǉǀ�ǀ�ǊǎǄĮǏǈǇǋǈǉǀ�ıǑǌƾǏĲǆıǆ�

L�� ƣĲĮǌ�ƿǒǎǑǋİ�ǄǈǌǗǋİǌǎ�ıǑǌƾǏĲǆıǆǐ�ǋİ�İǉǇİĲǈǉǀ�ǀ�ĲǏǈǄǔǌǎǋİĲǏǈǉǀ��

ȺƾǌĲĮ�ǇĮ�ǄǏƾĳǎǑǋİ�ǋİ�ǋǎǏĳǀ�ȺĮǏĮǄǙǄǎǑ�Ĳǆǌ�İǉǇİĲǈǉǀ�ǀ�Ĳǆǌ�ĲǏǈ�

ǄǔǌǎǋİĲǏǈǉǀ�ǉĮǈ�ǇĮ�İĳĮǏǋǗǅǎǑǋİ�ǎǊǎǉǊǀǏǔıǆ�ǉĮĲƾ�ȺĮǏƾǄǎǌĲİǐ��

ĬĮ�İĳĮǏǋǗǅǎǑǋİ�Ĳǆ�ǋƿǇǎįǎ�Ǘıİǐ�ĳǎǏƿǐ�ǒǏİǈĮıĲİǁ�ǋƿǒǏǈ�ǌĮ�ȺǏǎǉǘ�

Ǔİǈ�ƿǌĮ�ǎǊǎǉǊǀǏǔǋĮ�ȺǎǑ�ǋȺǎǏǎǘǋİ�ǌĮ�Ĳǎ�ǑȺǎǊǎǄǁıǎǑǋİ�

Ⱥ�ǒ�� x e dx e x dx2 1 4 2 1x
x

4
4

- = - =l] b ]g l g##
e x e x dx4 2 1 4 2 1

x x4 4

- - - =l] ]g g#

�
Hϰǆ

�[ � �] g� �
Hϰǆ

�# G[  �
Hϰǆ

�[ � �] g� �H
ϰǆ

� F

LL�� ƣĲĮǌ�ƿǒǎǑǋİ�ǄǈǌǗǋİǌǎ�İǉǇİĲǈǉǀǐ�ǋİ�ĲǏǈǄǔǌǎǋİĲǏǈǉǀ�ıǑǌƾǏĲǆıǆ��ǇĮ�

ǇƿĲǎǑǋİ�,�Ĳǎ�ĮǏǒǈǉǗ�ǎǊǎǉǊǀǏǔǋĮ��ǇĮ�ǄǏƾĳǎǑǋİ�ǋİ�ǋǎǏĳǀ�ȺĮǏĮǄǙ�

ǄǎǑ�Ĳǆǌ�İǉǇİĲǈǉǀ�ǉĮǈ�ǇĮ�İĳĮǏǋǗǅǎǑǋİ���ĳǎǏƿǐ�ǎǊǎǉǊǀǏǔıǆ�ǉĮĲƾ�

ȺĮǏƾǄǎǌĲİǐ��ưİ�ĮǑĲǗ�Ĳǎǌ�ĲǏǗȺǎ�ǇĮ�İǋĳĮǌǈıĲİǁ�Ĳǎ�,�ıĲǎ�įİǘĲİǏǎ�

ǋƿǊǎǐ��7ǎ�ǋİĲĮĳƿǏǎǑǋİ�ıĲǎ��ȺǏǙĲǎ�ǋƿǊǎǐ�ǎȺǗĲİ�ǑȺǎǊǎǄǁıĲǆǉİ�Ĳǎ�

ǎǊǎǉǊǀǏǔǋĮ�

Ⱥ�ǒ�� I e xdx e xdxǆ ǆhn hn= = =l] g##
e x e x e x e xdxdxǆ ǆ ǆ ǆhn hn hn vyo- - ==l^ h# #
e x e xdxǆ ǆhn vyo- =l] g#
e x e x e x dx e x e x Iǆ ǆ ǆ ǆ ǆ +hn vyo hn hn vyo- + - = - -^ h#
2I e x e x I e x e x c2

ǆ ǆ
ǆ ǆ

+hn vyo
hn vyo= - = - +
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LLL�� ƣĲĮǌ� ƿǒǎǑǋİ� ǄǈǌǗǋİǌǎ� ıǑǌƾǏĲǆıǆǐ� ǋİ� lnx� ȺƾǌĲĮ� ǄǏƾĳǎǑǋİ�ǔǐ�

ȺĮǏƾǄǔǄǎ�Ĳǆǌ�ıǑǌƾǏĲǆıǆ�ǉĮǈ�Ǘǒǈ� Ĳǎ� lnx� ǉĮǈ�ǋİĲƾ�İĳĮǏǋǗǅǎǑǋİ�

ǎǊǎǉǊǀǏǔıǆ�ǉĮĲƾ�ȺĮǏƾǄǎǌĲİǐ�

Ⱥ�ǒ�� ln ln lnxdx x xdx x x x x dx
1= = - =l ###

ln lnx x dx x x x c1- = - +#
Ⱥ�ǒ�� ln lnx dx x x dx1 1 1+ = + + =l] ] ]g g g# #

lnx x x x dx1 1 1 1
1+ + - + + =] ] ]g g g#

ln lnx x dx x x x c1 1 1 1 1+ + - = + + - +] ] ] ]g g g g#
ƳǊǎǉǊǀǏǔıǆ�ǏǆĲǙǌ�ıǑǌĮǏĲǀıİǔǌ�

ưƿǇǎįǎǐ�ȺǏǎıįǈǎǏǈıĲƿǔǌ�ıǑǌĲİǊİıĲǙǌ

ƠıĲǔ�ǗĲǈ� ƿǒǎǑǋİ�įǘǎ�ȺǎǊǑǙǌǑǋĮ� P x] g� ǉĮǈ� xQ] g� ǉĮǈ� ǇƿǊǎǑǋİ�ǌĮ�
ǑȺǎǊǎǄǁıǎǑǋİ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ� x

P x dxQ]] gg# �

Ƨǌ�ǎ�ǃĮǇǋǗǐ�ĲǎǑ�ĮǏǈǇǋǆĲǀ�İǁǌĮǈ�ǋİǄĮǊǘĲİǏǎǐ�ĮȺǗ�Ĳǎ�ǃĮǇǋǗ�ĲǎǑ�ȺĮ�

ǏǎǌǎǋĮıĲǀ�ĲǗĲİ�ȺǏǙĲĮ�ǉƾǌǎǑǋİ�Ĳǆ�įǈĮǁǏİıǆ�Ĳǔǌ�įǘǎ�ȺǎǊǑǔǌǘǋǔǌ�ǉĮǈ�ǉĮ�

ĲĮǊǀǄǎǑǋİ�ıİ�ǎǊǎǉǊǀǏǔǋĮ�Ĳǆǐ�ǋǎǏĳǀǐ� x dx Q x
U x dxP +] ]]g gg# # ��ǗȺǎǑ� [P] g�

Ĳǎ�ȺǆǊǁǉǎ�Ĳǆǐ�įǈĮǁǏİıǆǐ�ǉĮǈ�U x] g�Ĳǎ�ǑȺǗǊǎǈȺǎ�Ĳǆǐ�įǈĮǁǏİıǆǐ��Ĳǎ�ǑȺǗǊǎǈȺǎ�
İǁǌĮǈ�ǋǈǉǏǗĲİǏǎǑ�ǃĮǇǋǎǘ�ĮȺǗ�Ĳǎ� xQ] g��

īǈĮ� ǌĮ� ǑȺǎǊǎǄǁıǎǑǋİ� Ĳǎ� ǎǊǎǉǊǀǏǔǋĮ� Q x
U x dx]] gg# �� ȺǏƿȺİǈ� ǌĮ� įǈĮ�

ıȺƾıǎǑǋİ�Ĳǎ�ǉǊƾıǋĮ�Q x
U x]] gg �ıİ�ƾǇǏǎǈıǋĮ�ǉǊĮıǋƾĲǔǌ�İǈįǈǉǀǐ�ǋǎǏĳǀǐ��ȺǎǑ�

ĮǌĲǈıĲǎǈǒǎǘǌ�ıĲǎǑǐ�ȺĮǏƾǄǎǌĲİǐ�ĲǎǑ�ȺĮǏǎǌǎǋĮıĲǀ� xQ] g��ƳȺǗĲİ�ȺĮǏĮǄǎ�
ǌĲǎȺǎǈǎǘǋİ�Ĳǎ� xQ] g�ǃǏǁıǉǎǌĲĮǐ�Ĳǈǐ�Ǐǁǅİǐ�ĲǎǑ�ǉĮǈ�įǈĮǉǏǁǌǎǑǋİ�Ĳǈǐ�İǍİǁǐ�Ⱥİ�
ǏǈȺĲǙıİǈǐ�

L�� Ʒǎ� xQ] g�ƿǒİǈ�ȺǏĮǄǋĮĲǈǉƿǐ�Ǐǁǅİǐ�ǒǔǏǁǐ�ȺǎǊǊĮȺǊǗĲǆĲĮ��įǆǊĮįǀ�ĮȺǎ�
ĲİǊİǁĲĮǈ�ǋǗǌǎ�ĮȺǗ�ȺĮǏƾǄǎǌĲİǐ�Ĳǆǐ�ǋǎǏĳǀǐ� x ŝt-^ h�
ƶİ�ǉƾǇİ�ȺĮǏƾǄǎǌĲĮ�Ĳǆǐ�ǋǎǏĳǀǐ� x ŝt-^ h�ĮǌĲǈıĲǎǈǒİǁ�ƿǌĮ�ǉǊƾıǋĮ�xA ŝ

ŝ

t-
��ǗȺǎǑ�$ ŝ�ıĲĮǇİǏǗǐ�ıǑǌĲİǊİıĲǀǐ�ȺǎǑ�ȺǏǎıįǈǎǏǁǅİĲĮǈ�ǋİ�Ĳǎǌ�ĲǏǗȺǎ�

ȺǎǑ�ǇĮ�ȺİǏǈǄǏƾǓǎǑǋİ�ıĲǆ�ıǑǌƿǒİǈĮ�

Ⱥ�ǒ�� x x
x

x
A

x
A

1 2
3

1 2
1 2

- -
- = - + -] ]g g

LL�� Ʒǎ� xQ] g�ƿǒİǈ�ȺǏĮǄǋĮĲǈǉƿǐ�Ǐǁǅİǐ�ǋİ�ȺǎǊǊĮȺǊǗĲǆĲĮ��įǆǊĮįǀ�ȺİǏǈƿǒİǈ�
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ȺĮǏƾǄǎǌĲİǐ�Ĳǆǐ�ǋǎǏĳǀǐ� x ŝt- l^ h �
ƶİ�ǉƾǇİ�ȺĮǏƾǄǎǌĲĮ�Ĳǆǐ�ǋǎǏĳǀǐ� x ŝt- l^ h �ĮǌĲǈıĲǎǈǒİǁ�ƿǌĮ�ƾǇǏǎǈıǋĮ�
ǉǊĮıǋƾĲǔǌ� x

A
x
A

x
A

i i i

1 2
2 ft t t- + - + + -

l
l^ ^h h ��ǗȺǎǑ� , , ,A A A1 2 f l�ıĲĮǇİ�

Ǐǎǁ�ıǑǌĲİǊİıĲƿǐ�ȺǎǑ�ȺǏǎıįǈǎǏǁǅǎǌĲĮǈ�ǋİ�Ĳǎǌ�ĲǏǗȺǎ�ȺǎǑ�ǇĮ�ȺİǏǈ�

ǄǏƾǓǎǑǋİ�ıĲǆ�ıǑǌƿǒİǈĮ�

Ⱥ�ǒ�� x
x

x
A

x
A

x
A

x1
3

1 1 22
1 2 3

2 2-
- = - + - + --] ] ]g g g

LLL�� Ʒǎ�Q x] g�ƿǒİǈ�ǋǈǄĮįǈǉƿǐ�Ǐǁǅİǐ�ǒǔǏǁǐ�ȺǎǊǊĮȺǊǗĲǆĲĮ��įǆǊĮįǀ�ȺİǏǈƿǒİǈ�
ȺĮǏƾǄǎǌĲİǐ�Ĳǆǐ�ǋǎǏĳǀǐ�� x xϮa b c+ +^ h�ǋİ� 4 0<Ϯb acD = - �

