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1. ɀɿɶɲɷɿʃʉʀ
1.1 ȸ�ɹʆʆʉɿɲ�ʏʉʐ�ɀɿɶɲɷɿʃʉʑ
Ƀʌɿʍʅʊʎ

Ɉʉ�ʍʑʆʉʄʉ�C�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɲʌɿɽʅʙʆ�ɸʀʆɲɿ�ɹʆɲ�ʐʋɸʌʍʑʆʉʄʉ�ʏʉʐ�
ʍʐʆʊʄʉʐ�R �ʏʘʆ�ʋʌɲɶʅɲʏɿʃʙʆ�ɲʌɿɽʅʙʆ͕�ʍʏʉ�ʉʋʉʀʉ͗

ŝ͘� ȵʋɸʃʏɸʀʆʉʆʏɲɿ� ʉɿ� ʋʌɳʇɸɿʎ� ʏɻʎ� ʋʌʊʍɽɸʍɻʎ� ʃɲɿ� ʏʉʐ� ʋʉʄʄɲʋʄɲʍɿɲ-
ʍʅʉʑ�ɹʏʍɿ͕�ʙʍʏɸ�ʆɲ�ɹʖʉʐʆ�ʏɿʎ�ʀɷɿɸʎ�ɿɷɿʊʏɻʏɸʎ�ʊʋʘʎ�ʃɲɿ�ʍʏʉ�R ͕�ʅɸ�
ʏʉ�ʅɻɷɹʆ�;ϬͿ�ʆɲ�ɸʀʆɲɿ�ʏʉ�ʉʐɷɹʏɸʌʉ�ʍʏʉɿʖɸʀʉ�ʏɻʎ�ʋʌʊʍɽɸʍɻʎ�ʃɲɿ�ʏʉ�
;ϭͿ�ʏʉ�ʉʐɷɹʏɸʌʉ�ʍʏʉɿʖɸʀʉ�ʏʉʐ�ʋʉʄʄɲʋʄɲʍɿɲʍʅʉʑ͘

ŝŝ͘� ɉʋɳʌʖɸɿ�ɹʆɲ�ʍʏʉɿʖɸʀʉ�i�ʏɹʏʉɿʉ�ʙʍʏɸ�i 12 =- .
ŝŝŝ͘�Ⱦɳɽɸ�ʍʏʉɿʖɸʀʉ�z�ʏʉʐ�C�ɶʌɳʔɸʏɲɿ�ʃɲʏɳ�ʅʉʆɲɷɿʃʊ�ʏʌʊʋʉ�ʅɸ�ʏɻ�ʅʉʌ-

ʔɼ�z ia b= + ͕�ʊʋʉʐ� ͕ R!a b .
Ƀʌɿʍʅʊʎ

Ɉʉ�ʍʑʆʉʄʉ� I � ʉʆʉʅɳɺɸʏɲɿ� ʍʑʆʉʄʉ� ʏʘʆ�ʔɲʆʏɲʍʏɿʃʙʆ�ɲʌɿɽʅʙʆ� ʃɲɿ�
ʋɸʌɿʄɲʅɴɳʆɸɿ�ʏʉʐʎ�ʔɲʆʏɲʍʏɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ͕�ɷɻʄɲɷɼ�ɲʌɿɽʅʉʑʎ�ʏɻʎ�ʅʉʌ-
ʔɼʎ� ,i R!b b .
Ʌʌʉʍʉʖɼ͊� Ɉʉ�ʍʑʆʉʄʉ�ʏʘʆ�ʋʌɲɶʅɲʏɿʃʙʆ�ɲʌɿɽʅʙʆ�ʃɲɿ�ʏʉ�ʍʑʆʉʄʉ�ʏʘʆ�ʔɲ-

ʆʏɲʍʏɿʃʙʆ�ɲʌɿɽʅʙʆ�ʅɲɺʀ�ɷɸʆ�ɷʀʆʉʐʆ�ʏʉ�ʍʑʆʉʄʉ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ͕�
ɷɻʄɲɷɼ�R I C, ! ͘�Ɉʉ�R I C, 1 .

Ƀʌɿʍʅʊʎ
ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�z ia b= + .
Ƀʆʉʅɳɺʉʐʅɸ�ʋʌɲɶʅɲʏɿʃʊ�ʅɹʌʉʎ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�ʃɲɿ�ʏʉ�ʍʐʅɴʉʄʀ-

ɺʉʐʅɸ�Re z] g�ʏʉ�a͕�ɷɻʄɲɷɼ�Re z a=] g .
Ƀʆʉʅɳɺʉʐʅɸ�ʔɲʆʏɲʍʏɿʃʊ�ʅɹʌʉʎ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�ʃɲɿ�ʏʉ�ʍʐʅɴʉʄʀ-

ɺʉʐʅɸ�Im z] g�ʏʉ�b͕�ɷɻʄɲɷɼ�Im z b=] g .
Ʌʌʉʍʉʖɼ͊� Ɉʉ�ʋʌɲɶʅɲʏɿʃʊ�ʃɲɿ�ʏʉ�ʔɲʆʏɲʍʏɿʃʊ�ʅɹʌʉʎ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ɸʀʆɲɿ�

ʋʌɲɶʅɲʏɿʃʉʀ�ɲʌɿɽʅʉʀ͘

ɀɸɽʉɷʉʄʉɶʀɸʎ
ŝ͘� ȳɿɲ�ʆɲ�ʅʋʉʌɹʍʉʐʅɸ�ʆɲ�ɴʌʉʑʅɸ�ʏʉ�ʋʌɲɶʅɲʏɿʃʊ�ʃɲɿ�ʏʉ�ʔɲʆʏɲʍʏɿʃʊ�

ʅɹʌʉʎ�ɸʆʊʎ�ʅɿɶɲɷɿʃʉʑ͕�ɽɲ�ʋʌɹʋɸɿ�ʋɳʆʏɲ�ʆɲ�ʏʉʆ�ʔɹʌʉʐʅɸ�ʍʏɻʆ�ʅʉʌ-
ʔɼ� , ,i R!a b a b+ .

ŝŝ͘� ȶʆɲʎ�ʅɿɶɲɷɿʃʊʎ�ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ�ʊʏɲʆ�ʏʉ�ʔɲʆʏɲʍʏɿʃʊ�ʏʉʐ�ʅɹʌʉʎ�
ɸʀʆɲɿ�ʅɻɷɹʆ͕�ɷɻʄɲɷɼ� Imz z 0R +! =] g .

ŝŝŝ͘�ȶʆɲʎ�ʅɿɶɲɷɿʃʊʎ�ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ�ʊʏɲʆ�ʏʉ�ʋʌɲɶʅɲʏɿʃʊ�ʏʉʐ�ʅɹʌʉʎ�
ɸʀʆɲɿ�ʅɻɷɹʆ͕�ɷɻʄɲɷɼ� Rez z 0I +! =] g .
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ŝǀ͘ �ȶʆɲʎ�ʅɻ�ʋʌɲɶʅɲʏɿʃʊʎ�ʅɿɶɲɷɿʃʊʎ�ǌ�ɸʀʆɲɿ�ɼ�ʅɿɶɲɷɿʃʊʎ�ɼ�ʔɲʆʏɲʍʏɿʃʊʎ͕�
ɷɻʄɲɷɼ�ɴɶɳɺʉʐʅɸ�ʏʉ�ʍʐʅʋɹʌɲʍʅɲ�ʊʏɿ�Im z 0!] g .

ǀ͘ � ȶʆɲʎ�ʅɻ�ʔɲʆʏɲʍʏɿʃʊʎ�ʅɿɶɲɷɿʃʊʎ�ǌ�ɸʀʆɲɿ�ɼ�ʅɿɶɲɷɿʃʊʎ�ɼ�ʋʌɲɶʅɲʏɿʃʊʎ͕�
ɷɻʄɲɷɼ�ɴɶɳɺʉʐʅɸ�ʏʉ�ʍʐʅʋɹʌɲʍʅɲ�ʊʏɿ�Re z 0!] g .

Ƀʌɿʍʅʊʎ
ȴʑʉ�ʅɿɶɲɷɿʃʉʀ�ɸʀʆɲɿ�ʀʍʉɿ͕�ʊʏɲʆ�ɹʖʉʐʆ�ʏɲʐʏʊʖʌʉʆɲ�ʏɲ�ʋʌɲɶʅɲʏɿʃɳ�

ʃɲɿ�ʏɲ�ʔɲʆʏɲʍʏɿʃɳ�ʏʉʐʎ�ʅɹʌɻ�ʀʍɲ͕�ɷɻʄɲɷɼ͗
ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z i z i1 2a b c d= + = + .

Re Re
Im Imz z i i

z z
z z1 2
1 2

1 2
+ + +a b c d

a c
b d

= + = +
=
=

=
=

] ]] ]g gg g( (
Ƀʌɿʍʅʊʎ

Ⱦɳɽɸ�ʅɿɶɲɷɿʃʊ�z ia b= + �ʅʋʉʌʉʑʅɸ�ʆɲ�ʏʉʆ�ɲʆʏɿʍʏʉɿʖʀʍʉʐʅɸ�ʍʏʉ�ʍɻ-
ʅɸʀʉ� ,M a b^ h�ɸʆʊʎ�ʃɲʌʏɸʍɿɲʆʉʑ�ɸʋɿʋɹɷʉʐ͘�Ȱʄʄɳ�ʃɲɿ�ɲʆʏɿʍʏʌʊʔʘʎ� ,M a b^ h�
ʏʉʐ�ʃɲʌʏɸʍɿɲʆʉʑ�ɲʐʏʉʑ�ɸʋɿʋɹɷʉʐ�ʅʋʉʌʉʑʅɸ�ʆɲ�ʏʉ�ɲʆʏɿʍʏʉɿʖʀʍʉʐʅɸ�ʍʏʉ�
ʅɿɶɲɷɿʃʊ�z ia b= + ͘�Ɉʉ�ʍɻʅɸʀʉ�ɀ�ʄɹɶɸʏɲɿ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ͘

ȶʆɲ�ʃɲʌʏɸʍɿɲʆʊ�ɸʋʀʋɸɷʉ�ʏʉʐ�ʉʋʉʀʉʐ�ʏɲ�ʍɻʅɸʀɲ�ɸʀʆɲɿ�ɸɿʃʊʆɸʎ�ʅɿɶɲ-
ɷɿʃʙʆ�ɲʌɿɽʅʙʆ�ɽɲ�ɲʆɲʔɹʌɸʏɲɿ�ʘʎ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ͘�Ƀ�ɳʇʉʆɲʎ� 'x x �ʄɹɶɸ-
ʏɲɿ�ɳʇʉʆɲʎ�ʏʘʆ�ʋʌɲɶʅɲʏɿʃʙʆ�ɲʌɿɽʅʙʆ͕�ɸʆʙ�ʉ�ɳʇʉʆɲʎ� 'y y �ʄɹɶɸʏɲɿ�ɳʇʉʆɲʎ�
ʏʘʆ�ʔɲʆʏɲʍʏɿʃʙʆ�ɲʌɿɽʅʙʆ͘

ȶʆɲʎ�ʅɿɶɲɷɿʃʊʎ�z ia b= + �ʋɲʌɿʍʏɳʆɸʏɲɿ�ɸʋʀʍɻʎ�ʃɲɿ�ʅɸ�ʏɻ�ɷɿɲʆʐʍʅɲ-
ʏɿʃɼ�ɲʃʏʀʆɲ͕�OM ͕�ʏʉʐ�ʍɻʅɸʀʉʐ� ,M a b^ h.