ƶİ�ǉƾǇİ�ȺĮǏƾǄǎǌĲĮ�Ĳǆǐ�ǋǎǏĳǀǐ� x xϮa b c+ +^ h�ĮǌĲǈıĲǎǈǒİǁ�ƿǌĮ�ǉǊƾ�
ıǋĮ� A x B

x x
i i

2a b c
+

+ + ��ǗȺǎǑ� ,A Bŝ ŝ�ıĲĮǇİǏǎǁ�ıǑǌĲİǊİıĲƿǐ�ȺǎǑ�ȺǏǎıįǈǎ�

ǏǁǅǎǌĲĮǈ�ǋİ�Ĳǎǌ�ĲǏǗȺǎ�ȺǎǑ�ǇĮ�ȺİǏǈǄǏƾǓǎǑǋİ�ıĲǆ�ıǑǌƿǒİǈĮ�

Ⱥ�ǒ�� x
x

x
A

x x
A x B

x x1
2 1

1 11
1

2
2 2

2-
- = - + - +

+
- +] ]g g

LY�� Ʒǎ� xQ] g� ƿǒİǈ� ǋǈǄĮįǈǉƿǐ� Ǐǁǅİǐ� ǋİ� ȺǎǊǊĮȺǊǗĲǆĲĮ�� įǆǊĮįǀ� ȺİǏǈƿǒİǈ�
ȺĮǏƾǄǎǌĲİǐ�Ĳǈǐ�ǋǎǏĳǀǐ� x xϮa b c+ + l^ h �ǋİ� 4 0<Ϯb acD = - �

ƶİ� ǉƾǇİ� ȺĮǏƾǄǎǌĲĮ� Ĳǆǐ� ǋǎǏĳǀǐ� x xϮa b c+ + l^ h �
ĮǌĲǈıĲǎǈǒİǁ� ƿǌĮ� ƾǇǏǎǈıǋĮ� ǉǊĮıǋƾĲǔǌ� Ĳǆǐ�

x x
A x B

x x
A x B

x x
A x B

2
1 1

2
2 2

22 f
a b c a b c a b c+ +

+ + + +
+ + + + +

+l l
l^ ^h h �� ǗȺǎǑ�

, , , , , ,A B A B A B1 1 2 2 f l l�ıĲĮǇİǏǎǁ�ıǑǌĲİǊİıĲƿǐ�ȺǎǑ�ȺǏǎıįǈǎǏǁǅǎǌĲĮǈ�ǋİ�

Ĳǎǌ�ĲǏǗȺǎ�ȺǎǑ�ǇĮ�ȺİǏǈǄǏƾǓǎǑǋİ�ıĲǆ�ıǑǌƿǒİǈĮ�

Ⱥ�ǒ�� x
x

x
A

x x
A x

x x
A x B

x x
B

1
2 5

1 1 11
1

2
2

2
3 3

2 2
2

2-
- = - + + + + + +

+
+ +

+] ] ]g g g
ưİ�Ĳǎǌ�ĲǏǗȺǎ�ȺǎǑ�ȺİǏǈǄǏƾǓĮǋİ�ȺǏǎǆǄǎǑǋƿǌǔǐ�ǒǔǏǁıĮǋİ�Ĳǎ�ǉǊƾ�

ıǋĮ� Q x
U x]] gg �ıĲǎ�ƾǇǏǎǈıǋĮ�Ĳǔǌ�ĮȺǊǙǌ�ǉǊĮıǋƾĲǔǌ� Q x

U x
m

m ]] gg/ ��ĬĮ�ȺǏƿȺİǈ�ǌĮ�

ƿǒǎǑǋİ� x
U x

Q x
U x

Q =
m

m]] ]]gg gg/ � ǄǈĮ�ǉƾǇİ� [ R! �ǋİ� xQ 0!] g ��ƮƾǌǎǑǋİ�ĮȺĮǊǎǈĳǀ�

ȺĮǏǎǌǎǋĮıĲǙǌ�ǉĮǈ�ǉĮĲĮǊǀǄǎǑǋİ�ıİ�ǈıǗĲǆĲĮ�ȺǎǊǑǔǌǘǋǔǌ�ȺǎǑ�ȺǏƿȺİǈ�ǌĮ�

ǈıǒǘİǈ�ǄǈĮ�ǉƾǇİ�[ R! �ǋİ� xQ 0!] g ��īǈĮ�ǌĮ�İǁǌĮǈ�ĲĮ�ȺǎǊǑǙǌǑǋĮ�ǁıĮ�ǄǈĮ�ǉƾǇİ�

[ R! �ǋİ� xQ 0!] g �ǇĮ�ȺǏƿȺİǈ�ǌĮ�ƿǒǎǑǌ�ǁıǎǑǐ�ĲǎǑǐ�ıǑǌĲİǊİıĲƿǐ�Ĳǔǌ�ǎǋǎ�

ǃĮǇǋǁǔǌ�ǗǏǔǌ��ưȺǎǏǎǘǋİ�ǊǎǈȺǗǌ�ǌĮ�ıǒǆǋĮĲǁıǎǑǋİ�ıǘıĲǆǋĮ�İǍǈıǙıİǔǌ�ǋİ�

ĮǄǌǙıĲǎǑǐ�ĲǎǑǐ�ıǑǌĲİǊİıĲƿǐ�ȺǎǑ�ȺǏƿȺİǈ�ǌĮ�ȺǏǎıįǈǎǏǁıǎǑǋİ��İǁĲİ

�� İǍǈıǙǌǎǌĲĮǐ�ĲǎǑǐ�ıǑǌĲİǊİıĲƿǐ�Ĳǔǌ�ǎǋǎǃĮǇǋǁǔǌ�ǗǏǔǌ��İǁĲİ
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�� İǍǈıǙǌǎǌĲĮǐ�Ĳǈǐ�ĮǏǈǇǋǆĲǈǉƿǐ�Ĳǈǋƿǐ�Ĳǔǌ�įǘǎ�ȺǎǊǑǔǌǘǋǔǌ��įǁǌǎǌĲĮǐ�

ǄǈĮ�Ĳǈǋƿǐ�ĲǎǑ�[�Ĳǈǐ�ȺǏĮǄǋĮĲǈǉƿǐ�Ǐǁǅİǐ�ĲǎǑ�ȺĮǏǎǌǎǋĮıĲǀ�

ƳȺǗĲİ�ǎ�ǑȺǎǊǎǄǈıǋǗǐ�ĲǎǑ�ǎǊǎǉǊǆǏǙǋĮĲǎǐ� Q x
U x dx]] gg# �ĮǌƾǄİĲĮǈ�ıĲǎ�

ǑȺǎǊǎǄǈıǋǗ�ǎǊǎǉǊǆǏǔǋƾĲǔǌ�ĮȺǊǙǌ�ǉǊĮıǋƾĲǔǌ��ıĲƾǌĲĮǏ�ǋǎǏĳǀǐ��ƩǈĮǉǏǁ�

ǌǎǑǋİ�ǊǎǈȺǗǌ�ĲƿııİǏǈǐ�ȺİǏǈȺĲǙıİǈǐ�

L�� ƳǊǎǉǊǆǏǙǋĮĲĮ�Ĳǆǐ�ǋǎǏĳǀǐ�I x dx1
ŝt

= -# �

ƠǒǎǑǋİ� lnI x dx x c1
ŝ

ŝt t= - = - +# �

Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�I x
x dxx1
3
2= -

-
-] ]g g# �

ƠǒǎǑǋİ� x x
x

x
A

x
A

1 2
3

1 2
1 2

- -
- = - + -] ]g g �

ƮƾǌǎǑǋİ�ĮȺĮǊǎǈĳǀ�ȺĮǏǎǌǎǋĮıĲǙǌ�ǉĮǈ�ȺǏǎǉǘȺĲİǈ

x A x A x3 2 11 2- = - + -] ]g g
īǈĮ�x 2= �ƿǒǎǑǋİ� A A A1 0 1 11 2 2+- = + =-] g �

īǈĮ�x 1= �ƿǒǎǑǋİ� A A A2 1 0 21 2 1+- = - + =] g �

ĬĮ�İǁǌĮǈ�ǊǎǈȺǗǌ� x x
x

x x1 2
3

1
2

2
1

- -
- = - + -

-] ]g g �

ƳǊǎǉǊǆǏǙǌǎǑǋİ�ǉĮǈ�ȺĮǁǏǌǎǑǋİ

I x x
x dx x x dx1 2
3

1
2

2
1

+= - -
- = - + -

-] ] bg g l# #
ln lnI x x c2 1 2= - - - +

LL�� ƳǊǎǉǊǆǏǙǋĮĲĮ�Ĳǆǐ�ǋǎǏĳǀǐ�I x dx1
ŝt

= - l^ h# �ǋİ� �Hl �

ƠǒǎǑǋİ�I x dx x x cdx1
1

1

i
i

i

t
t l

t= - = - - +
- +=

l

l
l

- +

^ ^ ^h h h## �

Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�I x x
x dx1 2
3

Ϯ= - -
-] ]g g# �

ƠǒǎǑǋİ� x
x

x
A

x
A

x
A

x1
3

1 1 22
1 2 3

2 2-
- = - + - + --] ] ]g g g �

ƮƾǌǎǑǋİ�ĮȺĮǊǎǈĳǀ�ȺĮǏǎǌǎǋĮıĲǙǌ�ǉĮǈ�ȺǏǎǉǘȺĲİǈ

x A x x A x A x3 1 2 2 11 2 3
2- = - - + - + -] ] ] ]g g g g

īǈĮ�x 1= �ƿǒǎǑǋİ� A A A A2 0 1 0 21 2 3 2+- = + - + =] g �

īǈĮ�x 2= �ƿǒǎǑǋİ� A A A A1 0 0 1 11 2 3
2

3+- = + + =-] g �

ƠĲıǈ�ȺǏǎǉǘȺĲİǈ

x A x x x x3 1 2 2 2 11
2 +- = - - + - - -] ] ] ]g g g g
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x A x A x A3 1 4 3 2 51
2

1 1- = - + - + -] ]g g
ƪǍǈıǙǌǎǌĲĮǐ� ĲǎǑǐ� ıǑǌĲİǊİıĲƿǐ� ĲǎǑ� [Ϯ� ȺĮǁǏǌǎǑǋİ� Ĳǆ� ıǒƿıǆ�

A A1 0 1ϭ ϭ+- = = �

ĬĮ�İǁǌĮǈ�ǊǎǈȺǗǌ� 1
3 1

x
x
x x x x2 1 1

2
2
1

Ϯ Ϯ-
-
- = - + - + -

-] ] ]g g g �

ƳǊǎǉǊǆǏǙǌǎǑǋİ�ǉĮǈ�ȺĮǁǏǌǎǑǋİ

I x x
x dx x x x dx1 2
3

1
1

1
2

2
1

Ϯ Ϯ += - -
- = - + - - -] ] ]cg g g m# #

ln lnI x x x c1 1
2 2= - - - - - +

LLL�� ƳǊǎǉǊǆǏǙǋĮĲĮ�Ĳǆǐ�ǋǎǏĳǀǐ�I x x
Ax B dxϮa b c

= + +
+# �ǋİ� 4 0<Ϯb acD = -

�

Ƴ�ǑȺǎǊǎǄǈıǋǗǐ� ǎǊǎǉǊǆǏǔǋƾĲǔǌ�ĮǑĲǀǐ� Ĳǆǐ� ǋǎǏĳǀǐ� ǄǁǌİĲĮǈ� Ǆİǌǈ�

ǉƾ� ǋİ� Ĳǆ� ǃǎǀǇİǈĮ� Ĳǆǐ� ıǑǌƾǏĲǆıǆǐ� ĲǎǍİĳ� ȺǎǑ� İǁǌĮǈ� ƿǍǔ� ĮȺǗ� Ĳǆ�

ıǒǎǊǈǉǀ� ǘǊǆ�� ĬĮ� ǑȺǎǊǎǄǁıǎǑǋİ� ǊǎǈȺǗǌ� Ĳǎ� ǎǊǎǉǊǀǏǔǋĮ� ƭ� ǋǗǌǎ�

ıĲǆǌ� ȺİǏǁȺĲǔıǆ� ȺǎǑ� İǁǌĮǈ� Ax B x x x2 Ϯt a b t a b c+ = + = + + l^ ^h h
�� ƠǒǎǑǋİ� ĲǗĲİ�� I x x

Ax B dx x x
x x dxϮ Ϯ

Ϯ

a b c a b c
t a b c= + +

+ = + +
+ + =

l^ h## �

ln x x cϮt a b c+ + + �

Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ

I x
x x dxx1
2 1

1
Ϯ

Ϯ= -
- -

+] ]g g# �

ƠǒǎǑǋİ� 2 1x x A A x B
x x x x1 1 1 1

2
1 2 2

2 2
- - +
- + = - + +] ]g g �

ƮƾǌǎǑǋİ�ĮȺĮǊǎǈĳǀ�ȺĮǏǎǌǎǋĮıĲǙǌ�ǉĮǈ�ȺǏǎǉǘȺĲİǈ

x x A x A x B x2 1 1 12
1

2
2 2- - = + + + -] ] ]g g g

īǈĮ�x 1= �ƿǒǎǑǋİ� A A B A2 2 2 0 11 2 2 1+- = + + =-] ]g g �

ƠĲıǈ�ȺǏǎǉǘȺĲİǈ

x x x A x B x2 1 1 1Ϯ Ϯ
Ϯ Ϯ +- - =- - + + -] ]g g

x x A x B A x B2 1 1 1Ϯ
Ϯ

Ϯ
Ϯ Ϯ Ϯ- - = - + - - -] ]g g

ƪǍǈıǙǌǎǌĲĮǐ�ĲǎǑǐ�ıǑǌĲİǊİıĲƿǐ�ĲǎǑ� [Ϯ�ǉĮǈ�ĲǎǑǐ�ıĲĮǇİǏǎǘǐ�ǗǏǎǑǐ�

ȺĮǁǏǌǎǑǋİ�Ĳǈǐ�ıǒƿıİǈǐ

1 1A
B

A
B1 1

2
0

Ϯ

Ϯ

Ϯ

Ϯ

+
- =

- - =-
=
=

) )
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ĬĮ�İǁǌĮǈ�ǊǎǈȺǗǌ� x x
x x

x x
x

1 1
2 1

1
1

1
2

Ϯ

Ϯ

Ϯ- +
- - = -

- + +] ]g g �

ƳǊǎǉǊǆǏǙǌǎǑǋİ�ǉĮǈ�ȺĮǁǏǌǎǑǋİ

I x x
x x dx x x

x dx1 1
2 1

1
1

1
2

Ϯ

Ϯ

Ϯ += - +
- - = -

- + +] ] bg g l# #
ln lnI x x c1 1Ϯ=- - - + +] g �

LY�� ƳǊǎǉǊǆǏǙǋĮĲĮ�Ĳǆǐ�ǋǎǏĳǀǐ�I x
Ax B dxϮa b c

= +
+
+ l^ h# �ǋİ� 4 0<Ϯb acD = - �

ǉĮǈ� �Hl �

ĬĮ�ǑȺǎǊǎǄǁıǎǑǋİ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�ƭ�ǋǗǌǎ�ıĲǆǌ�ȺİǏǁȺĲǔıǆ�ȺǎǑ�İǁǌĮǈ

Ax B x2t a b+ = + =^ h � x xϮt a b c+ + l^ h �
ƠǒǎǑǋİ�ĲǗĲİ�

I x x
Ax B dx x x

x x dxϮ Ϯ

Ϯ

a b c a b c

t a b c= + +
+ = + +

+ + =l l

l

^ ^^h hh##

x x x x dx2 2t a b c a b c+ + + + =l-l^ ^h h#
x x c1

2 1

t
l

a b c
- +
+ + +

l- +^ h
�

ƧǊǊĮǄǀ�ǋİĲĮǃǊǆĲǀǐ

ƠıĲǔ� ǗĲǈ� ǇƿǊǎǑǋİ� ǌĮ� ǑȺǎǊǎǄǁıǎǑǋİ� Ĳǎ� ǎǊǎǉǊǀǏǔ�

ǋĮ� I f g t g t dt= l]^ ]gh g# � ǉƾǌǎǌĲĮǐ� ĮǊǊĮǄǀ� ǋİĲĮǃǊǆĲǀǐ�� ĬƿĲǎǑ�

ǋİ� u g t= ] g�� ǎȺǗĲİ� du g t dt= l] g �� ƪȺǎǋƿǌǔǐ� Ĳǎ� ǎǊǎǉǊǀǏǔǋĮ� ǄǁǌİĲĮǈ�

I f u du I F u c I F g t c+ += = + = +] ] ]^g g gh# �

ƴǏǎıǎǒǀ��ƶĲǆǌ�ȺİǏǁȺĲǔıǆ�ĮǑĲǀ�ǇĮ�ǋȺǎǏǎǘıĮǋİ�ǌĮ�ǉƾǌǎǑǋİ�ǉĮǈ�ĮȺİǑ�

ǇİǁĮǐ�ǎǊǎǉǊǀǏǔıǆ�

ƴǎǊǊƿǐ�ĳǎǏƿǐ�ȺǏƿȺİǈ�ǌĮ�ǑȺǎǊǎǄǁıǎǑǋİ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�I f x dx= ] g# �

ǒǔǏǁǐ�ǌĮ�ǋȺǎǏǎǘǋİ�ǌĮ�ǒǏǆıǈǋǎȺǎǈǀıǎǑǋİ�ǉƾȺǎǈĮ�ĮȺǗ�Ĳǈǐ�ȺǏǎǆǄǎǘǋİǌİǐ�

ǋİǇǗįǎǑǐ��ƶİ�ĮǑĲǀ�Ĳǆǌ�ȺİǏǁȺĲǔıǆ�ǋȺǎǏǎǘǋİ�ǌĮ�ǉƾǌǎǑǋİ�ȺƾǊǈ�ĮǊǊĮǄǀ�ǋİ�

ĲĮǃǊǆĲǀǐ��įǈĮǉǏǁǌǎǌĲĮǐ�įǘǎ�ȺİǏǈȺĲǙıİǈǐ�

L�� ĬƿĲǎǑǋİ�x g t dx g t dt&= = l] ]g g �

Ʒǎ�ǎǊǎǉǊǀǏǔǋĮ�ǄǁǌİĲĮǈ� I f g t g t dt= l]^ ]gh g# ��Ʒǎ�ĮȺǎĲƿǊİıǋĮ�ǇĮ�İǁ�

ǌĮǈ�ǋǈĮ�ıǑǌƾǏĲǆıǆ�Ĳǆǐ�ǋİĲĮǃǊǆĲǀǐ�W�ǉĮǈ�Ǘǒǈ�Ĳǆǐ�ǋİĲĮǃǊǆĲǀǐ�[��īǈĮ�

ǌĮ�ǋȺǎǏƿıǎǑǋİ�ǌĮ�İǉĳǏƾıǎǑǋİ�Ĳǎ�ĮȺǎĲƿǊİıǋĮ�Ĳǆǐ�ǎǊǎǉǊǀǏǔıǆǐ�

ıǑǌĮǏĲǀıǆ�Ĳǆǐ�ǋİĲĮǃǊǆĲǀǐ�[��ǇĮ�ȺǏƿȺİǈ�ǆ�ıǑǌƾǏĲǆıǆ�x g t= ] g�ǌĮ�
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İǁǌĮǈ�ĮǌĲǈıĲǏƿǓǈǋǆ��ƠĲıǈ�ǆ�ǋİĲĮǃǊǆĲǀ� W�ǋȺǎǏİǁ� ǌĮ� İǉĳǏĮıĲİǁ�ǔǐ�

ıǑǌƾǏĲǆıǆ�ĲǎǑ�W�

LL�� ĬƿĲǎǑǋİ�t h x= ] g��Ƭ�ıǑǌƾǏĲǆıǆ�h x] g�ȺǏƿȺİǈ�ǌĮ�İǁǌĮǈ�ĮǌĲǈıĲǏƿǓǈǋǆ��
ƠĲıǈ�x h t dx h t dt1 1&= =- - l] ]^g gh �

Ʒǎ�ǎǊǎǉǊǀǏǔǋĮ�ǄǁǌİĲĮǈ�I f h t h t dt1 1= - - l]^ ]^gh gh# �ȺǎǑ�Ĳǎ�ǑȺǎǊǎǄǁǅǎǑ�

ǋİ��ƧǌĲǈǉĮǇǈıĲǙǌĲĮǐ�ıĲǎ�ĲİǊİǑĲĮǁǎ�ĮȺǎĲƿǊİıǋĮ�t h x= ] g�İȺĮǌİǏǒǗ�
ǋĮıĲİ�ıĲǆǌ�ĮǏǒǈǉǀ�ǋİĲĮǃǊǆĲǀ�[�

ưİǇǎįǎǊǎǄǁİǐ�ıĲǈǐ�ĮǊǊĮǄƿǐ�ǋİĲĮǃǊǆĲǀǐ

L�� ƷǏǈǄǔǌǎǋİĲǏǈǉƾ�ǎǊǎǉǊǆǏǙǋĮĲĮ�

�� Ƨǌ�ƿǒǎǑǋİ�ĲǏǈǄǔǌǎǋİĲǏǈǉǗ�ĮǏǈǇǋǗ�ǑǓǔǋƿǌǎ�ıİ�ƾǏĲǈǎ�İǉǇƿĲǆ��İĳĮǏ�

ǋǗǅǔ�ĲǘȺǎǑǐ�ĮȺǎĲİĲǏĮǄǔǌǈıǋǎǘ�
1 ,x x x x

2
2

2
1 2Ϯ Ϯhn

vyo
vyo

vyo= - = +

Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�I xdxϮhn= # �

ƠǒǎǑǋİ� 1 2I xdx x dx x x c2
2

2 4
Ϯhn

vyo hn= = - = - +##
�� Ƨǌ�ƿǒǎǑǋİ�ĲǏǈǄǔǌǎǋİĲǏǈǉǗ�ĮǏǈǇǋǗ�ǑǓǔǋƿǌǎ�ıİ�ȺİǏǈĲĲǗ�İǉǇƿĲǆ��Ĳǎǌ�

ıȺƾǔ�ıĲǎǌ�ȺǏǎǆǄǎǘǋİǌǎ�ƾǏĲǈǎ��ǒǏǆıǈǋǎȺǎǈǙ�Ĳǆ�ǃĮıǈǉǀ�ĲǏǈǄǔǌǎǋİ�

ĲǏǈǉǀ�ĲĮǑĲǗĲǆĲĮ� x x 1Ϯ Ϯhn vyo+ = �ǉĮǈ�ǇƿĲǎǑǋİ�

�� Ƨǌ�ƿǒǎǑǋİ� [hn ��ǇƿĲǎǑǋİ�u x du xdx&vyo hn= =- �

�� Ƨǌ�ƿǒǎǑǋİ� [vyo ��ǇƿĲǎǑǋİ�u x du xdx&hn vyo= = �

Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�I xdxϯhn= # �

ƠǒǎǑǋİ�I xdx x xdx3 2hn hn hn= =# #
ĬƿĲǎǑǋİ�u x du xdx&vyo hn= =-

1u x u x u x x u1Ϯ Ϯ Ϯ Ϯ Ϯ Ϯ+ + +vyo vyo hn hn= = = - = -

ƠĲıǈ�I u du u u c1 3
2

3

+= - - =- + +] g#

I x x c3
ϯ

vyo
vyo=- + + �

Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�I x xdx3 2hn vyo= # �

ƠǒǎǑǋİ�I x xdx x x xdx3 2 2 2hn vyo hn hn vyo= =# # �

ĬƿĲǎǑǋİ�u x du xdx&vyo hn= =-

1u x u x u x x u1Ϯ Ϯ Ϯ Ϯ Ϯ Ϯ+ + +vyo vyo hn hn= = = - = -
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ƠĲıǈ�I u u du u u du u u c1 3 5
2 2 2 4