M(α, β)

Im(z)

Re(z)O

1.2 Ʌʌɳʇɸɿʎ�ɀɿɶɲɷɿʃʙʆ
ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z i z i1 2a b c d= + = + ͘�ȳɿɲ�ʆɲ�ʃɳʆʉʐʅɸ�ʅɿɲ�ʋʌɳʇɻ�

ʅɸ�ɷʑʉ�ʅɿɶɲɷɿʃʉʑʎ͕�ɲʆʏɿʅɸʏʘʋʀɺʉʐʅɸ�ʏʉʆ�ʃɳɽɸ�ʅɿɶɲɷɿʃʊ�ʘʎ�ɹʆɲ�ɳɽʌʉɿ-
ʍʅɲ�ʃɲɿ�ɹʆɲ�ɶɿʆʊʅɸʆʉ͘�Ƀʋʊʏɸ�ʃɳʆʉʐʅɸ�ʃɲʆʉʆɿʃɳ�ʏɿʎ�ʋʌɳʇɸɿʎ�ʊʋʘʎ�ʍʏʉʐʎ�
ʋʌɲɶʅɲʏɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ͕�ɷɻʄɲɷɼ�ɸʋɿʅɸʌɿʍʏɿʃɹʎ͕�ʋʌʉʍɸʏɲɿʌɿʍʏɿʃɹʎ͕�ɲʆʏɿ-
ʅɸʏɲɽɸʏɿʃɹʎ�ʃʏʄ͘
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ͻ� Ʌʌʊʍɽɸʍɻ͗
z z i i i1 2 a b c d a c b d+ = + + + = + + +^ ^h h

ͻ� Ȱʔɲʀʌɸʍɻ͗
z z i i i1 2 a b c d a c b d- = + - + = - + -^ ^ ^h h h

ͻ� Ʌʉʄʄɲʋʄɲʍɿɲʍʅʊʎ͗
z z i i i1 2$ a b c d ac bd ad bc= + + = - + +^ ^ ^h h h

ͻ� ȴɿɲʀʌɸʍɻ͗

z
z

i
i

i i
i i i

2

1
2 2 2 2c d

a b
c d c d
a b c d

c d
ac bd

c d
ad bc= +

+ = + -
+ - = +

+ - +
-^ ^^ ^h hh h

ͻ� Ɋʗʘʍɻ�ʍʏʉ�ʏɸʏʌɳɶʘʆʉ͗
z i i21
2 2 2 2a b a b ab= + = - +^ h

ͻ� Ɋʗʘʍɻ�ɸɿʎ�ʏɻʆ�ʏʌʀʏɻ͗
z i i3 31
3 3 3 2 2 3a b a ab a b b= + = - + -^ ^h h

Ʌʌʉʍʉʖɼ͊� Ⱦɲʄʊ�ɸʀʆɲɿ�ʆɲ�ʅɻʆ�ʇɸʖʆɳʅɸ͗

i i i1 1 1 2 22+ = - + =] g
i i i1 1 1 2 22- = - - =-] g

Ɉɸʏʌɲɶʘʆɿʃɼ�ʌʀɺɲ
Ʉʏɲʆ� ɽɹʄʉʐʅɸ� ʆɲ� ɴʌʉʑʅɸ� ʏɻ� ʏɸʏʌɲɶʘʆɿʃɼ� ʌʀɺɲ� ɸʆʊʎ� ʅɿɶɲɷɿʃʉʑ�

ɲʌɿɽʅʉʑ� i 0!a b+ ͕�ɽɲ�ɴʌʉʑʅɸ�ɹʆɲ�ʅɿɶɲɷɿʃʊ�z x yi= + �ʅɸ� ,x y R! �ɶɿɲ�ʏʉʆ�
ʉʋʉʀʉ�ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ

z i x yi i x y xyi i
x y
xy2 2

2 2 2 2
2 2

+ + +a b a b a b
a
b

= + + = + - + = +
- =

=^ h (
Ȱʋʊ� ʏɻ� ʄʑʍɻ� ʏʉʐ� ʍʐʍʏɼʅɲʏʉʎ� ɽɲ� ɴʌʀʍʃʉʐʅɸ� ɶɸʆɿʃɳ� ɷʑʉ� ʄʑʍɸɿʎ�

, , ,x y x y1 1 2 2^ ^h h�ʉʋʊʏɸ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ� ia b+ �ɽɲ�ɹʖɸɿ�ɷʑʉ�ɷɿɲʃɸʃʌɿʅɹ-
ʆɸʎ�ʏɸʏʌɲɶʘʆɿʃɹʎ�ʌʀɺɸʎ͕�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�z x y i1 1 1= + �ʃɲɿ�z x y i2 2 2= + .
ɀɸɽʉɷʉʄʉɶʀɸʎ

ŝ͘� Ʉʏɲʆ� ɹʖʉʐʅɸ� ʍʖɹʍɻ� ʅɸ� ʅɿɶɲɷɿʃʉʑʎ� ʏɻʎ� ʅʉʌʔɼʎ� z ia b= + � ʃɲɿ�
w ib a= - ͕�ɽɲ�ɴɶɳɺʉʐʅɸ�ɲʋʊ�ʏʉʆ�ǌ�ʃʉɿʆʊ�ʋɲʌɳɶʉʆʏɲ�ʏʉ�ŝ͘�ȶʏʍɿ�ɽɲ�
ɸʅʔɲʆʀɺɸʏɲɿ�ʉ�ǁ͕�ɷɻʄɲɷɼ

z i i i i i iw2a b a b b a= + =- + = - =^ h
ŝŝ͘� Ʉʏɲʆ� ɹʖʉʐʅɸ� ʍʖɹʍɻ� ʅɸ� ʅɿɶɲɷɿʃʉʑʎ� ʏɻʎ� ʅʉʌʔɼʎ� z ia b= - � ʃɲɿ�

w ib a= + ͕�ɽɲ�ɴɶɳɺʉʐʅɸ�ɲʋʊ�ʏʉʆ�ǌ�ʃʉɿʆʊ�ʋɲʌɳɶʉʆʏɲ�ʏʉ� i- ͘�ȶʏʍɿ�ɽɲ�
ɸʅʔɲʆʀɺɸʏɲɿ�ʉ�ǁ͕�ɷɻʄɲɷɼ

z i i i i i iw2a b a b b a= - =- - =- + =-^ h
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Ƀʌɿʍʅʊʎ
ɇʐɺʐɶɼʎ�ʅɿɶɲɷɿʃʊʎ�ɸʀʆɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�ʋʉʐ�ɹʖɸɿ�ʏʉ�ʀɷɿʉ�ʋʌɲɶʅɲʏɿʃʊ�

ʅɹʌʉʎ�ʃɲɿ�ɲʆʏʀɽɸʏʉ�ʔɲʆʏɲʍʏɿʃʊ͘

Ȱʆ�z ia b= + �ʏʊʏɸ� z ia b= - ͕�ɷɻʄ͘�
Re Re
Im Im

z z
z z

=
=-

] ]] ]g gg g( .

Ȼɷɿʊʏɻʏɸʎ�ʏʉʐ�ʍʐɺʐɶɼ�ʅɿɶɲɷɿʃʉʑ
ͻ� z z z z z zv v1 2 1 2+f f= = = = = =
ͻ� z z z z z zv v1 2 1 2f f+ + + = + + +
ͻ� z z z z z zv v1 2 1 2f f- - - = - - -
ͻ� z z z z z zv v1 2 1 2$ $ $ $ $ $f f=
ͻ� z

z
z
z

2

1

2

1=b l
ͻ� z zv v=] ]g g
ͻ� Re Imz z z z2 2 2 2$ a b= + = +] ]g g
ͻ� Rez z z2 2a+ = = ] g
ͻ� Imz z i z i2 2b- = = ] g
ͻ� Imz z z z0R + +! = =] g
ͻ� Rez z z z0I + +! = =-] g

ȴʐʆɳʅɸɿʎ�ʏʉʐ�ŝ
Ʉʏɲʆ�ɽɹʄʉʐʅɸ�ʆɲ�ʐʋʉʄʉɶʀʍʉʐʅɸ�ʅɿɲ�ɷʑʆɲʅɻ�ʏʉʐ�ŝ͕�ɷɿɲɿʌʉʑʅɸ�ʏʉʆ�

ɸʃɽɹʏɻ�ʅɸ�ʏʉ�ϰ͕�ɴʌʀʍʃʉʐʅɸ�ʏʉ�ʋɻʄʀʃʉ�;ʋͿ�ʃɲɿ�ʏʉ�ʐʋʊʄʉɿʋʉ�;ʐͿ�ʃɲɿ�ʐʋʉʄʉɶʀ-
ɺʉʐʅɸ�ʏʉ�iy ͘�ȴɻʄɲɷɼ͕

,
,
,
,

i i i i i
i

i

1 0
1

1 2
3

v 4 4π π

y
y
y
y

= = = =

=
=

- =
- =

y y y+

Z

[

\

]]

]]

Ȱʄʄɿʙʎ�ʅʋʉʌʉʑʅɸ�ʆɲ�ʏʉ�ɶʌɳʗʉʐʅɸ͕
,
,
,
,

i

v
i v
v

i v

1 4
4 1

1 4 2
4 3

v

l
l
l
l

=

=
= +

- = +
- = +

Z

[

\

]]

]]

ȴɸʐʏɸʌʉɴɳɽʅɿɲ�ɸʇʀʍʘʍɻ
ȸ�ɶɸʆɿʃɼ�ʅʉʌʔɼ�ʏɻʎ�ɷɸʐʏɸʌʉɴɳɽʅɿɲʎ�ɸʇʀʍʘʍɻʎ�ʅɸ�ʋʌɲɶʅɲʏɿʃʉʑʎ�

ʍʐʆʏɸʄɸʍʏɹʎ�ɸʀʆɲɿ
z z 02a b c+ + = �ʅɸ� R*!a �ʃɲɿ� ͕ R!b c
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ɉʋʉʄʉɶʀɺʉʐʅɸ�ʏɻ�ɷɿɲʃʌʀʆʉʐʍɲ� 42b acD = - ͘�Ƀʋʊʏɸ͗

ͻ� Ȱʆ� 0>D ͕� ʏʊʏɸ� ɻ� ɸʇʀʍʘʍɻ� ɽɲ� ɹʖɸɿ� ɷʑʉ� ʋʌɲɶʅɲʏɿʃɹʎ� ʌʀɺɸʎ�

z 2,1 2
!
a

b D= - .

ͻ� Ȱʆ� 0D = ͕� ʏʊʏɸ� ɻ� ɸʇʀʍʘʍɻ� ɽɲ� ɹʖɸɿ� ʅʀɲ� ɷɿʋʄɼ� ʋʌɲɶʅɲʏɿʃɼ� ʌʀɺɲ�

z 2a
b=- .

ͻ� Ȱʆ� 0<D ͕� ʏʊʏɸ� ɻ� ɸʇʀʍʘʍɻ� ɽɲ� ɹʖɸɿ� ɷʑʉ� ʍʐɺʐɶɸʀʎ� ʅɿɶɲɷɿʃɹʎ� ʌʀɺɸʎ�

z i
2,1 2
!
a

b D= - .
Ʌʌʉʍʉʖɼ͊� Ⱦɲɿ�ʍɸ�ɲʐʏɼʆ�ʏɻʆ�ʋɸʌʀʋʏʘʍɻ�ɿʍʖʑʉʐʆ�ʉɿ�ʏʑʋʉɿ�ʏʉʐ�sŝĞƚƚĂ͘

ReS z z z

P z z z

21 2 1

1 2 1
2$

a
b

a
c

= + = =-

= = =

] g

Ʉʏɲʆ�ɹʖʉʐʅɸ�ʅɿɲ�ɸʇʀʍʘʍɻ�ʏɻʎ�ʅʉʌʔɼʎ� z z 02a b c+ + = �ʅɸ� ͕ ͕ C!a b c �
ʃɲɿ� Ϭ!a � ʅɸ� ɷɿɲʃʌʀʆʉʐʍɲ� 42 2b ac lD = - = � ʏʊʏɸ� ɽɲ� ɹʖɸɿ� ɷʑʉ� ʄʑʍɸɿʎ�

z 2,1 2
!
a
b l= - .

Ⱥɸʙʌɻʅɲ
ɀɿɲ�ʋʉʄʐʘʆʐʅɿʃɼ�ɸʇʀʍʘʍɻ�ɴɲɽʅʉʑ�ʆ�ʍʏʉ�ʍʑʆʉʄʉ�C�ɽɲ�ɹʖɸɿ�ʆ�ɲʃʌɿ-

ɴʙʎ�ʌʀɺɸʎ͘
Ⱥɸʙʌɻʅɲ

Ȱʆ� ʅɿɲ� ʋʉʄʐʘʆʐʅɿʃɼ� ɸʇʀʍʘʍɻ� ʍʏʉ� ʍʑʆʉʄʉ�C� ɹʖɸɿ� ʅɿɲ� ʅɿɶɲɷɿʃɼ�
ʌʀɺɲ͕�ʏʊʏɸ�ɽɲ�ɸʀʆɲɿ�ʌʀɺɲ�ʃɲɿ�ʉ�ʍʐɺʐɶɼʎ�ʅɿɶɲɷɿʃʊʎ͘
ɀɿɶɲɷɿʃɹʎ�ɸʇɿʍʙʍɸɿʎ

ŝ͘� Ȱʆ�ɹʖʉʐʅɸ�ʅʊʆʉ�ɹʆɲʆ�ɳɶʆʘʍʏʉ�ʅɿɶɲɷɿʃʊ�ǌ͕�ʏʊʏɸ�ɽɲ�ʄʑʆʉʐʅɸ�ʏɻʆ�
ɸʇʀʍʘʍɻ�ʘʎ�ʋʌʉʎ�ǌ�ʃɳʆʉʆʏɲʎ�ʋʌɳʇɸɿʎ͘

ŝŝ͘� Ȱʆ�ɹʖʉʐʅɸ�ʋɲʌɲʋɳʆʘ�ɲʋʊ�ɹʆɲʆ�ɳɶʆʘʍʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�;ʋ͘ʖ͘� ,z z Ϳ�
ʏʊʏɸ�ɽɹʏʉʐʅɸ�z x yi= + �ʃɲɿ�ɸʃʅɸʏɲʄʄɸʐʊʅɲʍʏɸ�ʏɻʆ�ɿʍʊʏɻʏɲ�ʏʘʆ�ʅɿ-
ɶɲɷɿʃʙʆ� ʋʉʐ� ʋʌʉʃʑʋʏɸɿ͘� Ƀʋʊʏɸ� ɽɲ� ʋʌʉʃʑʋʏɸɿ� ɹʆɲ� ʍʑʍʏɻʅɲ�ʘʎ�
ʋʌʉʎ� ,x y �ʏʉ�ʉʋʉʀʉ�ʃɲɿ�ɽɲ�ʄʑʆʉʐʅɸ͘