3 5

+= - - = - + =- + +] ]g g# #

I x x c3 5
3 5vyo vyo=- + + �

LL�� Ƨǌ�ƿǒǎǑǋİ�ǏǁǅĮ�ǋİ�ǑȺǗǏǏǈǅǆ�ȺǎıǗĲǆĲĮ�ȺǎǊǑǙǌǑǋǎ�ȺǏǙĲǎǑ�ǃĮǇǋǎǘ�

� xa b+ ���ǇƿĲǎǑǋİ�Ĳǆ�ǏǁǅĮ��ǊǘǌǎǑǋİ�ǔǐ�ȺǏǎǐ�[�ǉĮǈ�ƿȺİǈĲĮ�ȺĮǏĮ�

ǄǔǄǁǅǎǑǋİ�ǄǈĮ�ǌĮ�ǃǏǎǘǋİ�Ĳǎ�dx�

Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�I x x dx1= +# �

ĬƿĲǎǑǋİ�u x u x x u dx udu1 1 1 2Ϯ Ϯ+ + &= + = + = - = �

ƠĲıǈ�I u udu u u du u u cu1 2 2 2 2 5 3
3

2 4 2
5

+= - = - = - +] ]g g##

1I x x c2 5
1

3

5 3

= + - + +
^ ^h h

�

LLL�� ƪǉǇİĲǈǉƾ�ǎǊǎǉǊǆǏǙǋĮĲĮ�

Ƨǌ� ıĲǎ� ǎǊǎǉǊǀǏǔǋĮ� ƿǒǎǑǋİ� ıǑǌƾǏĲǆıǆ� ĲǎǑ� Hǆ�� ǇƿĲǎǑǋİ�

lnu e x u dx u du
1ǆ + &= = =

Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�I e
e dx1
1

ǆ

ǆ

= +
-# �

ĬƿĲǎǑǋİ� lnu e x u dx u du
1ǆ + &= = = �

ƠĲıǈ�I u
u

u du1
1 1= +
-# �

ƠǒǎǑǋİ�u u
u

u
A

u
B

1
1

1+
- = + +] g �

ƮƾǌǎǑǋİ�ĮȺĮǊǎǈĳǀ�ȺĮǏǎǌǎǋĮıĲǙǌ�ǉĮǈ�ȺǏǎǉǘȺĲİǈ

u A u Bu1 1- = + +] g
īǈĮ�x 0= �ƿǒǎǑǋİ� A B A1 0 1+- = + =- �

īǈĮ�x 1=- �ƿǒǎǑǋİ� A B B2 0 1 2+- = + - =] g �

ĬĮ�İǁǌĮǈ�ǊǎǈȺǗǌ�u u
u

u u1
1 1

1
2

+
- = - + +] g �

ƳǊǎǉǊǆǏǙǌǎǑǋİ�ǉĮǈ�ȺĮǁǏǌǎǑǋİ

I u u
u du u u du1
1 1

1
2= +

- = - + + =] bg l##
2ln ln ln lnu u c I e e c1 2 1ǆ ǆ+- + + + =- + + +

LY�� ƯǎǄĮǏǈǇǋǈǉƾ�ǎǊǎǉǊǆǏǙǋĮĲĮ

Ƨǌ� ıĲǎ� ǎǊǎǉǊǀǏǔǋĮ� ƿǒǎǑǋİ� ıǑǌƾǏĲǆıǆ� ĲǎǑ� lnx�� ǇƿĲǎǑǋİ�

lnu x x e dx e duƵ Ƶ+ &= = = �
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Ⱥ�ǒ�� ƱĮ�ǑȺǎǊǎǄǈıĲİǁ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ

ln lnI x x dx3Ϯ= + -] g#
ĬƿĲǎǑǋİ� lnu x x e dx e duƵ Ƶ+ &= = = �

ƠĲıǈ�I u u e du3 u2= + - =] g#
u u e u e du3 2 1u u2+ - - + =] ]g g#

u u e u e due3 2 1 2u uu2+ - - + =+] ]g g #
u u e u e e c3 2 1 2u u u2 ++ - - + + +] ]g g
ln ln lnI x x e x e e c3 2 1 2ln ln lnx x x2= + - - + + +] ]g g �

Y�� ƪǈįǈǉƿǐ�ƴİǏǈȺĲǙıİǈǐ

�� ƣĲĮǌ� ƿǒǎǑǋİ� ǋƿıĮ� ıĲǎ� ǎǊǎǉǊǀǏǔǋĮ� xϮ Ϯa - �� ǇƿĲǎǑǋİ�

x u dx u&ahn avyo= = �

�� ƣĲĮǌ� ƿǒǎǑǋİ� ǋƿıĮ� ıĲǎ� ǎǊǎǉǊǀǏǔǋĮ� xϮ Ϯa- �� ǇƿĲǎǑǋİ�

x u dx u
u

Ϯ&hn
a

a
hn
vyo= =- �

�� ƣĲĮǌ� ƿǒǎǑǋİ� ǋƿıĮ� ıĲǎ� ǎǊǎǉǊǀǏǔǋĮ� xϮ Ϯa + �� ǇƿĲǎǑǋİ�

x u dx u du
1

Ϯ&af{ a
vyo

= = �

ƳǏǈıǋƿǌǎ�ƳǊǎǉǊǀǏǔǋĮ

Ʒǎ�ǎǊǎǉǊǀǏǔǋĮ�Ǆİǌǈǉİǘİǈ�ǉĮĲƾ�ǉƾȺǎǈǎ�ĲǏǗȺǎ�Ĳǎ�ıǘǋǃǎǊǎ�Ĳǆǐ�ƾǇǏǎǈ�

ıǆǐ�
v

1

al
l=

/ �Įĳǎǘ�İǁǌĮǈ�ǁıǎ�ǋİ�Ĳǎ�ǗǏǈǎ�ĮǉǎǊǎǑǇǁĮǐ�ĲƿĲǎǈǔǌ�ĮǇǏǎǈıǋƾĲǔǌ�

Ʒǎ�ǎǊǎǉǊǀǏǔǋĮ�ıǑǌƾǏĲǆıǆǐ�I�ıĲǎ�ǉǊİǈıĲǗ�įǈƾıĲǆǋĮ� �a b6 @�ǎǏǁǅİ�
ĲĮǈ�ıĮǌ�ǗǏǈǎ�ǉĮĲƾǊǊǆǊǆǐ�ĮǉǎǊǎǑǇǁĮǐ�ĮǇǏǎǈıǋƾĲǔǌ��ƷĮ�ĮǇǏǎǁıǋĮĲĮ�ĮǑĲƾ�

ǎǌǎǋƾǅǎǌĲĮǈ�ĮǇǏǎǁıǋĮĲĮ�5LHPDQQ�Ĳǆǐ�ıǑǌƾǏĲǆıǆ�I��ƮƾǇİ�ĲƿĲǎǈǎ�ƾǇǏǎǈıǋĮ�

ȺǏǎƿǏǒİĲĮǈ�ĮȺǗ�ıǑǄǉİǉǏǈǋƿǌǆ�įǈĮǋƿǏǈıǆ�ĲǎǑ� �a b6 @�ǉĮǈ�İȺǁıǆǐ�ıǑǄǉİǉǏǈǋƿǌǆ�
İȺǈǊǎǄǀ�ĲǈǋǙǌ�Ĳǆǐ�ıǑǌƾǏĲǆıǆǐ��ƷĮ�ĮǇǏǎǁıǋĮĲĮ�ĮǑĲƾ��ǄǈĮ�ǋǈĮ�ıǑǌİǒǀ�ıǑ�

ǌƾǏĲǆıǆ�I�ıĲǎ� �a b6 @��İǁǌĮǈ�Ĳǆǐ�ǋǎǏĳǀǐ�R f x
v

1
p D= l

l=
^ h/ �ǗȺǎǑ�İǁǌĮǈ� x v

b a
D = - �

ǉĮǈ� � � � v1 2 fp p p �ǋǈĮ�İȺǈǊǎǄǀ�İǌįǈƾǋİıǔǌ�ıǆǋİǁǔǌ�ǄǈĮ�Ĳǆ�įǈĮǋƿǏǈıǆ�

ƳǏǈıǋƿǌǎ�ǎǊǎǉǊǀǏǔǋĮ�Ĳǆǐ�I�ıĲǎ� �a b6 @�İǁĲİ�ǎǊǎǉǊǀǏǔǋĮ�Ĳǆǐ�I�ĮȺǗ�
Ĳǎ�Į�ǋƿǒǏǈ�Ĳǎ�ǃ�İǁǌĮǈ�Ĳǎ� lim f x

v

v

1
p D

" 3 l
l

+
=
^ h/ �ǉĮǈ�ıǑǋǃǎǊǁǅİĲĮǈ� f x dx

a

b ] g# �
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ƴĮǏĮĲǆǏǀıİǈǐ

L�� ưǈĮ�ıǑǌİǒǀǐ�ıǑǌƾǏĲǆıǆ� I�ıĲǎ� �a b6 @� İǁǌĮǈ�ǉĮǈ�ǎǊǎǉǊǆǏǙıǈǋǆ�ıĲǎ�
�a b6 @��ƸȺƾǏǒǎǑǌ�Ǘǋǔǐ�ǉĮǈ�ƾǊǊİǐ�ıǑǌĮǏĲǀıİǈǐ�ȺǎǑ�İǁǌĮǈ�ǎǊǎǉǊǆǏǙ�

ıǈǋİǐ�ıĲǎ� �a b6 @�ǒǔǏǁǐ�ǌĮ�İǁǌĮǈ�ĮȺĮǏĮǁĲǆĲĮ�ıǑǌİǒǀǐ�ıİ�ĮǑĲǗ��ƶĲǎ�
ǃǈǃǊǁǎ�ĮǑĲǗ�ǇĮ�ĮıǒǎǊǆǇǎǘǋİ�ĮȺǎǉǊİǈıĲǈǉƾ�ǉĮǈ�ǋǗǌǎ�ǋİ�ǎǊǎǉǊǆǏǙ�

ǋĮĲĮ�ıǑǌĮǏĲǀıİǔǌ�ȺǎǑ�İǁǌĮǈ�ıǑǌİǒİǁǐ�ıĲǎ�įǈƾıĲǆǋĮ�ǎǊǎǉǊǀǏǔıǆǐ�

LL�� Ʒǎ�ǎǊǎǉǊǀǏǔǋĮ� I f x dx=
a

b ] g# �İǁǌĮǈ�ƿǌĮǐ�ĮǏǈǇǋǗǐ�İǌĲİǊǙǐ�ǉĮǇǎǏǈ�

ıǋƿǌǎǐ�ǗĲĮǌ�İǁǌĮǈ�įİįǎǋƿǌǆ�ǆ�ǎǊǎǉǊǆǏǔĲƿĮ�ıǑǌƾǏĲǆıǆ�I��ıǑǌİǒǀǐ�

ıĲǎ�įǈƾıĲǆǋĮ�ǎǊǎǉǊǀǏǔıǆǐ��ǉĮǈ�Ĳǎ�įǈƾıĲǆǋĮ�ǎǊǎǉǊǀǏǔıǆǐ��Ƭ�ǋİ�

ĲĮǃǊǆĲǀ�ǎǊǎǉǊǀǏǔıǆǐ�[��ǎǘĲİ�ıĲǎ�ĮȺǎĲƿǊİıǋĮ�Ĳǆǐ�ǎǊǎǉǊǀǏǔıǆǐ�

ȺĮǏǎǑıǈƾǅİĲĮǈ�� ǎǘĲİ� ǆ� ĮǊǊĮǄǀ� Ĳǆǐ� ǎǌǎǋĮıǁĮǐ� Ĳǆǐ� ǋİĲĮǃƾǊİǈ� Ĳǆǌ�

Ĳǈǋǀ�ĲǎǑ�ǎǊǎǉǊǆǏǙǋĮĲǎǐ�

LLL�� Ƨǌ�ǎǈ�ıǑǌĮǏĲǀıİǈǐ�I�ǉĮǈ�J�İǁǌĮǈ�ıǑǌİǒİǁǐ�ıĲǎ�įǈƾıĲǆǋĮ� �a b6 @�ǉĮǈ�ǈıǒǘİǈ�
f x g x=] ]g g�ǄǈĮ�ǉƾǇİ� ,x ! a b6 @��ǇĮ�İǁǌĮǈ�ĲǗĲİ�ǉĮǈ� f x g xdx dx=

a

b

a

b] ]g g# #
��Ʒǎ�ĮǌĲǁıĲǏǎĳǎ�Ǘǋǔǐ�įİǌ�ǈıǒǘİǈ�

ĬİǙǏǆǋĮ

ƠıĲǔ�I�ıǑǌƾǏĲǆıǆ�ıǑǌİǒǀǐ�ıĲǎ�įǈƾıĲǆǋĮ� �a b6 @�ǉĮǈ�)�ǋǁĮ�ıǑǌƾǏĲǆ�
ıǆ��İȺǁıǆǐ�ıǑǌİǒǀǐ�ıĲǎ� �a b6 @��ĲƿĲǎǈĮ�ǙıĲİ�F x f x=l] ]g g�ǄǈĮ�ǉƾǇİ� ,x ! a b^ h�
�Ƭ�)�İǁǌĮǈ�ǋǈĮ�ĮǏǒǈǉǀ�ıǑǌƾǏĲǆıǆ�Ĳǆǐ�I���ưİ�Ĳǈǐ�ȺĮǏĮȺƾǌǔ�ȺǏǎǖȺǎǇƿıİǈǐ�

ƿǒǎǑǋİ� f x F xdx F Fb a= = -
a

b

a

b] ] ^ ]g g h g6 @# �

ƭįǈǗĲǆĲİǐ�ǎǏǈıǋƿǌǎǑ�ǎǊǎǉǊǆǏǙǋĮĲǎǐ

ƠıĲǔ�I��J�ıǑǌĮǏĲǀıİǈǐ�ıǑǌİǒİǁǐ�ıĲǎ� �a b6 @�
�� ,f x f xdx dx R!m m m=

a

b

a

b] ]g g# #

�� f x g x f x g xdx dx dx+ = +
a

b

a

b

a

b] ]^ ] ]g gh g g# # #

�� , ,f x f x g xg x dx dx dx R!m m l l ml = ++
a

b

a

b

a

b] ]^ ] ]g gh g g# # #

�� f x dx 0=
a

a ] g#

�� f x f xdx dx=-
a

b

b

a] ]g g# #
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�� ƭįǈǗĲǆĲĮ�&KDVOHV��īǈĮ�Ĳǆǌ�ǈįǈǗĲǆĲĮ��ĮǑĲǀ�ĮǏǉİǁ�ǆ�ıǑǌƾǏĲǆıǆ�I�ǌĮ�

İǁǌĮǈ�ıǑǌİǒǀǐ�ıİ�ǉĮǇƿǌĮ�ĮȺǗ�ĲĮ�įǈĮıĲǀǋĮĲĮ�ǎǊǎǉǊǀǏǔıǆǐ�ǎȺǎǈĮ�

įǀȺǎĲİ�ǉĮǈ�Įǌ�İǁǌĮǈ�ǆ�ıİǈǏƾ�ǋİǄƿǇǎǑǐ�Ĳǔǌ�ǎǏǁǔǌ�Į��ǃ��Ǆ�

f x f x f xdx dx dx+ =
a

b

b

c

a

c] ] ]g g g# # #
ƧǌǈıǎĲǈǉƾ�ĬİǔǏǀǋĮĲĮ

L�� Ƨǌ�ǆ�ıǑǌƾǏĲǆıǆ�I�İǁǌĮǈ�ıǑǌİǒǀǐ�ıĲǎ� �a b6 @�ǉĮǈ�İǁǌĮǈ�f x 0H] g �ǄǈĮ�ǉƾǇİ�

,x ! a b6 @��ǇĮ�İǁǌĮǈ�ĲǗĲİ� f x dx 0H
a

b ] g# �

ƣǋǎǈĮ�Įǌ�ǆ�ıǑǌƾǏĲǆıǆ�I�İǁǌĮǈ�ıǑǌİǒǀǐ�ıĲǎ� �a b6 @�ǉĮǈ�İǁǌĮǈ� f x 0G] g �

ǄǈĮ�ǉƾǇİ� ,x ! a b6 @��ǇĮ�İǁǌĮǈ�ĲǗĲİ� f x dx 0G
a

b ] g# �

Ƨǌ�ǆ�I�İǁǌĮǈ�ıǑǌİǒǀǐ�ıĲǎ� �a b6 @�ǉĮǈ�ĮǑıĲǆǏƾ�ǇİĲǈǉǀ��ǀ�ĮǏǌǆĲǈǉǀ��ĲǗĲİ�
ǇĮ�ǈıǒǘİǈ� f x dx 0>

a

b ] g# ��ǀ� 0f x dx <
a

b ] g# ��

Ʒǎ�ĮǌĲǁıĲǏǎĳǎ�įİǌ�ǈıǒǘİǈ�ȺƾǌĲǎĲİ�

LL�� Ƨǌ�ǆ�ıǑǌƾǏĲǆıǆ�I�İǁǌĮǈ�ıǑǌİǒǀǐ�ıĲǎ� �a b6 @��ǈıǒǘİǈ� f x 0H] g �ǉĮǈ�įİǌ�

İǁǌĮǈ�ȺĮǌĲǎǘ�ǋǆįƿǌ��įİǌ�İǁǌĮǈ�įǆǊĮįǀ�f x 0=] g �ǄǈĮ�ǉƾǇİ� ,x ! a b6 @���
ǇĮ�İǁǌĮǈ�ĲǗĲİ� f x dx 0>

a

b ] g# �

LLL�� Ƨǌ� I��J�ıǑǌİǒİǁǐ�ıǑǌĮǏĲǀıİǈǐ�ıĲǎ� �a b6 @�ǉĮǈ� ǈıǒǘİǈ� f x g xG] ]g g�ǄǈĮ�
ǉƾǇİ� ,x ! a b6 @��ǇĮ�ǈıǒǘİǈ�ĲǗĲİ� f x g xdx dxG

a

b

a

b] ]g g# # �

ƧǑĲǗ�Ĳǎ�ǇİǙǏǆǋĮ�ĮȺǎįİǈǉǌǘİĲĮǈ�ȺƾǏĮ�ȺǎǊǘ�İǘǉǎǊĮ�Įǌ�ıǉİĳĲǎǘǋİ�

ǗĲǈ

f x g x f x g x f x g x dx0 0+ & +G G G- -
a

b] ] ] ] ] ]^g g g g g gh#

0f x g x f x dx g x dxdx dx +G G-
a

b

a

b

a

b

a

b] ] ] ]g g g g# # # #
Ʒǎ�ĮǌĲǁıĲǏǎĳǎ�įİǌ�ǈıǒǘİǈ�ȺƾǌĲǎĲİ�

ƴĮǏĮĲǀǏǆıǆ

ƧȺǗ�ĲĮ�ĮǌǈıǎĲǈǉƾ�ǇİǔǏǀǋĮĲĮ�ıǑǋȺİǏĮǁǌǎǑǋİ�ǗĲǈ�ǋȺǎǏǎǘǋİ�ǌĮ�ǎǊǎ�

ǉǊǆǏǙıǎǑǋİ�ǋİ�ǎǏǈıǋƿǌǎ�ǎǊǎǉǊǀǏǔǋĮ�ǋǈĮ�ĮǌǈıǗĲǆĲĮ��Ƨǌ�ƿǒǎǑǋİ�įǆǊĮ�

įǀ� ǋǈĮ� ĮǌǈıǎĲǈǉǀ� ıǒƿıǆ� f x g xG] ]g g� ǋİĲĮǍǘ� įǘǎ� ıǑǌİǒǙǌ� ıǑǌĮǏĲǀıİǔǌ��
ǎǊǎǉǊǆǏǙǌİĲĮǈ�ıĲǎ�įǈƾıĲǆǋĮ� �a b6 @�ǉĮǈ�ǈıǒǘİǈ�ǋİ�Ĳǆǌ�ǁįǈĮ�ĳǎǏƾ��ĮǏǉİǁ�ǆ�
f x g xG] ]g g�ǌĮ�ǈıǒǘİǈ�ǉĮǇǎǊǈǉƾ�ıĲǎ�įǈƾıĲǆǋĮ�ǎǊǎǉǊǀǏǔıǆǐ�ǉĮǈ� �a b��ĬĮ�

İǁǌĮǈ�ǊǎǈȺǗǌ� f x g xdx dxG
a

b

a

b] ]g g# # �
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���

Ƨǌ� !a b�ĲǗĲİ�ĮȺǊƾ�ĮǊǊƾǅİǈ�ǆ�ĳǎǏƾ�Ĳǆǐ�Įǌǁıǔıǆǐ��ǇĮ�İǁǌĮǈ�ǊǎǈȺǗǌ�

f x g xdx dxH
a

b

a

b] ]g g# # �

ƳǊǎǉǊǀǏǔıǆ�ǉĮĲƾ�ȺĮǏƾǄǎǌĲİǐ

Ƨǌ� ǎǈ� ıǑǌĮǏĲǀıİǈǐ� I�� J� İǁǌĮǈ� ıǑǌİǒİǁǐ� ǉĮǈ� ƿǒǎǑǌ� ȺĮ�

ǏĮǄǙǄǎǑǐ� ıǑǌİǒİǁǐ� ıĲǎ� ĮǌĲǁıĲǎǈǒǎ� įǈƾıĲǆǋĮ� ǎǊǎǉǊǀǏǔ�

ıǆǐ� Ʃ�� ǇĮ� İǁǌĮǈ� f x f xg x dx g x f x g x dx= -
a

b

a

b

a

b

l l] ] ] ] ] ]g g g g g g6 @# # �� ǗȺǎǑ

f x g x f g f gb b a a= -
a

b] ] ^ ^ ] ]g g h h g g6 @ �

ƧǊǊĮǄǀ�ǋİĲĮǃǊǆĲǀǐ

Ƭ� ǋƿǇǎįǎǐ� Ĳǆǐ� ĮǊǊĮǄǀǐ� ǋİĲĮǃǊǆĲǀǐ� ıĲǎ� ǎǏǈıǋƿǌǎ� ǎǊǎǉǊǀǏǔǋĮ��

İǍǑȺǆǏİĲİǁ�ȺİǏǈııǗĲİǏǎǑǐ�ıǉǎȺǎǘǐ�ĮȺǗ�Ĳǆǌ�ĮǌĲǁıĲǎǈǒǆ�ǋƿǇǎįǎ�ıĲǎ�ĮǗ�

ǏǈıĲǎ�� ưİ� Ĳǆǌ� ĮǊǊĮǄǀ� ǋİĲĮǃǊǆĲǀǐ� ǋİĲĮǃƾǊǊİĲĮǈ� ĲǙǏĮ� ǉĮǈ� Ĳǎ� įǈƾıĲǆǋĮ�

ǎǊǎǉǊǀǏǔıǆǐ�ǉĮǈ�Ǘǒǈ�ǋǗǌǎ�ǆ�ǎǊǎǉǊǆǏǔĲƿĮ�ıǑǌƾǏĲǆıǆ��ưȺǎǏǎǘǋİ�ǊǎǈȺǗǌ�

ǌĮ�ǒǏǆıǈǋǎȺǎǈǀıǎǑǋİ�Ĳǆ�ǋƿǇǎįǎ��Ǘǒǈ�ǋǗǌǎ�ǄǈĮ�ǌĮ�ǋİĲĮıǒǆǋĮĲǁıǎǑǋİ�Ĳǎ�

ǎǊǎǉǊǀǏǔǋĮ�ıİ�ƾǊǊǎ��ȺǎǑ�ǋȺǎǏǎǘǋİ�ǌĮ�ǑȺǎǊǎǄǁıǎǑǋİ�ǋİ�ǄǌǔıĲǀ�įǈĮįǈ�

ǉĮıǁĮ��ĮǊǊƾ�ǉĮǈ�ǌĮ�ıǑǄǉǏǁǌǎǑǋİ�ǎǊǎǉǊǆǏǙǋĮĲĮ�ǋİ�įǈĮĳǎǏİĲǈǉƾ�ǗǏǈĮ�ǎǊǎ�

ǉǊǀǏǔıǆǐ��ưȺǎǏǎǘǋİ�Ǘǋǔǐ�ǌĮ�ıǑǄǉǏǁǌǎǑǋİ�ĮǉǗǋĮ�ǉĮǈ�ǎǊǎǉǊǆǏǙǋĮĲĮ�ǋİ�

ĲĮ�ǁįǈĮ�ǗǏǈĮ��ĮǊǊƾǅǎǌĲĮǐ�ǋİ�ǉĮĲƾǊǊǆǊǎ�ǋİĲĮıǒǆǋĮĲǈıǋǗ�Ĳǆǌ�ǎǊǎǉǊǆǏǔĲƿĮ�

ıǑǌƾǏĲǆıǆ��İǁĲİ�ǋǗǌǎ�ıĲǎ�ƿǌĮ��İǁĲİ�ǉĮǈ�ıĲĮ�įǘǎ�ĮȺǗ�ĮǑĲƾ�

Ƨǌ�ƿǒǎǑǋİ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ� f x dx
a

b ] g# ��ǋȺǎǏǎǘǋİ�ǌĮ�ǇƿıǎǑǋİ�Ĳǎ�[��

ıĮǌ�ıǑǌƾǏĲǆıǆ� Ĳǆǐ�ǋİĲĮǃǊǆĲǀǐ� W�� įǆǊĮįǀ� x g t dx g t dt&= = l] ]g g ��ƴǏƿ�

Ⱥİǈ�Ǘǋǔǐ�ǌĮ�ĮǊǊƾǍǎǑǋİ�ǉĮǈ�ĲĮ�ǗǏǈĮ�ǎǊǎǉǊǀǏǔıǆǐ��ƠĲıǈ�Ĳǎ�ǌƿǎ�įǈƾıĲǆǋĮ�

ǎǊǎǉǊǀǏǔıǆǐ�ǄǁǌİĲĮǈ� �Ϭ Ϭa b6 @��ǄǈĮ�Ĳǎ�ǎȺǎǁǎ�ǈıǒǘİǈ� ,g gϬ Ϭa a b b= =] ^g h��ƠĲıǈ�
ǊǎǈȺǗǌ�ȺǏǎǉǘȺĲİǈ�ǆ�ǈıǗĲǆĲĮ� f x f tdx g g t dt=