ŝŝŝ͘�Ʉʏɲʆ�ɹʖʉʐʅɸ�ʅɿɲ�ɸʇʀʍʘʍɻ�ʏɻʎ�ʅʉʌʔɼʎ� f z 0=^ h �ʃɲɿ�ʅɲʎ�ɷʉɽɸʀ�ʅɿɲ�
ʌʀɺɲ�ʏɻʎ�ɼ�ʅʋʉʌɹʍʉʐʅɸ�ʆɲ�ɴʌʉʑʅɸ�ʅɿɲ�ʌʀɺɲ�ʏɻʎ�ʏʊʏɸ�ɽɲ�ɶʆʘʌʀɺʉʐ-
ʅɸ�ɹʆɲ�ʋɲʌɳɶʉʆʏɲ�ʏʉʐ�ʋʉʄʐʘʆʑʅʉʐ� f z^ h�ʉʋʊʏɸ�ɽɲ�ɲʆɲɶʊʅɲʍʏɸ�
ʍɸ�ɸʇʀʍʘʍɻ�ʅɿʃʌʊʏɸʌʉʐ�ɴɲɽʅʉʑ�ɸʃʏɸʄʙʆʏɲʎ�ɷɿɲʀʌɸʍɻ�ɼ�ʖʌɻʍɿʅʉ-
ʋʉɿʙʆʏɲʎ�ʍʖɼʅɲ�,ŽƌŶĞƌ�ɼ�ʖʌɻʍɿʅʉʋʉɿʙʆʏɲʎ�ʏʉʆ�ʉʌɿʍʅʊ�ʏʘʆ�ʀʍʘʆ�
ʋʉʄʐʘʆʑʅʘʆ͘� ȳɸʆɿʃʊʏɸʌɲ�ʊʏɲʆ�ɹʖʉʐʅɸ�ʅɿɲ�ɸʇʀʍʘʍɻ�ʏɻʎ�ʅʉʌʔɼʎ�
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f z 0=^ h �ɽɲ�ɲʆɲʄʑʉʐʅɸ�ʏʉ�ʋʉʄʐʙʆʐʅʉ� f z^ h�ʍɸ�ɶɿʆʊʅɸʆʉ�ʋɲʌɲɶʊ-
ʆʏʘʆ�ʃɲɿ�ɽɲ�ɲʆɲɶʊʅɲʍʏɸ�ʍɸ�ɸʇɿʍʙʍɸɿʎ�ʅɿʃʌʊʏɸʌʉʐ�ɴɲɽʅʉʑ͘

ɀɿɶɲɷɿʃɹʎ�ɲʆɿʍʙʍɸɿʎ
ɇʏʉ�ʍʑʆʉʄʉ�C �ɷɸʆ�ɹʖɸɿ�ʆʊɻʅɲ�ɻ�ɷɿɳʏɲʇɻ͘
ȵʋʉʅɹʆʘʎ�ɲʆ�ɹʖʉʐʅɸ�ɲʆʀʍʘʍɻ�ʅɸ�ʅɿɶɲɷɿʃʉʑʎ͕�ɽɲ�ʏʉʐʎ�ɲʆʏɿʃɲɽɿ-
ʍʏʉʑʅɸ͕�ɽɲ�ɽɹʏʉʐʅɸ�ʏɲ�ʔɲʆʏɲʍʏɿʃɳ�ʅɹʌɻ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ʀʍɲ�ʅɸ�ʅɻ-
ɷɹʆ�ʃɲɿ�ɽɲ�ʋɲʀʌʆʉʐʅɸ�ʏɻʆ�ɲʆʀʍʘʍɻ�ʅʊʆʉ�ɶɿɲ�ʏɲ�ʋʌɲɶʅɲʏɿʃɳ�ʅɹʌɻ�
ʏʘʆ�ʅɿɶɲɷɿʃʙʆ͘

Ʌʌʉʍʉʖɼ͊� ȴɸʆ�ʅɸʏɲʃɿʆʉʑʅɸ�ʋʉʏɹ�ʊʌʉʐʎ�ɲʋʊ�ʏʉ�ɹʆɲ�ʅɹʌʉʎ�ʏɻʎ�ɲʆʀʍʘʍɻʎ�
ʍʏʉ�ɳʄʄʉ͕�ʊʍʉ�ɷʉʐʄɸʑʉʐʅɸ�ʍʏʉ�ʍʑʆʉʄʉ�C .

ɀɸɽʉɷʉʄʉɶʀɸʎ�ʍʏʉʐʎ�ɶɸʘʅɸʏʌɿʃʉʑʎ�ʏʊʋʉʐʎ
ͻ� Ʉʏɲʆ�ʅɲʎ�ɺɻʏʉʑʆ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʃɲɿ�ʅɲʎ�ɷʀʆʉʐʆ�ʅɿɲ�ʋɲʌɳʍʏɲʍɻ͕�

ʋʉʐ�ɲʆɼʃɸɿ�ʍʏʉ�R �ɼ�ʍʏʉ�I �ʏʊʏɸ͗
ŝ͘� Ȱʆ�ɻ�ʋɲʌɳʍʏɲʍɻ�ʋɸʌɿɹʖɸɿ�ɹʆɲ�ʅʊʆʉ�ʅɿɶɲɷɿʃʊ�ǌ͕�ʍʐʆɼɽʘʎ�ɽɲ�ɽɹʏʉʐ-

ʅɸ�z x yi= + �ʃɲɿ�ɽɲ�ʃɳʆʉʐʅɸ�ʋʌɳʇɸɿʎ�ʋʌʉʍʋɲɽʙʆʏɲʎ�ʆɲ�ʏɻ�ʔɹʌʉʐ-
ʅɸ�ʍʏɻ�ʅʉʌʔɼ� ia b+ ͘�ȶʋɸɿʏɲ�ɽɲ�ʖʌɻʍɿʅʉʋʉɿʉʑʅɸ�ʏɿʎ�ʍʖɹʍɸɿʎ

Im
Re

z z
z z

0
0

R

I

+

+

!

!

=
=

]
]
g
g

ŝŝ͘� Ȱʆ�ʊʅʘʎ�ɻ�ʋɲʌɳʍʏɲʍɻ�ʋɸʌɿɹʖɸɿ�ʋɲʌɲʋɳʆʘ�ɲʋʊ�ɹʆɲʆ�ʅɿɶɲɷɿʃʊ�;ʋ͘ʖ͘�
,z wͿ�ʏʊʏɸ�ɽɲ�ɸʔɲʌʅʊɺʉʐʅɸ�ʏɻʆ�ɿɷɿʊʏɻʏɲ

z z z
z z z
R

I

+

+

!

!

=
=-

ͻ� ȳɸʆɿʃʊʏɸʌɲ͕� ɲʆ� z x yi= + � ɸʀʆɲɿ� ɹʆɲʎ� ʅɿɶɲɷɿʃʊʎ� ʃɲɿ� ɽɹʄʉʐʅɸ� ʆɲ�
ɴʌʉʑʅɸ�ʏɻ�ɶʌɲʅʅɼ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ� ,M x y^ h�ʙʍʏɸ�
ʉ�ɲʌɿɽʅʊʎ�w f z= ^ h�ʆɲ�ɹʖɸɿ�ʃɳʋʉɿɲ�ɿɷɿʊʏɻʏɲ�ʏʊʏɸ�ʖʌɻʍɿʅʉʋʉɿʙʆʏɲʎ�
ʏɻʆ�ɿɷɿʊʏɻʏɲ�ɲʐʏɼ�ɽɲ�ʃɳʆʉʐʅɸ�ʋʌɳʇɸɿʎ�ʃɲɿ�ʍʏɻ�ʍʐʆɹʖɸɿɲ�ɽɲ�ɲʆʏɿ-
ʃɲɽɿʍʏʉʑʅɸ�ʏʉ�ǌ�ʅɸ�x yi+ �ʉʋʊʏɸ�ɽɲ�ɴʌʀʍʃʉʐʅɸ�ʍʖɹʍɸɿʎ�ʅɸʏɲʇʑ�ʏʘʆ�
,x y �ʉɿ�ʉʋʉʀɸʎ�ɽɲ�ʃɲɽʉʌʀɺʉʐʆ�ʏɻ�ɶʌɲʅʅɼ͘�Ȱʆ�ɽɹʄʉʐʅɸ�ʅʋʉʌʉʑʅɸ�

ʋʌʙʏɲ�ʆɲ�ɲʆʏɿʃɲɽɿʍʏʉʑʅɸ�ʏʉ�ǌ�ʅɸ�ʏʉ�x yi+ �ʃɲɿ�ʑʍʏɸʌɲ�ʆɲ�ʃɳʆʉʐʅɸ�
ʋʌɳʇɸɿʎ͘

ͻ� Ȱʆ�z x yi= + �ɸʀʆɲɿ�ɹʆɲʎ�ʅɿɶɲɷɿʃʊʎ�ʉ�ʉʋʉʀʉʎ�ɸʃʔʌɳɺɸʏɲɿ�ʍʐʆɲʌʏɼʍɸɿ�
ʅɿɲʎ�ʋɲʌɲʅɹʏʌʉʐ�m ͕�ɷɻʄɲɷɼ� ɿʍʖʑɸɿ� z f g im m= +^ ^h h �ʃɲɿ�ɽɹʄʉʐʅɸ�
ʆɲ�ɴʌʉʑʅɸ�ʏɻ�ɶʌɲʅʅɼ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ� ,M x y^ h�
ʏʊʏɸ�ɽɲ�ɴʌʀʍʃʉʐʅɸ�ʅɿɲ�ʍʖɹʍɻ�ʋʉʐ�ʆɲ�ʍʐʆɷɹɸɿ�ʏɲ�ǆ͕�Ǉ�ʖʘʌʀʎ�ʆɲ�ʋɸ-
ʌɿɹʖɸɿ�ʏɻ�ʋɲʌɳʅɸʏʌʉ�m ͘�ȸ�ʍʖɹʍɻ�ɲʐʏɼ�ɽɲ�ʅɲʎ�ʃɲɽʉʌʀɺɸɿ�ʏɻ�ɶʌɲʅʅɼ�
ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ʏʉ�ɀ͘�ȳɿɲ�ʆɲ�ɴʌʉʑʅɸ�ʏɻ�ʍʖɹʍɻ�ʋʉʐ�ʍʐʆɷɹɸɿ�ʏɲ�
ǆ͕�Ǉ�ʃɳʆʉʐʅɸ�ɲʋɲʄʉɿʔɼ�ʏʉʐ�m �ɲʋʊ�ʏɿʎ�ɸʇɿʍʙʍɸɿʎ�x f m= ^ h͕�y g m= ^ h͘�
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ȵɿɷɿʃʊʏɸʌɲ�ɲʆ�ɻ�ʋɲʌɳʅɸʏʌʉʎ� m � ɸʀʆɲɿ� ɶʘʆʀɲ�ɻ�ɲʋɲʄʉɿʔɼ� ɶʀʆɸʏɲɿ�
ʖʌɻʍɿʅʉʋʉɿʙʆʏɲʎ�ɶʆʘʍʏɹʎ�ʏʌɿɶʘʆʉʅɸʏʌɿʃɹʎ�ʏɲʐʏʊʏɻʏɸʎ�ʊʋʘʎ�ɸʀ-
ʆɲɿ�ʉɿ� 12 2hn m vyo m+ = ͕�1 12

2fz m vyo m+ = �ʃɲɿ�ɳʄʄɸʎ͘

ͻ� Ȱʆ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�w x yi= + �ʃɲɿ�z il m= + �ʍʐʆɷɹʉʆʏɲɿ�ʅɸ�ʃɳʋʉɿɲ�ʍʖɹʍɻ�
ʃɲɿ�ɶʆʘʌʀɺʉʐʅɸ�ʏɻ�ɶʌɲʅʅɼ�Đ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ɻ�ɸɿʃʊʆɲ� ͕l mQ^ h�
ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�ʏʊʏɸ�ɶɿɲ�ʆɲ�ɴʌʉʑʅɸ�ʏɻ�ɶʌɲʅʅɼ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�
ɻ�ɸɿʃʊʆɲ� ,M x y^ h�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǁ�ɽɲ�ɴʌʀʍʃʉʐʅɸ�ʏɲ�ʃ͕�ʄ�ʍʐʆɲʌʏɼʍɸɿ�
ʏʘʆ�ǆ͕�Ǉ͘�ɇʏɻ�ʍʐʆɹʖɸɿɲ�ɽɲ�ɲʆʏɿʃɲɽɿʍʏʉʑʅɸ�ʏɲ�ʃ͕�ʄ�ʍʏɻʆ�ɸʇʀʍʘʍɻ�ʏɻʎ�
ɶʌɲʅʅɼʎ�Đ�ʃɲɿ�ɽɲ�ɴʌʀʍʃʉʐʅɸ�ʅɿɲ�ʍʖɹʍɻ�ʅɸʏɲʇʑ�ʏʘʆ�ǆ͕�Ǉ�ɻ�ʉʋʉʀɲ�ɽɲ�
ʅɲʎ�ʃɲɽʉʌʀɺɸɿ�ʏɻ�ɶʌɲʅʅɼ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ʏʉ�ʍɻʅɸʀʉ�ɀ͘

Ʌʌʉʍʉʖɼ͊� ȴɸʆ� ʇɸʖʆɳʅɸ�ʋʉʏɹ� ʆɲ�ʋɳʌʉʐʅɸ�ʋɸʌɿʉʌɿʍʅʉʑʎ�ʊʏɲʆ�ɻ�ʋɲʌɳ-
ʍʏɲʍɻ�ɸʀʆɲɿ�ʃʄɲʍʅɲʏɿʃɼ�ʃɲɿ�ʆɲ�ɸʄɹɶʇʉʐʅɸ�ɲʆ�ʏɲ�ʍɻʅɸʀɲ�ɲʐʏɳ�
ɲʆɼʃʉʐʆ�ʍʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʋʉʐ�ɴʌɼʃɲʅɸ�ɶɿɲ�ʆɲ�ʏɲ�ɲʋʉʌ-
ʌʀʗʉʐʅɸ͘

1.3 ɀɹʏʌʉ�ɀɿɶɲɷɿʃʉʑ
Ƀʌɿʍʅʊʎ

ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�z ia b= + ͘�Ƀʆʉʅɳɺʉʐʅɸ�ʅɹʏʌʉ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ʏɻʆ�
ɲʋʊʍʏɲʍɻ�ʏɻʎ�ɸɿʃʊʆɲʎ�ʏʉʐ� ,M a b^ h�ɲʋʊ�ʏɻʆ�ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ͘

OM z 2 2a b= = +] g

M(α, β)

Im(z)

Re(z)O

Ƀʌɿʍʅʊʎ
ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ� z i1 a b= + �ʃɲɿ� z i2 c d= + ͘�ȸ�ɲʋʊʍʏɲʍɻ�

ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʉʐʎ� ,M a b^ h�ʃɲɿ� ,N c d^ h�ɽɲ�ɷʀʆɸʏɲɿ�ɲʋʊ�ʏʉ�ʅɹʏʌʉ�ʏɻʎ�ɷɿɲʔʉ-
ʌɳʎ�ʏʉʐʎ͕�ɷɻʄɲɷɼ

MN z z1 2
2 2a c b d= - = - + -] ^ ^g h h
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M(α, β)

N(γ, δ)
Im(z)

Re(z)O

ɀɸɽʉɷʉʄʉɶʀɸʎ
ŝ͘� Ʉʏɲʆ�ʅɲʎ�ɺɻʏɳʆɸ�ʏɻʆ�ɲʋʊʍʏɲʍɻ�ʏɻʎ�ɸɿʃʊʆɲʎ�ɸʆʊʎ�ʅɿɶɲɷɿʃʉʑ�ǌ�;ɼ�ʏɻʆ�

ɲʋʊʍʏɲʍɻ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑͿ�ɲʋʊ�ʏɻʆ�ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ͕�ɽɲ�ʐʋʉʄʉɶʀ-
ɺʉʐʅɸ�ʏʉ�ʅɹʏʌʉ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ͕� z .

ŝŝ͘� Ʉʏɲʆ�ʅɲʎ�ɺɻʏɳʆɸ�ʏɻʆ�ɲʋʊʍʏɲʍɻ�ʏʘʆ�ɸɿʃʊʆʘʆ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆ� ,z z1 2 �
;ɼ�ʏɻʆ�ɲʋʊʍʏɲʍɻ�ʏʘʆ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆͿ͕�ɽɲ�ʐʋʉʄʉɶʀɺʉʐʅɸ�ʏʉ�ʅɹʏʌʉ�
ʏɻʎ�ɷɿɲʔʉʌɳʎ�ʏʘʆ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆ� ,z z1 2 ͕� z z1 2- .

ŝŝŝ͘�Ƀɿ�ɸɿʃʊʆɸʎ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆ�ʃɲɿ�ɻ�ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ�ɼ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʌɿʙʆ�
ʅɿɶɲɷɿʃʙʆ�ʍʖɻʅɲʏʀɺʉʐʆ�ʏʌʀɶʘʆʉ͘�ȳɿɲ�ʆɲ�ɴʌʉʑʅɸ�ʏʉ�ɸʀɷʉʎ�ʏʉʐ�ʋʌɹ-
ʋɸɿ�ʆɲ�ʐʋʉʄʉɶʀʍʉʐʅɸ�ʏʉ�ʅɼʃʉʎ�ʏʘʆ�ʋʄɸʐʌʙʆ�ʏʉʐ�ʏʌɿɶʙʆʉʐ͘�Ȱʐʏʊ�
ʏʉ� ʋɸʏʐʖɲʀʆʉʐʅɸ� ʅɸ� ɴɳʍɻ� ʏɿʎ� ʋʌʉɻɶʉʑʅɸʆɸʎ� ɷʑʉ� ʅɸɽʉɷʉʄʉɶʀɸʎ�
ʐʋʉʄʉɶʀɺʉʆʏɲʎ�ʏɲ�ʅɹʏʌɲ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɼ�ʏɲ�ʅɹʏʌɲ�ʏʘʆ�ɷɿɲʔʉʌʙʆ�
ʏʉʐʎ͘�
ͻ� Ȱʆ�ʃɲɿ�ʏɲ�ʏʌʀɲ�ʅɹʏʌɲ�ɸʀʆɲɿ�ʀʍɲ͕�ʏʊʏɸ�ʏʉ�ʏʌʀɶʘʆʉ�ɸʀʆɲɿ�ɿʍʊʋʄɸʐʌʉ͘
ͻ� Ȱʆ�ʏɲ�ɷʑʉ�ɲʋʊ�ʏɲ�ʏʌʀɲ�ʅɹʏʌɲ�ɸʀʆɲɿ�ʀʍɲ͕�ʏʊʏɸ�ʏʉ�ʏʌʀɶʘʆʉ�ɸʀʆɲɿ�

ɿʍʉʍʃɸʄɹʎ͘
ͻ� Ȱʆ�ɿʍʖʑɸɿ�ʏʉ�ʋʐɽɲɶʊʌɸɿʉ�ɽɸʙʌɻʅɲ�ʏʊʏɸ�ʏʉ�ʏʌʀɶʘʆʉ�ɸʀʆɲɿ�ʉʌɽʉ-

ɶʙʆɿʉ͘
ͻ� ɇɸ�ʊʄɸʎ�ʏɿʎ�ɳʄʄɸʎ�ʋɸʌɿʋʏʙʍɸɿʎ�ʏʉ�ʏʌʀɶʘʆʉ�ɸʀʆɲɿ�ʍʃɲʄɻʆʊ͘

Ȼɷɿʊʏɻʏɸʎ�ʏʉʐ�ʅɹʏʌʉʐ
ͻ� z z z z= - = - =
ͻ� z zz2 =
ͻ� z z z z z zv v1 2 1 2f f=
ͻ� z

z
z
z

2

1

2

1=

ͻ� z zv v=
ͻ� Ɉʌɿɶʘʆɿʃɼ�Ȱʆɿʍʊʏɻʏɲ

z z z z z z1 2 1 2 1 2!G G- +
ͻ� z z z R2 2 + !=

ΗΛΙΑΣΚΟΣ ΦΡΟΝΤΙΣΤΗΡΙΑ
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ͻ� z z z I2 2 + !=-
Ʌʌʉʍʉʖɼ͊� Ȼʍʊʏɻʏɲ� ɷʑʉ� ʅɿɶɲɷɿʃʙʆ� ʍʐʆɸʋɳɶɸʏɲɿ� ɿʍʊʏɻʏɲ� ʅɹʏʌʘʆ͕� ɸʆʙ�

ɿʍʊʏɻʏɲ�ʅɹʏʌʘʆ�ɷɸʆ�ʍʐʆɸʋɳɶɸʏɲɿ�ɿʍʊʏɻʏɲ�ʅɿɶɲɷɿʃʙʆ͘

z z z z1 2 1 2&= = �ɸʆʙ� z z z z1 2 1 2&= =Y

Ʉʏɲʆ�ɹʖʉʐʅɸ�ɿʍʊʏɻʏɲ�ʅɹʏʌʘʆ�ʐʗʙʆʉʐʅɸ�ʍʏʉ�ʏɸʏʌɳɶʘʆʉ�ɶɿɲ�
ʆɲ�ʔʑɶʉʐʆ�ʏɲ�ʅɹʏʌɲ͕�ɷɻʄɲɷɼ

z z z z z z z z1 2 1
2

2
2

1 1 2 2+ += = =

Ʌʌʉʍʉʖɼ͊� z i i22 2 2 2a b a b ab= + = - +^ h �ɸʆʙ� z 2 2 2a b= +

ɀɸɽʉɷʉʄʉɶʀɸʎ
ŝ͘� Ȱʆ�ɹʖʉʐʅɸ�ʅɸɶɳʄɸʎ�ɷʐʆɳʅɸɿʎ�ʍʐʆɼɽʘʎ�ʋɲʀʌʆʉʐʅɸ�ʅɹʏʌɲ�ɶɿɲ�ʆɲ�

ʅʋʉʌɹʍʉʐʅɸ�ʆɲ�ʏɿ�ɷɿʙʇʉʐʅɸ͘
z z z z z z

z z z z z z z z

v v v v v v
1 2 1 2 1 2

1 2 1
2

2
2

1 1 2 2

& + +

+ +

= = =
= = =

ŝŝ͘� Ȱʆ�ɶʆʘʌʀɺʉʐʅɸ�ʏʉ�ʅɹʏʌʉ�ʅɿɲʎ�ʋɲʌɳʍʏɲʍɻʎ�ʋʉʐ�ʋɸʌɿɹʖɸɿ�ʅɿɶɲɷɿʃʉʑʎ�
ʃɲɿ�ʅɲʎ�ɺɻʏɳʆɸ�ʆɲ�ɴʌʉʑʅɸ�ʏʉ�ʅɹɶɿʍʏʉ�ʃɲɿ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ�ʅɿɲʎ�
ɳʄʄɻʎ� ʋɲʌɳʍʏɲʍɻʎ� ɽɲ� ɶʌɳʔʉʐʅɸ� ʏɻʆ� ʋɲʌɳʍʏɲʍɻ�ʘʎ�ɳɽʌʉɿʍʅɲ�
ɼ�ɷɿɲʔʉʌɳ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆ�ɲʆɳʄʉɶɲ�ʅɸ�ʏɲ�ɷɸɷʉʅɹʆɲ�ʏʉʐ�ʋʌʉɴʄɼ-
ʅɲʏʉʎ�;ʍʐʆɼɽʘʎ�ʋʌʉʍʋɲɽʉʑʅɸ�ʆɲ�ɸʅʔɲʆʀʍʉʐʅɸ�ʏɻʆ�ʋɲʌɳʍʏɲʍɻ�
ʏɻʎ�ʉʋʉʀɲʎ�ɶʆʘʌʀɺʉʐʅɸ�ʏʉ�ʅɹʏʌʉͿ�ʃɲɿ�ɽɲ�ɸʔɲʌʅʊɺʉʐʅɸ�ʏʌɿɶʘʆɿʃɼ�
ɲʆɿʍʊʏɻʏɲ͘�ȵʋʀʍɻʎ�ʅʋʉʌʉʑʅɸ�ʆɲ�ɲʆʏɿʅɸʏʘʋʀʍʉʐʅɸ�ʏɲ�ʋʌʉɴʄɼʅɲ-
ʏɲ�ɲʐʏɳ�ʖʌɻʍɿʅʉʋʉɿʙʆʏɲʎ�ʏɻ�ɶɸʘʅɸʏʌɿʃɼ�ɲʆɲʋɲʌɳʍʏɲʍɻ�ʏʘʆ�ʅɿ-
ɶɲɷɿʃʙʆ�ʍʏʉ�ɸʋʀʋɸɷʉ͘

ŝŝŝ͘�Ʉʏɲʆ�ɹʖʉʐʅɸ�ʅɿɲ�ɸʇʀʍʘʍɻ�ʏɻʎ�ʅʉʌʔɼʎ� , ,f z z z 0=r^ h �ʅɹʖʌɿ�ɷɸʐʏɹ-
ʌʉʐ�ɴɲɽʅʉʑ�ɽɲ�ɽɹʏʉʐʅɸ�z x yi= + �ʅɸ� ,x y R! �ʉʋʊʏɸ�ɽɲ�ʋʌʉʃʑʋʏɸɿ�
ɹʆɲ�ʍʑʍʏɻʅɲ�ʘʎ�ʋʌʉʎ�ǆ͕�Ǉ�ʏʉ�ʉʋʉʀʉ�ʃɲɿ�ɽɲ�ʄʑʆʉʐʅɸ͘

ŝǀ͘ �Ʉʏɲʆ�ɹʖʉʐʅɸ�ʅɿɲ�ɸʇʀʍʘʍɻ�ʏɻʎ�ʅʉʌʔɼʎ� , ,f z z z 0=r^ h �ʃɲɿ�ɷɸʆ�ʅʋʉ-
ʌʉʑʅɸ�ʆɲ�ʏɻ�ʄʑʍʉʐʅɸ�ʅɸ�ʏɻ�ʋʌʉɻɶʉʑʅɸʆɻ�ʅɸɽʉɷʉʄʉɶʀɲ͕�ɽɲ�ʋʌʉ-
ʍʋɲɽɼʍʉʐʅɸ�ʆɲ�ɴɶɳʄʉʐʅɸ�ʃɳʋʉɿʉ�ʍʐʅʋɹʌɲʍʅɲ�ɶɿɲ�ʏʉ� z �ʃɲɿ�ʍʏɻ�
ʍʐʆɹʖɸɿɲ�ɽɲ�ɲʆɲɶʊʅɲʍʏɸ�ʍɸ�ɶʆʘʍʏɼ�ʅʉʌʔɼ͘

ǀ͘ � Ʉʏɲʆ�ʍɸ�ʅɿɲ�ɳʍʃɻʍɻ�ʅɲʎ�ɷʀʆɸʏɲɿ�ʅɿɲ�ʍʖɹʍɻ�ʏɻʎ�ʅʉʌʔɼʎ�z z z 01 2 3+ + = �
ʅʋʉʌʉʑʅɸ�ʆɲ�ʃɳʆʉʐʅɸ�ʏɲ�ɸʇɼʎ͗
ɲ͘� z z z 01 2 3+ + = .
ɴ͘� z z z z z z z z z z z z0 2 01 2 3

2
1
2

2
2

3
2

1 2 2 3 1 3++ + = + + + + + =^ ^h h .