a

b

a

b

l] ]^ ]g gh g# # �

ưİǇǎįǎǊǎǄǁİǐ

L�� Ƨǌ�ƿǒǎǑǋİ�ǎǊǎǉǊǀǏǔǋĮ�ǋİ�ĮǌĲǁǇİĲĮ�ƾǉǏĮ��ĲǗĲİ�ıȺƾǋİ�Ĳǎ�ǎǊǎǉǊǀ�

ǏǔǋĮ�ıİ�įǘǎ�ǎǊǎǉǊǆǏǙǋĮĲĮ�ıĲǎ���ǉĮǈ�ıĲǎ�ƿǌĮ�ĮȺǗ�ĲĮ�įǘǎ�ǉƾǌǎǑǋİ�

ĮǊǊĮǄǀ�ǋİĲĮǃǊǆĲǀǐ�ǄǈĮ�ǌĮ�įǆǋǈǎǑǏǄǀıǎǑǋİ�ĲĮ�ǁįǈĮ�ƾǉǏĮ�

Ⱥ�ǒ�� Ƨǌ� ǆ� ıǑǌƾǏĲǆıǆ� I� İǁǌĮǈ� ƾǏĲǈĮ�� ǌĮ� ǑȺǎǊǎǄǈıĲİǁ� Ĳǎ� ǎǊǎǉǊǀǏǔǋĮ�
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I f x dx=
a

a

Ͳ
] g# �

I f x f x f xdx dx dx
0

0
= = +

a

a

a

a

- -
] ] ]g g g# # #

ƶĲǎ�ȺǏǙĲǎ�ǎǊǎǉǊǀǏǔǋĮ�ǇƿĲǎǑǋİ�u x du dx&=- =- �

īǈĮ�x u0 0&= = �

īǈĮ�x u&a a=- =

ƠǒǎǑǋİ�ǊǎǈȺǗǌ�I f u f xdu dx
Ϭ

Ϭ
= - - + =

a

a] ]g g# #
f u du f x dx

Ϭ Ϭ
- +

a a] ]g g# #
ƪȺİǈįǀ�ǆ�I�İǁǌĮǈ�ƾǏĲǈĮ�ǈıǒǘİǈ�f x f x- =] ]g g�
ƪȺǎǋƿǌǔǐ�I f u f x f xdu dx dx2

Ϭ Ϭ Ϭ
= + =

a a a] ] ]g g g# # # �

Ⱥ�ǒ�� Ƨǌ�ǆ�ıǑǌƾǏĲǆıǆ� I� İǁǌĮǈ�ȺİǏǈĲĲǀ��ǌĮ�ǑȺǎǊǎǄǈıĲİǁ� Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�

I f x dx=
a

a

Ͳ
] g# �

I f x f x f xdx dx dx
0

0
= = +

a

a

a

a

- -
] ] ]g g g# # #

ƶĲǎ�ȺǏǙĲǎ�ǎǊǎǉǊǀǏǔǋĮ�ǇƿĲǎǑǋİ�u x du dx&=- =- �

īǈĮ�x u0 0&= = �

īǈĮ�x u&a a=- =

ƠǒǎǑǋİ�ǊǎǈȺǗǌ�I f u f xdu dx
Ϭ

Ϭ
= - - + =

a

a] ]g g# #
f u du f x dx

Ϭ Ϭ
- +

a a] ]g g# #
ƪȺİǈįǀ�ǆ�I�İǁǌĮǈ�ȺİǏǈĲĲǀ�ǈıǒǘİǈ�f x f x- =] ]g g�
ƪȺǎǋƿǌǔǐ�I f u du f x dx 0

Ϭ Ϭ
= - + =

a a] ]g g# # �

LL�� ƣĲĮǌ�ǇƿǊǎǑǋİ�ǌĮ�įİǁǍǎǑǋİ�ǋǈĮ�ǈıǗĲǆĲĮ�ǋİĲĮǍǘ�įǘǎ�ǎǊǎǉǊǆǏǔǋƾĲǔǌ�

,I I1 2��ĲǗĲİ�

�� Ƨǌ�ıĲǎ�,ϭ�ƿǒǎǑǋİ��f xhn^ h�ǉĮǈ�ıĲǎ�,Ϯ�ƿǒǎǑǋİ�İȺǁıǆǐ�f xhn^ h��ĲǗĲİ�
ǇƿĲǎǑǋİ� πu x du dx&= - =- �

�� Ƨǌ�ıĲǎ� ,ϭ�ƿǒǎǑǋİ�� f xvyo] g�ǉĮǈ�ıĲǎ� ,Ϯ�ƿǒǎǑǋİ�İȺǁıǆǐ� f xvyo] g��
ĲǗĲİ�ǇƿĲǎǑǋİ� πu x du dx2 &= - =- �

�� Ƨǌ�ıĲǎ�,ϭ�ƿǒǎǑǋİ��f xhn^ h�ǉĮǈ�ıĲǎ�,Ϯ�ƿǒǎǑǋİ��f xvyo] g��ĲǗĲİ�Ǉƿ�
ĲǎǑǋİ� πu x du dx2 &= - =- �

�� Ƨǌ�ıĲǎ�,ϭ�ƿǒǎǑǋİ��f x] g�ǉĮǈ�ıĲǎ�,Ϯ�ƿǒǎǑǋİ�f xl -] g��ĲǗĲİ�ǇƿĲǎǑǋİ�
u x du dx&l= - =- �
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�� ƶİ�ǗǊİǐ�Ĳǈǐ�ƾǊǊİǐ�ȺİǏǈȺĲǙıİǈǐ�ǇĮ�ǋĮǐ�įǁǌİĲĮǈ�ǋǈĮ�ıǑǌĮǏĲǆıǈĮǉǀ�

ıǒƿıǆ�ǋİ�Ĳǆ�ǃǎǀǇİǈĮ�Ĳǆǐ�ǎȺǎǁĮǐ�ǇĮ�ǉĮĲĮǊƾǃǎǑǋİ�Ĳǆǌ�ĮǊǊĮǄǀ�

ǋİĲĮǃǊǆĲǀǐ�ȺǎǑ�ȺǏƿȺİǈ�ǌĮ�ǉƾǌǎǑǋİ�

Ⱥ�ǒ�� Ƨǌ� ǆ� I� İǁǌĮǈ� ıǑǌİǒǀǐ� ıĲǎ� ,!0 2: D�� ǌĮ� įİǁǍİĲİ� ǗĲǈ�

f x f xdx dx
π π

0

2

0

2
hn vyo=^ ]h g# # �

ĬƿĲǎǑǋİ� πu x du dx2 &= - =- �

īǈĮ� πx u0 2&= = �

īǈĮ� πx u2 0&= = �

ƠǒǎǑǋİ�ǊǎǈȺǗǌ� πf x dx f u du2

π

π0

2

2

0

hn hn= - - =^ bch l m# #

f u du
π

0

2
vyo] g# �

LLL�� ƣĲĮǌ� ƿǒǎǑǋİ� ǋƿıĮ� ıĲǎ� ǎǊǎǉǊǀǏǔǋĮ� ǋǈĮ� ĮǌĲǁıĲǏǎĳǆ� f x1- ] g�
ȺǎǑ� įİǌ� ǄǌǔǏǁǅǎǑǋİ� Ĳǎǌ� ĲǘȺǎ� Ĳǆǐ�� ĮǊǊƾ� ǎǘĲİ� ǋȺǎǏǎǘǋİ� ǌĮ�

Ĳǎǌ� ǃǏǎǘǋİ�� ǄǌǔǏǁǅǎǑǋİ� Ǘǋǔǐ� Ĳǎǌ� ĲǘȺǎ� Ĳǆǐ� f x] g�� ĲǗĲİ� ǇƿĲǎǑǋİ�
u f x dx f u dux f u1 &+= ==- l] ] ]g g g �

Ⱥ�ǒ�� ƠıĲǔ�ıǑǌƾǏĲǆıǆ�I�Ǆǌǆıǁǔǐ�ĳǇǁǌǎǑıĮ�ǋİ�ıǑǌİǒǀ�ȺĮǏƾǄǔǄǎ�ıĲǎ� �a b6 @�
ǉĮǈ�ıǘǌǎǊǎ�ĲǈǋǙǌ�Ĳǎ� �a b6 @��ƱĮ�įİǁǍİĲİ�ǗĲǈ� f x f xdx dx1 =

a

b

a

b
- ] ]g g# # �

ƪȺİǈįǀ�ǆ�I�İǁǌĮǈ�Ǆǌǆıǁǔǐ�ĳǇǁǌǎǑıĮ�ǉĮǈ�ǄǌǔǏǁǅǎǑǋİ�Ĳǎ�ıǘǌǎǊǎ�ĲǈǋǙǌ�

Ĳǆǐ�ǃǄƾǅǎǑǋİ�Ĳǎ�ıǑǋȺƿǏĮıǋĮ

f f 1+a b b a= =-] ^g h �ǉĮǈ�f f 1+b a a b= =-^ ]h g
ĬƿĲǎǑǋİ�u f x x f u dx f u du1 + &= = =- l] ] ]g g g �

īǈĮ�x u f 1&a a b= = =- ] g �

īǈĮ�x u f 1&b b a= = =- ^ h �

ƠĲıǈ� f x uf u uf udx du f u du1 = = - =
a

b

b

a

b

a

b

a
- l] ] ] ]g g g g6 @# # #

f f u du f u duf f u dua a b b ab ba =- + = - +
a

b

a

b

a

b] ^ ] ] ]g h g g g# ##

ƟǏĮ� f x dx f x dx1 =
a

b

a

b
- ] ]g g# # �
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ƧǌĮǄǔǄǈǉǎǁ�ĲǘȺǎǈ

ƴǎǊǊƿǐ�ĳǎǏƿǐ�ƿǒǎǑǋİ�ǋǈĮ�ĮǉǎǊǎǑǇǁĮ�ǎǊǎǉǊǆǏǔǋƾĲǔǌ��ǎǏǈıǋƿǌǔǌ�

ǀ�ĮǗǏǈıĲǔǌ�� , , , ,I I Iv0 1 f f� Ĳǔǌ�ǎȺǎǁǔǌ�ǆ�įǑıǉǎǊǁĮ�ǑȺǎǊǎǄǈıǋǎǘ�ĮǑǍƾǌİǈ�

ǋİ�Ĳǆǌ�Ĳǈǋǀ�ĲǎǑ�ǌ��īǈĮ�ǌĮ�ǋȺǎǏƿıǎǑǋİ�ǌĮ�ǑȺǎǊǎǄǁıǎǑǋİ�ĲƿĲǎǈĮ�ǎǊǎǉǊǆǏǙ�

ǋĮĲĮ�ǃǏǁıǉǎǑǋİ�Ĳǆ�ıǒƿıǆ�ȺǎǑ�ǑȺƾǏǒİǈ�ǋİĲĮǍǘ�įǘǎ�ĲǑǒĮǁǔǌ�ǗǏǔǌ� ,ǀ�ǉĮǈ�

,v 1- ��ƧǑĲǗǐ�İǁǌĮǈ�ǎ�ĮǌĮǄǔǄǈǉǗǐ�ĲǘȺǎǐ��Ƴ�ĮǌĮǄǔǄǈǉǗǐ�ĲǘȺǎǐ�ǋĮǐ�İȺǈĲǏƿȺİǈ�

ıǑǒǌƾ�ǌĮ�ǃǏǎǘǋİ�ǉĮǈ�Ĳǆǌ�Ĳǈǋǀ��ǀ�Ĳǆǌ�ƿǉĳǏĮıǆ�ĲǎǑ��ĲǎǑ�Ǆİǌǈǉǎǘ�ǗǏǎǑ� ,ǀ�

ıǑǌĮǏĲǀıİǈ�ĲǎǑ�ǌ�

Ƴ�ǉĮǇǎǏǈıǋǗǐ�ĲǎǑ�ĮǌĮǄǔǄǈǉǎǘ�ĲǘȺǎǑ�ǃĮıǁǅİĲĮǈ�ǉĮĲƾ�ǉĮǌǗǌĮ�ıĲǆǌ�

ȺĮǏĮǄǎǌĲǈǉǀ�ǎǊǎǉǊǀǏǔıǆ�

Ⱥ�ǒ�� Ƨǌ�I x e dxv
v x

0

1

= # �ǄǈĮ�ǉƾǇİ�Y N! ��ǌĮ�ǃǏİǇİǁ�ǎ�ĮǌĮǄǔǄǈǉǗǐ�ĲǘȺǎǐ�ǄǈĮ�

Ĳǆǌ�ĮǉǎǊǎǑǇǁĮ�,ǀ�ǉĮǈ�ǌĮ�ǃǏİǇİǁ�Ĳǎ�,ϰ�

I x e dx x e vx e dx I e vIv
v x v x v x

v v
0

1
1 1

0

1

1+= = - = --
-06 @# # �ǄǈĮ�ǉƾǇİ�Y NΎ! �

ƨǏǁıǉǎǑǋİ�ǊǎǈȺǗǌ�I e I33 2= - �

I e I22 1= -

I xe dx xe e dx e e 1x x x x
1

0

1

0
1

0

1

= = - = - =1
06 6@ @# #

ƳȺǗĲİ�I e e I e I e3 2 2 6 6 23 1 1= - - =- + = -] g �

Ƭ�ıǑǌƾǏĲǆıǆ� f t dt
ǆ

a
] g#

ƠıĲǔ�ıǑǌƾǏĲǆıǆ�I��ıǑǌİǒǀǐ�ıĲǎ�įǈƾıĲǆǋĮ�Ʃ�ǉĮǈ�Į�ıǆǋİǁǎ�ĲǎǑ�Ʃ��

ƷǗĲİ�ǆ�ıǑǌƾǏĲǆıǆ� :F R"D �ǋİ�ĲǘȺǎ�F x f t dt
ǆ

=
a

] ]g g# ��ǄǈĮ�ǉƾǇİ�[ ! D�İǁǌĮǈ�

ȺĮǏĮǄǔǄǁıǈǋǆ�ıĲǎ�Ʃ�ǉĮǈ�ƿǒİǈ�ȺĮǏƾǄǔǄǎ�F x f x=l] ]g g�ǄǈĮ�ǉƾǇİ�[ ! D�
ƴĮǏĮĲǆǏǀıİǈǐ

L�� ƮƾǇİ�ıǑǌƾǏĲǆıǆ�I�ıǑǌİǒǀǐ�ıİ�įǈƾıĲǆǋĮ�Ʃ��ƿǒİǈ�ȺĮǏƾǄǎǑıİǐ��ĮǏǒǈǉƿǐ�

ıǑǌĮǏĲǀıİǈǐ��ıĲǎ�Ʃ��ưǈĮ�ĮǏǒǈǉǀ�Ĳǆǐ�I�ıĲǎ�Ʃ�İǁǌĮǈ�ǆ�F x f t dt
ǆ

=
a

] ]g g# �

LL�� ƠıĲǔ�ıǑǌƾǏĲǆıǆ�I�ıǑǌİǒǀǐ�ıĲǎ�Ʃ��ĲǗĲİ� f x dx f x
ǆ

=-
a l]b ]g l g# �ǄǈĮ�ǉƾǇİ�

[ ! D�

LLL�� ƠıĲǔ� ǗĲǈ� ǆ� ıǑǌƾǏĲǆıǆ� I� İǁǌĮǈ� ǉ� ĳǎǏƿǐ� ȺĮǏĮǄǔǄǁıǈǋǆ� ıĲǎ� Ʃ� ǋİ�

ȺĮǏƾǄǔǄǎ� I l] g� ıǑǌİǒǀ� ıĲǎ� įǈƾıĲǆǋĮ� ĮǑĲǗ�� ƷǗĲİ� ǉĮǇİ� ĮǌĲǁıĲǎǈǒǆ�

ȺĮǏƾǄǎǑıĮ�)�Ĳǆǐ�I��İǁǌĮǈ�ĮǉǏǈǃǙǐ� 1l+ �ĳǎǏƿǐ�ȺĮǏĮǄǔǄǁıǈǋǆ��ǋİ�
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ȺĮǏƾǄǔǄǎ�) 1l+] g�ıǑǌİǒǀ�ıĲǎ�Ʃ�

ƴİįǁǎ�ǎǏǈıǋǎǘ�Ĳǆǐ�ıǑǌƾǏĲǆıǆǐ�F x f t dt
ǆ

=
a

] ]g g#
Ʒǎ�Ⱥİįǁǎ�ǎǏǈıǋǎǘ�Ĳǆǐ� F x] g�ǇĮ�İǁǌĮǈ�Ĳǎ�Ⱥİįǁǎ�ǎǏǈıǋǎǘ�Ĳǆǐ� f x] g�ǋİ�

Ĳǆǌ�ȺǏǎǑȺǗǇİıǆ�ǗĲǈ�ĲĮ�ǗǏǈĮ�ǎǊǎǉǊǀǏǔıǆǐ�ȺǏƿȺİǈ�ǌĮ�ĮǌǀǉǎǑǌ�ıĲǎ�Ⱥİįǁǎ�

ǎǏǈıǋǎǘ�Ĳǆǐ�f x] g�
Ⱥ�ǒ�� ƱĮ�ǃǏİǁĲİ�Ĳǎ�Ⱥİįǁǎ�ǎǏǈıǋǎǘ�Ĳǆǐ�f x t dt9

x
2= -

a
] g #

Ʒǎ� Ⱥİįǁǎ� ǎǏǈıǋǎǘ� Ĳǆǐ� h t t 9Ϯ= -] g � İǁǌĮǈ� Ĳǎ� ıǘǌǎǊǎ�

, ,A 3 3Ś ,3 3= - - +^ h6@ �

� Ƨǌ� �Ha �ĲǗĲİ�Ĳǎ�Ⱥİįǁǎ��ǎǏǈıǋǎǘ�Ĳǆǐ�I�İǁǌĮǈ�Ĳǎ�ıǘǌǎǊǎ� ,A 3Ĩ 3= + h6 �

� Ƨǌ� 3 3< <a- �ĲǗĲİ�įİǌ�ǎǏǁǅİĲĮǈ�ǆ�I�

� Ƨǌ� 3Ga - �ĲǗĲİ�Ĳǎ�Ⱥİįǁǎ�ǎǏǈıǋǎǘ�Ĳǆǐ�I�İǁǌĮǈ�Ĳǎ�ıǘǌǎǊǎ� ,A 3Ĩ 3= - -^ @�
ƴĮǏĮǄǙǄǈıǆ�Ĳǆǐ�ıǑǌƾǏĲǆıǆǐ� f t dt

ǆ

a
] g#

ƣĲĮǌ�ǇƿǊǎǑǋİ�ǌĮ�ȺĮǏĮǄǔǄǁıǎǑǋİ�ǋǈĮ�ıǑǌƾǏĲǆıǆ�ǎǏǈǅǗǋİǌǆ�ĮȺǗ�

ǎǊǎǉǊǀǏǔǋĮ�įİǌ�ȺǏƿȺİǈ�ǌĮ�Ǎİǒǌƾǋİ�ǗĲǈ�ǆ�ǋİĲĮǃǊǆĲǀ�ǎǊǎǉǊǀǏǔıǆǐ�İǁǌĮǈ�

Ĳǎ�W�İǌǙ�ǆ�ǋİĲĮǃǊǆĲǀ�ȺĮǏĮǄǙǄǈıǆǐ�İǁǌĮǈ�Ĳǎ�[��Ƨǌ�ǋƿıĮ�ıĲǎ�ǎǊǎǉǊǀǏǔǋĮ�

ǑȺƾǏǒİǈ�Ĳǎ�[��ĮǑĲǗ�ǇİǔǏİǁĲĮǈ�ıĲĮǇİǏǗ�ǔǐ�ȺǏǎǐ�Ĳǆ�ǋİĲĮǃǊǆĲǀ�W��ƪȺǎǋƿǌǔǐ�

ǄǈĮ�ǌĮ�ǋȺǎǏƿıǎǑǋİ�ǌĮ�ȺĮǏĮǄǔǄǁıǎǑǋİ�ǋƿıĮ�ıĲǎ�ǎǊǎǉǊǀǏǔǋĮ�įİǌ�ȺǏƿȺİǈ�

ǌĮ�ǑȺƾǏǒİǈ�[�

L� Ƨǌ�ƿǒǎǑǋİ�f x g t dt
h x

=
a

] ]]g gg# �ĲǗĲİ�f x g h x h x=l l] ]^ ]g gh g�
LL� Ƨǌ�ƿǒǎǑǋİ�f x g t dt

h x

x

=
{] ]]
]g gg
g# �ĲǗĲİ�ǄǈĮ�ǌĮ�ǋȺǎǏƿıǎǑǋİ�ǌĮ�ȺĮǏĮǄǔǄǁ�

ıǎǑǋİ�ȺǏƿȺİǈ�ȺǏǙĲĮ�ǌĮ�ıȺƾıǎǑǋİ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�ıİ�įǘǎ�ǋİ�ƿǌĮ�

ƾǉǏǎ�ĲǎǑ�ǉĮǇİǌǗǐ�ıĲĮǇİǏǗ�ıǆǋİǁǎ�ĲǎǑ�ȺİįǁǎǑ�ǎǏǈıǋǎǘ�Ĳǆǐ�I��ƠĲıǈ

f x g t dt g t dt
h x

x

&= +
a

a

{] ] ]]
]g g gg
g# #

f x g h x h x g x x{ {=- +l l l] ]^ ] ]^ ]g gh g gh g�
LLL� Ƨǌ�ƿǒǎǑǋİ� f x h x g t dt

ǆ

=
a

] ] ]g g g# �ĲǗĲİ�ǄǈĮ�ǌĮ�ȺĮǏĮǄǔǄǁıǎǑǋİ�ȺǏƿȺİǈ

ǌĮ�ǃǄƾǊǎǑǋİ�Ĳǎ�h x] g�ƿǍǔ�ĮȺǗ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ��ƩǆǊĮįǀ
f x h x g t dt

ǆ

&=
a

] ] ]g g g# �f x h x g t dt h x g x
ǆ

= +
a

l l] ] ] ] ]g g g g g#
LY� Ƨǌ�Ĳǎ�[�ǃǏǁıǉİĲĮǈ�ǋƿıĮ�ıǑǌƾǏĲǆıǆ�� ,g f x t^^ hh��ǉĮǈ�įİǌ�ǋȺǎǏǎǘǋİ

ǌĮ�Ĳǎ�ǃǄƾǊǎǑǋİ�ƿǍǔ�ĮȺǗ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�İǘǉǎǊĮ��ĲǗĲİ�ǇĮ�ǉƾǌǎǑǋİ
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x
ugdu