ΗΛΙΑΣΚΟΣ ΦΡΟΝΤΙΣΤΗΡΙΑ



ϭϬ

ɶ͘�

Re

z z z z z
z z
z z

z z

z z z z
z z z z

z z z z z z z z
z z z2

1 2 3 1 2

1 2

1 1

1 2

3 1 2
2

3
3

1 2 3 3

1 2 1 2 2 2 3 3

3
2

1
2

2
2

& + +

+

+

+ =- +
+

= - + =
+ =

+ + + =
= - -

^ ^
^
h h
h

ɷ͘�
z z z z z
z z z z z

z z z z z z
2

21 2 3 1 2

1 2 3
2

1
2

2
2

2
3

2
1
2

2
2

1 2 3
2& + ++ =- +

= - -
= - + + =^ ^h h

1.4 Ȳɲʍɿʃʉʀ�ȳɸʘʅɸʏʌɿʃʉʀ�Ɉʊʋʉɿ
Ⱦʑʃʄʉʎ

Ⱦʑʃʄʉʎ�ɸʀʆɲɿ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ʍɻʅɸʀʘʆ�ʋʉʐ�ɲʋɹʖʉʐʆ�ɲʋʊ�
ɹʆɲ�ʍʏɲɽɸʌʊ�ʍɻʅɸʀʉ�;ʃɹʆʏʌʉͿ�ʍʏɲɽɸʌɼ�ɲʋʊʍʏɲʍɻ�;ɲʃʏʀʆɲͿ͘

ȶʍʏʘ� ,M x y^ h�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʏʐʖɲʀʉʐ�ʅɿɶɲɷɿʃʉʑ�z x yi= + ͕� ,N x y0 0^ h�
ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʍʏɲɽɸʌʉʑ�ʅɿɶɲɷɿʃʉʑ�z x y i0 0 0= + �ʃɲɿ� , , 0>1 2t t t �ʅɸ� <1 2t t .

ͻ� z z0 t- =
ȵʃʔʌɳɺɸɿ�ʃʑʃʄʉ�ʅɸ�ʃɹʆʏʌʉ�ʏɻʆ�ɸɿʃʊʆɲ�ʏʉʐ�z0 ͕�Ɂ�ʃɲɿ�ɲʃʏʀʆɲ�ʌ͘�ȸ�ɸʇʀ-

ʍʘʍɻ�ɸʀʆɲɿ� x x y y0
2

0
2 2t- + - =] ^g h .

N(x0, y0)

Im(z)

Re(z)O
ͻ� z z <0 t-

ȵʃʔʌɳɺɸɿ�ʃʐʃʄɿʃʊ�ɷʀʍʃʉ͘�ȵʀʆɲɿ�ɷɻʄɲɷɼ͕�ʊʄɲ�ʏɲ�ɸʍʘʏɸʌɿʃɳ�ʍɻʅɸʀɲ�
ʏʉʐ�ʃʑʃʄʉʐ�ʅɸ�ʃɹʆʏʌʉ�ʏɻʆ�ɸɿʃʊʆɲ�ʏʉʐ�z0 ͕�Ɂ�ʃɲɿ�ɲʃʏʀʆɲ�ʌ͘�ȸ�ɸʇʀʍʘʍɻ�ɸʀʆɲɿ�
x x y y <0

2
0

2 2t- + -] ^g h ͘�Ȱʆ�ɹʖʉʐʅɸ�G�ʏʊʏɸ�ʍʐʅʋɸʌɿʄɲʅɴɳʆʉʆʏɲɿ�ʃɲɿ�ʏɲ�ʍɻ-
ʅɸʀɲ�ʏɻʎ�ʋɸʌɿʔɹʌɸɿɲʎ�ʏʉʐ�ʃʑʃʄʉʐ͘
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N(x0, y0)

Im(z)

Re(z)O
ͻ� z z >0 t-

ȵʃʔʌɳɺɸɿ�ʊʄɲ�ʏɲ�ʍɻʅɸʀɲ�ɸʃʏʊʎ�ʏʉʐ�ʃʑʃʄʉʐ�ʅɸ�ʃɹʆʏʌʉ�ʏɻʆ�ɸɿʃʊʆɲ�
ʏʉʐ�z0 ͕�Ɂ�ʃɲɿ�ɲʃʏʀʆɲ�ʌ͘�ȸ�ɸʇʀʍʘʍɻ�ɸʀʆɲɿ� x x y y >0

2
0

2 2t- + -] ^g h ͘�Ȱʆ�ɹʖʉʐʅɸ�
H�ʏʊʏɸ�ʍʐʅʋɸʌɿʄɲʅɴɳʆʉʆʏɲɿ�ʃɲɿ�ʏɲ�ʍɻʅɸʀɲ�ʏɻʎ�ʋɸʌɿʔɹʌɸɿɲʎ�ʏʉʐ�ʃʑʃʄʉʐ͘

N(x0, y0)

Im(z)

Re(z)O

ͻ� z z< <1 0 2t t-
ȵʃʔʌɳɺɸɿ�ʃʐʃʄɿʃʊ�ɷɲʃʏʑʄɿʉ͘�ȵʀʆɲɿ�ɷɻʄɲɷɼ͕�ʊʄɲ�ʏɲ�ʍɻʅɸʀɲ�ʋʉʐ�ɴʌʀ-

ʍʃʉʆʏɲɿ�ʅɸʏɲʇʑ�ʏʘʆ�ʉʅʊʃɸʆʏʌʘʆ�ʃʑʃʄʘʆ�ʅɸ�ʃɹʆʏʌʉ�ʏɻʆ�ɸɿʃʊʆɲ�ʏʉʐ�z0 �ʃɲɿ�
ɲʃʏʀʆɸʎ� 1t �ʃɲɿ� 2t ͘�ȸ�ɸʇʀʍʘʍɻ�ɸʀʆɲɿ� x x y y< <1

2
0

2
0

2
2
2t t- + -] ^g h ͘�Ȱʆ�ɹʖʉʐʅɸ�

G�ʏʊʏɸ�ʍʐʅʋɸʌɿʄɲʅɴɳʆʉʆʏɲɿ�ʃɲɿ�ʏɲ�ʍɻʅɸʀɲ�ʏɻʎ�ʋɸʌɿʔɹʌɸɿɲʎ�ʏʉʐ�ʃʑʃʄʉʐ͘
Im(z)

Re(z)O

N(x0, y0)

ρ2

ρ1
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ɀɸʍʉʃɳɽɸʏʉʎ
ȵʀʆɲɿ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ʍɻʅɸʀʘʆ�ʋʉʐ�ɿʍɲʋɹʖʉʐʆ�ɲʋʊ�ɷʑʉ�

ʍʏɲɽɸʌɳ�ʍɻʅɸʀɲ͘
ȶʍʏʘ� ,M x y^ h�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʏʐʖɲʀʉʐ�ʅɿɶɲɷɿʃʉʑ�z x yi= + ͕� ,A x y1 1^ h�

ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʍʏɲɽɸʌʉʑ�ʅɿɶɲɷɿʃʉʑ�z x y i1 1 1= + �ʃɲɿ� ,B x y2 2^ h�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�
ʍʏɲɽɸʌʉʑ�ʅɿɶɲɷɿʃʉʑ�z x y i2 2 2= + .

ͻ� z z z z1 2- = -
ȵʃʔʌɳɺɸɿ�ʏɲ�ʍɻʅɸʀɲ�ʏɻʎ�ʅɸʍʉʃɲɽɹʏʉʐ�ʏʉʐ�ɸʐɽʑɶʌɲʅʅʉʐ�ʏʅɼʅɲʏʉʎ�

ʋʉʐ�ɹʖɸɿ�ɳʃʌɲ�ʏɿʎ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�z1 ͕�Ȱ�ʃɲɿ�z2 ͕�Ȳ͘
Im(z)

Re(z)O

B(x2, y2)

A(x1, y1)

ȳɿɲ�ʆɲ�ɴʌʉʑʅɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�ɷʉʐʄɸʑʉʐʅɸ�ʘʎ�ɸʇɼʎ͗
ɉʋʉʄʉɶʀɺʉʐʅɸ�ʏʉʆ�ʍʐʆʏɸʄɸʍʏɼ�ɷɿɸʑɽʐʆʍɻʎ�ʏɻʎ�ȰȲ�ʃɲɿ�ʅɸʏɳ�ʐʋʉ-

ʄʉɶʀɺʉʐʅɸ�ʏʉʆ�ʍʐʆʏɸʄɸʍʏɼ�ɷɿɸʑɽʐʆʍɻʎ�ʏɻʎ�ʅɸʍʉʃɲɽɹʏʉʐ͘�Ȳʌʀʍʃʉʐʅɸ�ʏʉ�
ʅɹʍʉ�ʏɻʎ�ȰȲ�ʃɲɿ�ɶʌɳʔʉʐʅɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�ʏɻʎ�ɸʐɽɸʀɲʎ͘

, , ,x x
y y x x x y y y1 2 2AB AB M M
2 1

2 1 1 2 1 2$m m m= -
- =- = + = +

n

: y y x xM Mn m- = -n ] g
Ȳɹɴɲɿɲ�ʅʋʉʌʉʑʅɸ͕�ɲʆʏʀ�ʆɲ�ʖʌɻʍɿʅʉʋʉɿɼʍʉʐʅɸ�ʏɻʆ�ʋɲʌɲʋɳʆʘ�ɶɸ-

ʘʅɸʏʌɿʃɼ�ɷɿɲɷɿʃɲʍʀɲ͕�ʆɲ�ʐʗʙʍʉʐʅɸ�ɲʋɸʐɽɸʀɲʎ�ʏɻ�ʍʖɹʍɻ�ʍʏʉ�ʏɸʏʌɳɶʘʆʉ͕�
ʆɲ�ɲʆʏɿʃɲʏɲʍʏɼʍʉʐʅɸ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ʃɲɿ�ʆɲ�ʃɳʆʉʐʅɸ�ʋʌɳʇɸɿʎ͘

ͻ� z z z z<1 2- -
ȵʃʔʌɳɺɸɿ�ʏɲ�ʍɻʅɸʀɲ�ʏʉʐ�ɻʅɿɸʋɿʋɹɷʉʐ�ʋʉʐ�ʉʌʀɺɸʏɲɿ�ɲʋʊ�ʏɻʆ�ʅɸʍʉ-

ʃɳɽɸʏʉ�ʏʉʐ�ɸʐɽʑɶʌɲʅʅʉʐ�ʏʅɼʅɲʏʉʎ�ʋʉʐ�ɹʖɸɿ�ɳʃʌɲ�ʏɿʎ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲ-
ɷɿʃʙʆ�z1 ͕�Ȱ�ʃɲɿ�z2 ͕�Ȳ�ʃɲɿ�ʏɻʆ�ɸɿʃʊʆɲ�ʏʉʐ�z1 ͕�Ȱ͘�Ȱʆ�ɹʖʉʐʅɸ�G�ʍʐʅʋɸʌɿʄɲʅ-
ɴɳʆʉʆʏɲɿ�ʃɲɿ�ʏɲ�ʍɻʅɸʀɲ�ʏɻʎ�ʅɸʍʉʃɲɽɹʏʉʐ͘
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Im(z)

Re(z)O

B(x2, y2)

A(x1, y1)

ȳɿɲ�ʆɲ�ɴʌʉʑʅɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�ʐʗʙʆʉʐʅɸ�ʍʏʉ�ʏɸʏʌɳɶʘʆʉ�ʏɻ�ʍʖɹʍɻ�ʅɸ�
ʏɲ�ʅɹʏʌɲ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ͕�ɲʆʏɿʃɲɽɿʍʏʉʑʅɸ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ʃɲɿ�ʃɳʆʉʐʅɸ�
ʋʌɳʇɸɿʎ͘
Ʌʌʉʍʉʖɼ͊� ȴɸʆ�ʅɸʏɲʃɿʆʉʑʅɸ�ʊʌʉʐʎ�ɲʋʊ�ʏʉ�ɹʆɲ�ʅɹʌʉʎ�ʏɻʎ�ɲʆʀʍʘʍɻʎ�ʍʏʉ�

ɳʄʄʉ�ʊʍʉ�ɹʖʉʐʅɸ�ǌ�ɼ�ŝ�ʍʏɻʆ�ʋɲʌɳʍʏɲʍɻ͘
ͻ� z z z z>1 2- -

ȵʃʔʌɳɺɸɿ�ʏɲ�ʍɻʅɸʀɲ�ʏʉʐ�ɻʅɿɸʋɿʋɹɷʉʐ�ʋʉʐ�ʉʌʀɺɸʏɲɿ�ɲʋʊ�ʏɻʆ�ʅɸʍʉ-
ʃɳɽɸʏʉ�ʏʉʐ�ɸʐɽʑɶʌɲʅʅʉʐ�ʏʅɼʅɲʏʉʎ�ʋʉʐ�ɹʖɸɿ�ɳʃʌɲ�ʏɿʎ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲ-
ɷɿʃʙʆ�z1 ͕�Ȱ�ʃɲɿ�z2 ͕�Ȳ�ʃɲɿ�ʏɻʆ�ɸɿʃʊʆɲ�ʏʉʐ�z2 ͕�Ȳ͘�Ȱʆ�ɹʖʉʐʅɸ�H�ʍʐʅʋɸʌɿʄɲʅ-
ɴɳʆʉʆʏɲɿ�ʃɲɿ�ʏɲ�ʍɻʅɸʀɲ�ʏɻʎ�ʅɸʍʉʃɲɽɹʏʉʐ͘

Im(z)

Re(z)O

B(x2, y2)

A(x1, y1)

ȳɿɲ�ʆɲ�ɴʌʉʑʅɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�ʐʗʙʆʉʐʅɸ�ʍʏʉ�ʏɸʏʌɳɶʘʆʉ�ʏɻ�ʍʖɹʍɻ�ʅɸ�
ʏɲ�ʅɹʏʌɲ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ͕�ɲʆʏɿʃɲɽɿʍʏʉʑʅɸ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ʃɲɿ�ʃɳʆʉʐʅɸ�
ʋʌɳʇɸɿʎ͘
Ʌʌʉʍʉʖɼ͊� ȴɸʆ�ʅɸʏɲʃɿʆʉʑʅɸ�ʊʌʉʐʎ�ɲʋʊ�ʏʉ�ɹʆɲ�ʅɹʌʉʎ�ʏɻʎ�ɲʆʀʍʘʍɻʎ�ʍʏʉ�

ɳʄʄʉ�ʊʍʉ�ɹʖʉʐʅɸ�ǌ�ɼ�ŝ�ʍʏɻʆ�ʋɲʌɳʍʏɲʍɻ͘

Ʌɲʌɲɴʉʄɼ
Ʌɲʌɲɴʉʄɼ�ɸʀʆɲɿ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ʍɻʅɸʀʘʆ�ʋʉʐ�ɿʍɲʋɹʖʉʐʆ�

ɲʋʊ�ɹʆɲ�ʍʏɲɽɸʌʊ�ʍɻʅɸʀʉ�ʃɲɿ�ʅɿɲ�ʍʏɲɽɸʌɼ�ɸʐɽɸʀɲ͘�Ɉʉ�ʍʏɲɽɸʌʊ�ʍɻʅɸʀʉ�
ɸʀʆɲɿ�ɻ�ɸʍʏʀɲ�ʃɲɿ�ɻ�ʍʏɲɽɸʌɼ�ɸʐɽɸʀɲ�ɸʀʆɲɿ�ɻ�ɷɿɸʐɽɸʏʉʑʍɲ͘
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ȶʍʏʘ� ,M x y^ h�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʏʐʖɲʀʉʐ�ʅɿɶɲɷɿʃʉʑ�z x yi= + �ʃɲɿ�p R*! .
ͻ� z z p z z42- = +r r^ h

ȵʃʔʌɳɺɸɿ�ʋɲʌɲɴʉʄɼ�ʅɸ�ɸʍʏʀɲ� ,E p
2 0` j�ʃɲɿ�ɷɿɸʐɽɸʏʉʑʍɲ�x p

2=- .
ȶʄʄɸɿʗɻ

ȶʄʄɸɿʗɻ�ɸʀʆɲɿ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ʍɻʅɸʀʘʆ�ʋʉʐ�ʏʉ�ɳɽʌʉɿʍʅɲ�
ʏʘʆ�ɲʋʉʍʏɳʍɸʘʆ�ʏʉʐʎ�ɲʋʊ�ɷʑʉ�ʍʏɲɽɸʌɳ�ʍɻʅɸʀɲ�;ɸʍʏʀɸʎͿ�ɸʀʆɲɿ�ʍʏɲɽɸʌʊ�
;ʃɲɿ�ʀʍʉ�ʅɸ�2a͕�ʏʉ�ʅɼʃʉʎ�ʏʉʐ�ʅɸɶɳʄʉʐ�ɳʇʉʆɲͿ͘

ȶʍʏʘ� ,M x y^ h�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʏʐʖɲʀʉʐ�ʅɿɶɲɷɿʃʉʑ�z x yi= + ͕� ,x yA 1 1^ h�
ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʍʏɲɽɸʌʉʑ�ʅɿɶɲɷɿʃʉʑ�z x y i1 1 1= + ͕� ,B x y2 2^ h�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʍʏɲ-
ɽɸʌʉʑ�ʅɿɶɲɷɿʃʉʑ�z x y i2 2 2= + �ʃɲɿ�c 0> .

ͻ� z z z z c1 2- + - = ͕�ʅɸ� z z c<1 2-
ȵʃʔʌɳɺɸɿ� ɹʄʄɸɿʗɻ� ʅɸ� ɸʍʏʀɸʎ� ʏɿʎ� ɸɿʃʊʆɸʎ� ʏʘʆ� z1 ͕� Ȱ� ʃɲɿ� z2 ͕� Ȳ� ʃɲɿ�

c
2a = ͘�Ƀ�ʏʑʋʉʎ�ɸʀʆɲɿ� x x y y 12

0
2

2
0

2

a b
- + - =] ^g h

͕�ʅɸ� ,x y0 0^ h�ʏʉ�ʅɹʍʉ�ʏʉʐ�ɸʐ-
ɽʑɶʌɲʅʅʉʐ�ʏʅɼʅɲʏʉʎ�ȰȲ͘
ɉʋɸʌɴʉʄɼ

ɉʋɸʌɴʉʄɼ�ɸʀʆɲɿ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ʍɻʅɸʀʘʆ�ʋʉʐ�ɻ�ɲʋʊʄʐʏɻ�
ʏɿʅɼ�ʏɻʎ�ɷɿɲʔʉʌɳʎ�ʏʘʆ�ɲʋʉʍʏɳʍɸʘʆ�ɲʋʊ�ɷʑʉ�ʍʏɲɽɸʌɳ�ʍɻʅɸʀɲ�;ɸʍʏʀɸʎͿ�
ɸʀʆɲɿ�ʍʏɲɽɸʌɼ�;ʃɲɿ�ʀʍɻ�ʅɸ�2aͿ͘

ȶʍʏʘ� ,M x y^ h�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʏʐʖɲʀʉʐ�ʅɿɶɲɷɿʃʉʑ�z x yi= + ͕� ,A x y1 1^ h�
ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʍʏɲɽɸʌʉʑ�ʅɿɶɲɷɿʃʉʑ�z x y i1 1 1= + ͕� ,B x y2 2^ h�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʍʏɲ-
ɽɸʌʉʑ�ʅɿɶɲɷɿʃʉʑ�z x y i2 2 2= + �ʃɲɿ�c 0> .

ͻ� z z z z c1 2- - - = ͕�ʅɸ� z z c>1 2-
ȵʃʔʌɳɺɸɿ�ʐʋɸʌɴʉʄɼ�ʅɸ�ɸʍʏʀɸʎ�ʏɿʎ�ɸɿʃʊʆɸʎ�ʏʘʆ� z1 ͕�Ȱ�ʃɲɿ� z2 ͕�Ȳ�ʃɲɿ�

c
2a = ͘�Ƀ�ʏʑʋʉʎ�ɸʀʆɲɿ� x x y y 12

0
2

2
0

2

a b
- - - =] ^g h ͕�ʅɸ� ,x y0 0^ h�ʏʉ�ʅɹʍʉ�ʏʉʐ�ɸʐ-

ɽʑɶʌɲʅʅʉʐ�ʏʅɼʅɲʏʉʎ�ȰȲ͘�
ɀɸɽʉɷʉʄʉɶʀɸʎ�ʍʏʉʐʎ�ɶɸʘʅɸʏʌɿʃʉʑʎ�ʏʊʋʉʐʎ

ŝ͘� Ȱʆ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ɸʆʊʎ�ʅɿɶɲɷɿʃʉʑ�ǌ�ɸʀʆɲɿ�ɻ�ɸʐ-
ɽɸʀɲ� : x y 0f A B C+ + = ͕� ʏʊʏɸ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ�ʏʉʐ�ǌ�ɽɲ�ʏʉ�ɴʌʀ-
ʍʃʉʐʅɸ�ʋɲʀʌʆʉʆʏɲʎ�ʏɻʆ�ɲʋʊʍʏɲʍɻ�ʏɻʎ�ɲʌʖɼʎ�ʏʘʆ�ɲʇʊʆʘʆ�ɲʋʊ�ʏɻʆ�
ɸʐɽɸʀɲ�ɸ͕�ʖʌɻʍɿʅʉʋʉɿʙʆʏɲʎ�ʏʉʆ�ʏʑʋʉ

,d O 0 0
2 2 2 2

f
A B

A B C

A B
C=

+
+ + =

+
^ h

ŝŝ͘� Ȱʆ�ɽɹʄʉʐʅɸ�ʏʉ�ʅɿɶɲɷɿʃʊ�z0 �ʋʉʐ�ɹʖɸɿ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ͕�ɽɲ�ʄʑʆʉʐʅɸ�
ʏʉ�ʍʑʍʏɻʅɲ�ʏɻʎ�ɸʐɽɸʀɲʎ�ɸ�ʃɲɿ�ʏɻʎ�ʃɳɽɸʏɻʎ�ʍɸ�ɲʐʏɼ�ʋʉʐ�ɷɿɹʌʖɸʏɲɿ�
ɲʋʊ�ʏɻʆ�ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ͘�ȸ�ʄʑʍɻ�ʏʉʐ�ʍʐʍʏɼʅɲʏʉʎ�ɽɲ�ɸʀʆɲɿ�ɻ�ɸɿ-

ΗΛΙΑΣΚΟΣ ΦΡΟΝΤΙΣΤΗΡΙΑ



15

ʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�z0 .

: , , : ,y x y x
y x
y x11 1
0 1 0

0 0
f m b m m h m

m b
m

= + =- =
= +
=h h

h

(
ŝŝŝ͘�Ȱʆ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ɸʆʊʎ�ʅɿɶɲɷɿʃʉʑ�ɸʀʆɲɿ�ʃʑʃʄʉʎ�

Đ�ʅɸ�ʃɹʆʏʌʉ�Ⱦ�ʃɲɿ�ɲʃʏʀʆɲ�ʌ͕�ʏʊʏɸ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ�ʏʉʐ�ǌ͕�ɽɲ�ɸʀʆɲɿ�
OK t-] g �ʃɲɿ�ʏʉ�ʅɹɶɿʍʏʉ�ʅɹʏʌʉ�ʏʉʐ�ǌ͕�ɽɲ�ɸʀʆɲɿ� OK t+] g ͕�ʊʋʉʐ�Ƀ�ɻ�

ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ͘
ŝǀ͘ �Ȱʆ�ɽɹʄʉʐʅɸ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑʎ� ,z z1 2 �ʋʉʐ�ɹʖʉʐʆ�ʏʉ�ʅɹɶɿʍʏʉ�ʃɲɿ�ʏʉ�ɸʄɳ-

ʖɿʍʏʉ�ʅɹʏʌʉ�ɲʆʏʀʍʏʉɿʖɲ͕�ɽɲ�ʔɹʌʉʐʅɸ�ʏɻʆ�ɸʐɽɸʀɲ�ʋʉʐ�ɸʆʙʆɸɿ�ʏɻʆ�
ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ�Ƀ�ʃɲɿ�ʏʉ�ʃɹʆʏʌʉ�ʏʉʐ�ʃʑʃʄʉʐ�Ⱦ�ʃɲɿ�ɽɲ�ʄʑʆʉʐʅɸ�ʏʉ�
ʍʑʍʏɻʅɲ�ʏʘʆ�ɸʇɿʍʙʍɸʘʆ�ʏʉʐ�ʃʑʃʄʉʐ�Đ�ʃɲɿ�ʏɻʎ�ɸʐɽɸʀɲʎ�ɃȾ͘�ȸ�ʄʑʍɻ�
ʏʉʐ�ʍʐʍʏɼʅɲʏʉʎ�ɽɲ�ɸʀʆɲɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ� ,z z1 2 .