�

=-

�

x
1

���

ĮǊǊĮǄǀ�ǋİĲĮǃǊǆĲǀǐ�ǙıĲİ�ǌĮ�ǉĮĲĮǊǀǍǎǑǋİ�ıİ�ǋǈĮ�ĮȺǗ�Ĳǈǐ�ȺǏǎǆǄǎǘ�

ǋİǌİǐ�ǋǎǏĳƿǐ�

Ⱥ�ǒ�� ƱĮ�ǃǏİǁĲİ�Ĳǆǌ�ȺĮǏƾǄǔǄǎ�Ĳǆǐ�ıǑǌƾǏĲǆıǆǐ

f x g xt dt
x

0
=] ]g g#

ĬƿĲǎǑǋİ�u tx t x
u dt x du

1
+ &= = =- �

īǈĮ�t u0 0&= = �

īǈĮ�t x u xϮ&= = �

ƠǒǎǑǋİ�ǊǎǈȺǗǌ�f x g u du
xx

00

22

&= -] ]g g##

ƪǋǃĮįƾ

ƪǋǃĮįǗǌ�ǋǈĮǐ�ıǑǌƾǏĲǆıǆǐ�I�ǉĮǈ�Ĳǎǌ�ƾǍǎǌĮ� 'x x

Ʒǎ�İǋǃĮįǗ�Ĳǆǐ�ǄǏĮĳǈǉǀǐ�ȺĮǏƾıĲĮıǆǐ�ǋǈĮǐ�ıǑǌİǒǎǘǐ�ıǑǌƾǏĲǆıǆǐ�

I��Ĳǎǌ�ƾǍǎǌĮ� 'x x�ǉĮǈ�Ĳǈǐ�İǑǇİǁİǐ� ,x xa b= = �İǁǌĮǈ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�

E f x dx=
a

b ] g# �

ưİǇǎįǎǊǎǄǁĮ

īǈĮ� ǌĮ� ǑȺǎǊǎǄǁıǎǑǋİ� Ĳǎ� İǋǃĮįǗ� Ĳǆǐ� ǄǏĮĳǈǉǀǐ� ȺĮǏƾıĲĮıǆǐ� ǋǈĮǐ�

ıǑǌƾǏĲǆıǆǐ�I��Ĳǎǌ�ƾǍǎǌĮ� 'x x�ǉĮǈ�Ĳǈǐ�İǑǇİǁİǐ� ,x xa b= =

L� ĬĮ�ǃǏǁıǉǎǑǋİ�Ĳǈǐ�Ǐǁǅİǐ�Ĳǆǐ�I�ıĲǎ�įǈƾıĲǆǋĮ� �a b6 @��įǆǊĮįǀ�ǇĮ�ǊǘǌǎǑ�
ǋİ�Ĳǆǌ�İǍǁıǔıǆ�f x 0=] g �

LL� ĬĮ�ǃǏǁıǉǎǑǋİ�ĲĮ�ȺǏǗıǆǋĮ�Ĳǆǐ�I�ıĲĮ�įǈĮıĲǀǋĮĲĮ�Ĳǔǌ�ǏǈǅǙǌ�

LLL� ĬĮ�ǑȺǎǊǎǄǁǅǎǑǋİ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�ıĲĮ�įǈĮıĲǀǋĮĲĮ�Ĳǔǌ�ǏǈǅǙǌ�ȺĮǁǏ�

ǌǎǌĲĮǐ�ǇİĲǈǉǗ�ȺǏǗıǆǋǎ�ǗȺǎǑ�ǆ�I�İǁǌĮǈ�ǇİĲǈǉǀ�ǉĮǈ�ĮǏǌǆĲǈǉǗ�ȺǏǗıǆǋǎ

ǗȺǎǑ�ǆ�I�İǁǌĮǈ�ĮǏǌǆĲǈǉǀ�

ƴǏǎıǎǒǀ��Ƨǌ�įİǌ�ƿǒǎǑǋİ�ǉƾȺǎǈĮ�ǉƾǇİĲǆ�İǑǇİǁĮ��ĲǗĲİ�ǇİǔǏǎǘǋİ�ǔǐ�ǗǏǈĮ�

Ĳǈǐ�Ǐǁǅİǐ�Ĳǆǐ�I��

Ⱥ�ǒ�� ƱĮ�ǃǏİǇİǁ�Ĳǎ�İǋǃĮįǗǌ�Ĳǆǐ�ȺİǏǈǎǒǀǐ�ĲǎǑ�İȺǈȺƿįǎǑ�ȺǎǑ�ǎǏǁǅİĲĮǈ�ĮȺǗ�

Ĳǆǌ�ǉĮȺǘǊǆ�ǋİ�İǍǁıǔıǆ� y x x5 6Ϯ= - + �ǉĮǈ�Ĳǎǌ�ƾǍǎǌĮ� 'x x�ǉĮǈ�Ĳǆǐ�
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İǑǇİǁİǐ�x 1= �ǉĮǈ�x 4= �

īǈĮ�Ĳǆ�ıǑǌƾǏĲǆıǆ�I�ǋİ�ĲǘȺǎ�f x x x5 6Ϯ= - +] g �ǎǈ�Ǐǁǅİǐ�İǁǌĮǈ�Ĳǎ���ǉĮǈ�

Ĳǎ����ƮƾǌǎǑǋİ�ȺǁǌĮǉĮ�ȺǏǎıǀǋǔǌ�

f
x 1 2 3 4

+ - +

ĬĮ�İǁǌĮǈ�ǊǎǈȺǗǌ

E x x dx x x dx x x dx5 6 5 6 5 62

1

2
2

2

3
2

3

4

+= - + - - + + - +] ] ]g g g# # #

E 6
5

6
1

6
5

6
11= + + =

ƪǋǃĮįǗǌ�įǘǎ�ıǑǌĮǏĲǀıİǔǌ�I�ǉĮǈ�J

Ʒǎ�İǋǃĮįǗ�ĲǎǑ�ǒǔǏǁǎǑ�ȺǎǑ�ȺİǏǈǉǊİǁİĲĮǈ�ǋİĲĮǍǘ�Ĳǔǌ�ǄǏĮĳǈǉǙǌ�ȺĮ�

ǏĮıĲƾıİǔǌ�įǘǎ�ıǑǌİǒǙǌ�ıǑǌĮǏĲǀıİǔǌ�I�ǉĮǈ�J�ǉĮǈ�Ĳǈǐ�İǑǇİǁİǐ� ,x xa b= = �

İǁǌĮǈ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�E f x g x dx= -
a

b ] ]g g# �

ưİǇǎįǎǊǎǄǁĮ

īǈĮ�ǌĮ�ǑȺǎǊǎǄǁıǎǑǋİ�Ĳǎ�İǋǃĮįǗǌ�ĲǎǑ�ǒǔǏǁǎǑ�ȺǎǑ�ȺİǏǈǉǊİǁİĲĮǈ�ǋİ�

ĲĮǍǘ�Ĳǔǌ�ǄǏĮĳǈǉǙǌ�ȺĮǏĮıĲƾıİǔǌ�įǘǎ�ıǑǌĮǏĲǀıİǔǌ�I�ǉĮǈ�J�ǉĮǈ�Ĳǈǐ�

İǑǇİǁİǐ�x�=�a,x�=�b

L� ĬĮ�ǃǏǁıǉǎǑǋİ�Ĳǈǐ�Ǐǁǅİǐ�Ĳǆǐ�h x f x g x-=] ] ]g g g��įǆǊĮįǀ�ǇĮ�ǊǘǌǎǑǋİ
Ĳǆǌ�İǍǁıǔıǆ�f x g x 0- =] ]g g �

LL� ĬĮ�ǃǏǁıǉǎǑǋİ�Ĳǎ�ȺǏǗıǆǋǎ�Ĳǆǐ�K�ıĲĮ�įǈĮıĲǀǋĮĲĮ�Ĳǔǌ�ǏǈǅǙǌ�

LLL� ĬĮ�ǑȺǎǊǎǄǁǅǎǑǋİ�Ĳǎ�ǎǊǎǉǊǀǏǔǋĮ�ıĲĮ�įǈĮıĲǀǋĮĲĮ�Ĳǔǌ�ǏǈǅǙǌ�ȺĮǁǏ�

ǌǔǌĲĮǐ�ǇİĲǈǉǗ�ȺǏǗıǆǋǎ�ǗȺǎǑ�ǆ�K�İǁǌĮǈ�ǇİĲǈǉǀ�ǉĮǈ�ĮǏǌǆĲǈǉǗ�ȺǏǗıǆǋǎ

ǗȺǎǑ�ǆ�K�İǁǌĮǈ�ĮǏǌǆĲǈǉǀ�

ƴǏǎıǎǒǀ��Ƨǌ�įİǌ�ƿǒǎǑǋİ�ǉƾȺǎǈĮ�ǉƾǇİĲǆ�İǑǇİǁĮ��ĲǗĲİ�ǇİǔǏǎǘǋİ�ǔǐ�ǗǏǈĮ�

Ĳǈǐ�Ǐǁǅİǐ�Ĳǆǐ�K�

Ⱥ�ǒ�� ƱĮ�ǃǏİǇİǁ�Ĳǎ�İǋǃįǗǌ�ĲǎǑ�ǒǔǏǁǎǑ�ȺǎǑ�ȺİǏǈƿǒİĲĮǈ�ĮǌƾǋİıĮ�ıĲǆ�ǄǏĮ�

ĳǈǉǀ� ȺĮǏƾıĲĮıǆ� Ĳǆǐ� f x x x2 3Ϯ=- - +] g �� Ĳǆǌ� İĳĮȺĲǎǋƿǌǆ� Ĳǆǐ� ıĲǎ�

ıǆǋİǁǎ� ,M 2 5-^ h�ǉĮǈ�Ĳǎǌ�ƾǍǎǌĮ� 'y y�
Ƭ�İĳĮȺĲǎǋƿǌǆ�İ�Ĳǆǐ�f x] g�ıĲǎ� ,M 2 5^ h�ƿǒİǈ�İǍǁıǔıǆ�y f x5 2 2- - = -l] ] ]g g g
��įǆǊĮįǀ�y x6 7=- + �
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ƪȺǎǋƿǌǔǐ

h x f x y x x x x x2 3 6 7 4 4Ϯ Ϯ += - =- - + - - + =- + -] ] ]g g g
h x x 2 0Ϯ G- -=] ]g g �ǄǈĮ� x0 2G G

Ʒǎ�ǅǆĲǎǘǋİǌǎ�İǋǃĮįǗǌ�ǊǎǈȺǗǌ�İǁǌĮǈ

0E h x xdx 2 3
8

0

2
2 2=- =- - - =] ]g g6 @#

ƪǋǃĮįǗǌ�ȺĮǏĮȺƾǌǔ�ĮȺǗ�įǘǎ�ıǑǌĮǏĲǀıİǔǌ

ƣĲĮǌ�ƿǒǎǑǋİ�ȺĮǏĮȺƾǌǔ�ĮȺǗ�įǘǎ�ıǑǌĮǏĲǀıİǈǐ�ǄǈĮ�ǌĮ�ǋȺǎǏƿıǎǑǋİ�

ǌĮ�ǑȺǎǊǎǄǁıǎǑǋİ�Ĳǎ�İǋǃĮįǗǌ�ǇĮ�ȺǏƿȺİǈ�ǎȺǔıįǀȺǎĲİ�ǌĮ�ǉƾǌǎǑǋİ�Ĳǈǐ�

ǄǏĮĳǈǉƿǐ�ȺĮǏĮıĲƾıİǈǐ�Ĳǔǌ�ıǑǌĮǏĲǀıİǔǌ��ƠȺİǈĲĮ�ȺǏǎıįǈǎǏǁǅǎǑǋİ�

Ĳǎ�ǒǔǏǁǎ�Ⱥƾǌǔ�ıĲǎ�ıǒǀǋĮ�ǉĮǈ�ȺǏǎıȺĮǇǎǘǋİ�ǌĮ�ǒǔǏǁıǎǑǋİ�Ĳǎ�ǒǔǏǁǎ�

ıİ�İȺǈǋƿǏǎǑǐ�ǉǎǋǋƾĲǈĮ�ĲĮ�ǎȺǎǁĮ�ǋȺǎǏǎǘǋİ�ǌĮ�ĲĮ�ǑȺǎǊǎǄǁıǎǑǋİ�ǋİ�

ǃƾıǆ�Ĳǈǐ�ȺǏǎǆǄǎǘǋİǌİǐ�ǋİǇǎįǎǊǎǄǁİǐ��ƷƿǊǎǐ�ȺǏǎıǇƿĲǎǑǋİ�ǗǊĮ�ĲĮ�

İȺǈǋƿǏǎǑǐ�İǋǃĮįƾ�ǉĮǈ�ǃǏǁıǉǎǑǋİ�Ĳǎ�ǎǊǈǉǗ�İǋǃĮįǗǌ�
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