: , , :c x x y y x
y OK y x

x x y y
y x

x x x y

OK
K

K
OK

OK
OK

0
2

0
2 2

0
2

0
2 2

0
2

0
2 2+

t m m

t
m

m t

- + - = = =

- + - =
=

- + - =

] ^
] ^ ] ^

g h
g h g h)

ǀ͘ � Ʉʏɲʆ�ɹʖʉʐʅɸ�ɷʑʉ�ʅɿɶɲɷɿʃʉʑʎ�ǌ͕�ǁ�ʅɸ�ɶɸʘʅɸʏʌɿʃʉʑʎ�ʏʊʋʉʐʎ�ɸʐɽɸʀɲ�
ɸ�ʃɲɿ�ʃʑʃʄʉ�Đ�ɲʆʏʀʍʏʉɿʖɲ�ʃɲɿ�ɽɹʄʉʐʅɸ�ʆɲ�ɴʌʉʑʅɸ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ɲʋʊ-
ʍʏɲʍɻ�ʏʉʐʎ�ɼ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ� z w- � ʏʊʏɸ�ɽɲ�ɴʌʀ-
ʍʃʉʐʅɸ�ʏɻʆ�ɲʋʊʍʏɲʍɻ�ʏʉʐ�ʃɹʆʏʌʉʐ�ʏʉʐ�ʃʑʃʄʉʐ�Đ�ɲʋʊ�ʏɻʆ�ɸʐɽɸʀɲ�ɸ͘
ɲ͘� Ȱʆ�ɻ�ɲʋʊʍʏɲʍɻ�Ě�ɸʀʆɲɿ�ʅɸɶɲʄʑʏɸʌɻ�ɲʋʊ�ʏɻʆ�ɲʃʏʀʆɲ�ʌ�ʏʊʏɸ�ʏʉ�

ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ�ɽɲ�ɸʀʆɲɿ�min z w d t- = - .
ɴ͘� Ȱʆ�ɻ�ɲʋʊʍʏɲʍɻ�Ě�ɸʀʆɲɿ�ʅɿʃʌʊʏɸʌɻ�ɼ�ʀʍɻ�ɲʋʊ�ʏɻʆ�ɲʃʏʀʆɲ�ʌ�ʏʊʏɸ�

ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ�ɽɲ�ɸʀʆɲɿ�Ϭ�ɷɻʄɲɷɼ�min z w 0- = .
ǀŝ͘�Ʉʏɲʆ�ɹʖʉʐʅɸ�ɷʑʉ�ʅɿɶɲɷɿʃʉʑʎ�ǌ͕�ǁ�ʅɸ�ɶɸʘʅɸʏʌɿʃʉʑʎ�ʏʊʋʉʐʎ�ʏʉʐʎ�

ʃʑʃʄʉʐʎ� : ,c K1 1 1t^ h�ʃɲɿ� : ,c K2 2 2t^ h�ɲʆʏʀʍʏʉɿʖɲ�ʃɲɿ�ɽɹʄʉʐʅɸ�ʆɲ�ɴʌʉʑ-
ʅɸ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʃɲɿ�ʅɹɶɿʍʏɻ��ɲʋʊʍʏɲʍɻ�ʏʉʐʎ�ɼ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʃɲɿ�
ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ� z w- �ʏʊʏɸ�ɽɲ�ɴʌʀʍʃʉʐʅɸ�ʏɻʆ�ɲʋʊʍʏɲʍɻ�
ʏʘʆ�ʃɹʆʏʌʘʆ�ʏʘʆ�ʃʑʃʄʘʆ� K K1 2^ h�;ɷɿɳʃɸʆʏʌʉʎͿ͘
ɲ͘� Ȱʆ� ɿʍʖʑɸɿ� K K >1 2 1 2t t+^ h � ʏʊʏɸ� ʏʉ� ɸʄɳʖɿʍʏʉ� ʅɹʏʌʉ� ɽɲ� ɸʀʆɲɿ�

min z w K K1 2 1 2t t- = - -^ h � ʃɲɿ� ʏʉ� ʅɹɶɿʍʏʉ� ʅɹʏʌʉ� ɽɲ� ɸʀʆɲɿ�
max z w K K1 2 1 2t t- = + +^ h .

ɴ͘� Ȱʆ� ɿʍʖʑɸɿ� K K1 2 1 2 1 2G Gt t t t- +^ h � ʏʊʏɸ� ʏʉ� ɸʄɳʖɿʍʏʉ� ʅɹ-
ʏʌʉ� ɽɲ� ɸʀʆɲɿ� min z w 0- = � ʃɲɿ� ʏʉ� ʅɹɶɿʍʏʉ� ʅɹʏʌʉ� ɽɲ� ɸʀʆɲɿ�
max z w K K1 2 1 2t t- = + +^ h .

ɶ͘� Ȱʆ� ɿʍʖʑɸɿ� K K <1 2 1 2t t-^ h � ʏʊʏɸ� ʏʉ� ɸʄɳʖɿʍʏʉ� ʅɹʏʌʉ� ɽɲ� ɸʀʆɲɿ�
min z w K K1 2 1 2t t- = - -^ h � ʃɲɿ� ʏʉ� ʅɹɶɿʍʏʉ� ʅɹʏʌʉ� ɽɲ� ɸʀʆɲɿ�
max z w K K1 2 1 2t t- = + +^ h .

ǀŝŝ͘�ɇɸ�ʉʋʉɿɸʍɷɼʋʉʏɸ�ɳʄʄɸʎ�ʋɸʌɿʋʏʙʍɸɿʎ�ʋʉʐ�ɶʆʘʌʀɺʉʐʅɸ�ʏʉʐʎ�ɶɸʘ-
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ʅɸʏʌɿʃʉʑʎ�ʏʊʋʉʐʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͕�ǁ�ʃɲɿ�ɽɹʄʉʐʅɸ�ʆɲ�
ɴʌʉʑʅɸ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʃɲɿ��ʅɹɶɿʍʏɻ�ɲʋʊʍʏɲʍɻ�ʏʉʐʎ�ɼ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�
ʃɲɿ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ� z w- �ɽɲ�ʖʌɻʍɿʅʉʋʉɿʉʑʅɸ�ʏɻ�ɶɸʘʅɸ-
ʏʌɿʃɼ�ɲʆɲʋɲʌɳʍʏɲʍɻ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ʍʏʉ�ɸʋʀʋɸɷʉ�ɶɿɲ�ʆɲ�ɴɶɳʄʉʐʅɸ�
ʍʐʅʋɸʌɳʍʅɲʏɲ͘

1.5 ȵʌʘʏɼʍɸɿʎ�Ⱥɸʘʌʀɲʎ
ϭ͘� Ɂɲ�ʉʌʀʍɸʏɸ�ʏʉ�ʍʑʆʉʄʉ�C �ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɲʌɿɽʅʙʆ͘
Ϯ͘� Ʌʊʏɸ�ɷʑʉ�ʅɿɶɲɷɿʃʉʀ�z1 �ʃɲɿ�z2 �ɽɲ�ʄɹʅɸ�ʊʏɿ�ɸʀʆɲɿ�ʀʍʉɿ͖
ϯ͘� Ʌʊʏɸ�ɷʑʉ�ʅɿɶɲɷɿʃʉʀ�z1 �ʃɲɿ�z2 �ɽɲ�ʄɹʅɸ�ʊʏɿ�ɸʀʆɲɿ�ʍʐɺʐɶɸʀʎ͖
ϰ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɷɿɲʆʐʍʅɲʏɿʃɼ�ɲʃʏʀʆɲ�ʏʉʐ�ɲɽʌʉʀʍʅɲʏʉʎ�ɷʑʉ�

ʅɿɶɲɷɿʃʙʆ� z1 �ʃɲɿ� z2 �ɸʀʆɲɿ�ʏʉ�ɳɽʌʉɿʍʅɲ�ʏʘʆ�ɷɿɲʆʐʍʅɲʏɿʃʙʆ�ɲʃʏʀ-
ʆʘʆ�ʏʉʐʎ͘

ϱ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɷɿɲʆʐʍʅɲʏɿʃɼ�ɲʃʏʀʆɲ�ʏɻʎ�ɷɿɲʔʉʌɳʎ�ɷʑʉ�ʅɿɶɲ-
ɷɿʃʙʆ�z1 �ʃɲɿ�z2 �ɸʀʆɲɿ�ɻ�ɷɿɲʔʉʌɳ�ʏʘʆ�ɷɿɲʆʐʍʅɲʏɿʃʙʆ�ɲʃʏʀʆʘʆ�ʏʉʐʎ͘

ϲ͘� ȳɿɲ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ� ,z z1 2 ͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z z z z1 2 1 2+ = + .
ϳ͘� Ɂɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏɿʎ�ɷʐʆɲʏɹʎ�ʏɿʅɹʎ�ʏʉʐ�iv �ʅɸ�v N! .
ϴ͘� Ɂɲ� ʄʑʍɸʏɸ� ʍʏʉ� ʍʑʆʉʄʉ� C � ʏʘʆ� ʅɿɶɲɷɿʃʙʆ�ɲʌɿɽʅʙʆ� ʏɻʆ� ɸʇʀʍʘʍɻ�

z z 02a b c+ + = �ʅɸ� ͕ ͕ R!a b c �ʃɲɿ� Ϭ!a .
ϵ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʏʉ�ʋɲʌɲʃɳʏʘ�Ⱥɸʙʌɻʅɲ͗

Ȱʆ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ�z i0 a b= + �ʅɸ� ͕ R!a b ͕�ɸʀʆɲɿ�ʌʀɺɲ�ʅɿɲʎ�ʋʉ-
ʄʐʘʆʐʅɿʃɼʎ�ɸʇʀʍʘʍɻʎ�ʅɸ�ʋʌɲɶʅɲʏɿʃʉʑʎ�ʍʐʆʏɸʄɸʍʏɹʎ͕� ʏʊʏɸ�ʃɲɿ�ʉ�
ʍʐɺʐɶɼʎ�ʅɿɶɲɷɿʃʊʎ� z i0 a b= - �ɸʀʆɲɿ�ʌʀɺɲ�ʏɻʎ�ɸʇʀʍʘʍɻʎ�ɲʐʏɼʎ͘

ϭϬ͘� ȳɿɲ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ� ,z z1 2 ͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z z z z1 2 1 2= .
ϭϭ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� z z z z z z1 2 1 2 1 2G G- + + ͕� ʊʋʉʐ� z1 ͕� z2 �

ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�ʃɲɿ�ʊʏɿ�ʏʉ�ʅɹʏʌʉ�ʏɻʎ�ɷɿɲʔʉʌɳʎ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆ�
ɸʀʆɲɿ�ʀʍʉ�ʅɸ�ʏɻʆ�ɲʋʊʍʏɲʍɻ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʉʐʎ͘

1.6 ȵʌʘʏɼʍɸɿʎ�ʏʑʋʉʐ�ɇʘʍʏʊ�Ͳ�ȿɳɽʉʎ
ϭ͘� Ƀ�ɲʆʏʀʍʏʌʉʔʉʎ�ʏʉʐ�ŝ�ɸʀʆɲɿ�ʏʉ� i- .
Ϯ͘� Ƀ�ʍʐɺʐɶɼʎ�ɸʆʊʎ�ʋʌɲɶʅɲʏɿʃʉʑ�ɲʌɿɽʅʉʑ�ɸʀʆɲɿ�ʉ�ʀɷɿʉʎ�ʉ�ʋʌɲɶʅɲʏɿʃʊʎ�

ɲʌɿɽʅʊʎ͘
ϯ͘� ȳɿɲ�ɷʑʉ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ� ,z z1 2 �ɿʍʖʑɸɿ�z z1

2
2
2 += �z z1 2= �ɼ�z z1 2=- .

ϰ͘� Ȱʆ�ʏʉ�ʏɸʏʌɳɶʘʆʉ�ɸʆʊʎ�ʅɿɶɲɷɿʃʉʑ�ǌ�ɸʀʆɲɿ�ɲʌʆɻʏɿʃʊʎ�ɲʌɿɽʅʊʎ͕�ʏʊʏɸ�ʉ�
ǌ�ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ͘

ϱ͘� Ȱʆ�ɶɿɲ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�ǌ�ɿʍʖʑɸɿ�z 13 = �ʏʊʏɸ�ɽɲ�ɸʀʆɲɿ�z 1= .
ϲ͘� ȳɿɲ�ʏɿʎ�ɷɿɳʔʉʌɸʎ�ʏɿʅɹʎ�ʏʉʐ�v N*! ͕�ʏʉ�ɳɽʌʉɿʍʅɲ�S i i iv

v2 f= + + + �
ʋɲʀʌʆɸɿ�ʏɹʍʍɸʌɿʎ�ʏɿʅɹʎ͘
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ϳ͘� Ƀɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʃɲɿ� z- �ɸʀʆɲɿ�ʍʐɺʐɶɸʀʎ�ʘʎ�ʋʌʉʎ�ʏɻʆ�ɸʐ-
ɽɸʀɲ�y x=- .

ϴ͘� Ⱦɳɽɸ�ʋʉʄʐʙʆʐʅʉ�ϯʉʐ�ɴɲɽʅʉʑ�ʅɸ�ʋʌɲɶʅɲʏɿʃʉʑʎ�ʍʐʆʏɸʄɸʍʏɹʎ�ɹʖɸɿ�
ʏʉʐʄɳʖɿʍʏʉʆ�ʅʀɲ�ʋʌɲɶʅɲʏɿʃɼ�ʌʀɺɲ͘

ϵ͘� ȸ�ɸʇʀʍʘʍɻ� z 1= �ɸʃʔʌɳɺɸɿ�ʊʏɿ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�
ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɸʀʆɲɿ�ʃʑʃʄʉʎ�ʅɸ�ʃɹʆʏʌʉ�ʏɻʆ�ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ�ʃɲɿ�
ɲʃʏʀʆɲ�ϭ͘

ϭϬ͘� Ȱʆ�z1 �ʃɲɿ�z2 �ɸʀʆɲɿ�ʏʐʖɲʀʉɿ�ʅɿɶɲɷɿʃʉʀ͕�ʏʊʏɸ�ɿʍʖʑɸɿ� z z z z1 2 1 2G- - .
ϭϭ͘� z z2 2= .
ϭϮ͘� Ȱʆ� z 1= �ʏʊʏɸ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�iz�ɸʀʆɲɿ�ʉʅʉʃʐʃʄɿʃɳ�ʍɻʅɸʀɲ͘

1.7 Ȱʍʃɼʍɸɿʎ�ɶɿɲ�ʄʑʍɻ
ϭ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʉɿ�ɲʌɿɽʅʉʀ� ,x y R! �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ͗

ɲ͘� x x y x y i3 3 2 02 - + + + + =^ h .
ɴ͘� x x i y yi1 2vyo - + = + .
ɶ͘� ln x e i i2y+ = + .
ɷ͘� xi

i yi1 2
1 hn+ = + .

ɸ͘� x x yi y x i3 3 12 - + + = + -] g .
Ϯ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʉɿ�ɲʌɿɽʅʉʀ� ,x y R! �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ͗

ɲ͘� x y xi x y i i6 5 52+ + + = + + +^ ^h h .
ɴ͘� x yi i xy xi3 6 7 22 + = + - - .

ɶ͘� i
x

i
y

i
i

1 2 2 3 1 8
6 7

- + - = -
+ .

ɷ͘� i x i x y i1 12 2- - + + + =^ ^h h .

ɸ͘� x i x yi1
+ = + .

ϯ͘� ȶʍʏʘ�ʉ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ�ǆ�ʃɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�z i x2 2hn= + ͘�ȳɿɲ�
ʋʉɿɸʎ�ʏɿʅɹʎ�ʏʉʐ�ǆ�ɿʍʖʑɸɿ�z i2= + .

ϰ͘� Ȱʆ� z i i5 4 4 5 5 6m n m n= + - + + +^ ^ ^ ^h h h h� ʆɲ� ʐʋʉʄʉɶʀʍɸʏɸ� ʏɲ�
͕ R!m n �ʙʍʏɸ�ʆɲ�ɸʀʆɲɿ

ɲ͘� z 0= .
ɴ͘� z i7 20= + .

ϱ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ� R!a �ʙʍʏɸ�ʉ�ʅɿɶɲɷɿʃʊʎ�w i
i

1
2
a

a a= +
+ + �ʆɲ�ɸʀʆɲɿ�ʔɲ-

ʆʏɲʍʏɿʃʊʎ͘
ϲ͘� ȴʀʆɸʏɲɿ� ʉ� ʅɿɶɲɷɿʃʊʎ� z i1 3 22 2m m m= - + - +] ]g g � ʊʋʉʐ� R!m ͘� Ɂɲ�

ɴʌɸʀʏɸ�ʏɿʅɹʎ�ʏʉʐ�ʄ�ɶɿɲ�ʏɿʎ�ʉʋʉʀɸʎ�ʉ�ɲʌɿɽʅʊʎ�ǌ�ɸʀʆɲɿ͗
ɲ͘� ʋʌɲɶʅɲʏɿʃʊʎ� � ɴ͘� ʔɲʆʏɲʍʏɿʃʊʎ� � ɶ͘� ʅɻɷɹʆ
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ϳ͘� ȴʀʆɸʏɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�z i
i

2 1m m
m= + +
-] g �ʊʋʉʐ� R!m ͘�Ɂɲ�ɴʌɸʀʏɸ�ʏɿʅɹʎ�

ʏʉʐ�ʄ�ɶɿɲ�ʏɿʎ�ʉʋʉʀɸʎ�ʉ�ɲʌɿɽʅʊʎ�ǌ�ɸʀʆɲɿ͗
ɲ͘� ʋʌɲɶʅɲʏɿʃʊʎ� � ɴ͘� ʔɲʆʏɲʍʏɿʃʊʎ

ϴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ʍʐɺʐɶɼ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�z i
i

i
i

1 2
2 3

1 2
3 4= +

- + -
+ .

ϵ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� lnz x x xi3 31
2= - - +] g �ʃɲɿ�z y i2

2= ͘�Ɂɲ�ʐʋʉʄʉ-
ɶʀʍɸʏɸ�ʏɿʎ�ʏɿʅɹʎ�ʏʘʆ�ǆ�ʃɲɿ�Ǉ�ʙʍʏɸ�ʉɿ�ɷʑʉ�ʅɿɶɲɷɿʃʉʀ�ʆɲ�ɸʀʆɲɿ�ʍʐɺʐ-
ɶɸʀʎ͘

ϭϬ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�z x y i3 21 =- + -^ h �ʃɲɿ�z x y i5 32 = - - ͘�Ɂɲ�ʐʋʉ-
ʄʉɶʀʍɸʏɸ�ʏɿʎ�ʏɿʅɹʎ�ʏʘʆ�ǆ�ʃɲɿ�Ǉ�ʙʍʏɸ�ʉɿ�ɷʑʉ�ʅɿɶɲɷɿʃʉʀ�ʆɲ�ɸʀʆɲɿ�ʍʐ-
ɺʐɶɸʀʎ͘

ϭϭ͘� Ȱʆ�z i i
i

1
1

1
1

2= - + + + ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�z z2 4
5 02 - + = .

ϭϮ͘� Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�z i i
i i

1 1
1 1

2 2

8 16

= - - +
+ + -] ]] ]g gg g �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ͘

ϭϯ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ʋʌɲɶʅɲʏɿʃʊ�ʃɲɿ�ʏʉ�ʔɲʆʏɲʍʏɿʃʊ�ʅɹʌʉʎ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�
z i

i
i
i

3 2
2 3

2
1 240 23

= -
+ + -

+b bl l .

ϭϰ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ�x 81 04 + = �ɿʃɲʆʉʋʉɿɸʀʏɲɿ�ɲʋʊ�ʏʉʆ�ʅɿɶɲ-

ɷɿʃʊ�z i2
3 2 1= -^ h.

ϭϱ͘� Ȱʆ�z i
i
3

2= - �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�Re z 25
82 =-^ h .

ϭϲ͘� Ȱʆ�z i
2
3 24

= +c m �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�Re z 1=^ h .

ϭϳ͘� Ȱʆ�z i
i

2
1= -
+ �ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ʋʌɲɶʅɲʏɿʃʊ�ʃɲɿ�ʏʉ�ʔɲʆʏɲʍʏɿʃʊ�ʅɹʌʉʎ�ʏʉʐ�

w z z
1= + .

ϭϴ͘� Ȱʆ�z i2 3= + �ʆɲ�ʋɲʌɲʍʏɲɽʉʑʆ�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�
, , ,z z z z- - ͘�Ɉɿ�ʋɲʌɲʏɻʌɸʀʏɸ͖

ϭϵ͘� Ȱʆ�z C! �ʃɲɿ�z z 1 02 + + = �ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� z 13 = .
ɴ͘� z z

1 22007
2007+ = .

ɶ͘� z z 1 0v v3 2 6 1+ + =+ + �ɶɿɲ�ʃɳɽɸ�v N! .
ϮϬ͘� ȶʍʏʘ�ǌ�ɹʆɲʎ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ�ʃɲɿ� f v i zv=] g �ʅɸ�v N*! ͘�Ɂɲ�ɲʋʉ-

ɷɸʀʇɸʏɸ�ʊʏɿ�f f f f3 8 13 18 0+ + + =] ] ] ]g g g g .
Ϯϭ͘� ȳɿɲ�ʃɳɽɸ�ʅɿɶɲɷɿʃʊ�ǌ�ɽɸʘʌʉʑʅɸ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�f z i z z12= + +] ]g g .

ɲ͘� Ɂɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏʉʐʎ�ɲʌɿɽʅʉʑʎ�f i] g�ʃɲɿ�f i-] g.
ɴ͘� Ɂɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏɻʆ�ʏɿʅɼ�ʏɻʎ�ʋɲʌɳʍʏɲʍɻʎ� f i f iv v+ - -]^ ]^gh gh .
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ϮϮ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʉɿ�ʏɿʅɹʎ�ʏʘʆ�ʋɲʌɲʍʏɳʍɸʘʆ͗
ɲ͘� A i i i i

1 110
15

20
25= + + + .

ɴ͘� B i i i i i5 7 4 7 3 152 18 31 44= + - + - + .
ɶ͘� i i i i57 58 59 213fC = + + + + .
ɷ͘� i i i i2 3 2006$ $ $ $fD = .
ɸ͘� ,E i i i v Nv v v3 1 2 5 3 != + ++ + .
ʍʏ͘�Z i i1 1v v2= + +] ]g g.
ɺ͘� i i i i1 2 4 2 4G + - + -= ^ h666 @ @ @ .
ɻ͘� i i1 13 3H = + + -^ ^h h .

Ϯϯ͘� Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ

i i i i i i i i
1 1 1 1v v v v
v v v v

2 2 1 2 2 2 3
2 2 1 2 2 2 3+ + + = + + ++ + +

+ + + .
Ϯϰ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ɻ�ʏɿʅɼ�ʏɻʎ�ʋɲʌɳʍʏɲʍɻʎ

i i i i2 3 f+ + + + l �ʊʋʉʐ�ʃ�ʋʉʄʄɲʋʄɳʍɿʉ�ʏʉʐ�ϰ͘
Ϯϱ͘� Ȱʆ�ʏʉ�S i i i i1 1 v v2 3 f= - + - + + -] g �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ͕�ʆɲ�ɴʌɸɽʉʑʆ�

ʉɿ�ʏɿʅɹʎ�ʏʉʐ�v N*! .
Ϯϲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɳɽʌʉɿʍʅɲ͗

S i i i i2 3 4 5 2 2 2 1f o o= + + + + + + - + -^ ^ ^ ^h h h h6 @.
Ϯϳ͘� Ɂɲ� ɴʌɸɽɸʀ� ɻ� ɸʄɳʖɿʍʏɻ� ʏɿʅɼ� ʏʉʐ� v N*! � ɲʆ� ɿʍʖʑɸɿ� ʊʏɿ�

i i 0v va b a b+ + - =^ ^h h ͕�ʊʋʉʐ� i 0!a b- .

Ϯϴ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�ɲʌɿɽʅʊʎ� z i
i

i
i

2 3
2 3

2 3
2 32 2

= -
+ + +

-^ ^h h
�ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿ-

ʃʊʎ͘
Ϯϵ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ� , ,i

i
i
i v2 3

3 2
2
1 2 2 N

v4 4

!n-
+ + +

- =
nb bl l .

ϯϬ͘� Ȱʆ� ͕m l�ɳʌʏɿʉɿ�ʆɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ� i
i i

i1
1 5 2

2 5 0
2002 2004

-
+ -- + =

l m` `j j .
ϯϭ͘� Ȱʆ� v N*! �ʃɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�z i i3 2 2 3 Iv v2 2 != + + +] ]g g ͕�ʆɲ�ɷɸɿʖɽɸʀ�

ʊʏɿ�ʉ�ʆ�ɸʀʆɲɿ�ʋɸʌɿʏʏʊʎ͘
ϯϮ͘� Eɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉ�z i i1 5 5 R132 132 != + + - -^ ^h h .
ϯϯ͘� Ȱʆ� ɿʍʖʑɸɿ� ɻ� ʍʖɹʍɻ� x yi i3 2+ = + o^ h � ʅɸ� N*!o � ʆɲ� ɷɸʀʇɸʏɸ� ʊʏɿ�

x y 52 2+ = o .
ϯϰ͘� ȶʍʏʘ�z i

i
1
1 3

= +
- o` j ͕�ʊʋʉʐ� N*!o ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ� Re Imz z 1+ =^ ^h h .

ϯϱ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ͗
ɲ͘� Re Rez

z
z
z

1
1 0 1

1 0++
- = +

- =o

oa `k j .

ɴ͘� Im Imz i
z i

z i
zi1 0 1 0++

+ = +
+ =o

oa `k j .
ϯϲ͘� Ɂɲ�ʄʐɽʉʑʆ�ʉɿ�ɸʇɿʍʙʍɸɿʎ͘
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ɲ͘� z i i
z i2 2 3 2

1- = - + .

ɴ͘� i
z i

i
z i

2 3 2+
- - = -

+ .

ɶ͘� i
z z z i

2
1

3 0- + + - = .

ɷ͘� i z zi1 2+ = +] g .
ɸ͘� zi i z4 1 2+ = +] g .

ϯϳ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻ�ʏɸʏʌɲɶʘʆɿʃɼ�ʌʀɺɲ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ͗
ɲ͘� z i i1 23 3= - + -^ h .
ɴ͘� z i5 12=- - .

ϯϴ͘� Ɂɲ�ʄʐɽʉʑʆ�ʉɿ�ɸʇɿʍʙʍɸɿʎ͘
ɲ͘� z i3 42 = + .
ɴ͘� z z2 2 02 - + = .
ɶ͘� z z z 1 03 2- + - = .
ɷ͘� z i z i2 3 02 - - + - =] g .
ɸ͘� z z2 = .

ϯϵ͘� Ɂɲ�ʄʐɽʉʑʆ�ʉɿ�ɸʇɿʍʙʍɸɿʎ͘
ɲ͘� z z i3 2 0+ - =^ h .
ɴ͘� z z1 2 1+ = .
ɶ͘� z iz 1 02 + + = .
ɷ͘� z z z3 4 8 03 2+ + - = .
ɸ͘� z z i2 03 + + = .

ϰϬ͘� Ɂɲ�ʄʑʍɸʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ� z z z z
1 9 0+ + =b bl l .

ϰϭ͘� Ⱥɸʘʌʉʑʅɸ�ʏʉ�ʋʉʄʐʙʆʐʅʉ�P z z z z7 16 103 2= - + -] g .
ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʏʉ�z 1= �ɸʀʆɲɿ�ʌʀɺɲ�ʏʉʐ�P z] g.
ɴ͘� Ɂɲ�ʄʑʍɸʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�P z 0=] g .

ϰϮ͘� Ⱥɸʘʌʉʑʅɸ�ʏʉ�ʋʉʄʐʙʆʐʅʉ
P z z z z z4 8 4 74 3 2= + + + +] g

ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʏʉ�P z] g�ɹʖɸɿ�ʏʉ�ŝ�ʌʀɺɲ͘
ɴ͘� Ɂɲ�ʄʑʍɸʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�P z 0=] g .

ϰϯ͘� Ɂɲ�ʄʑʍɸʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�f z 0=^ h �ʅɸ�f z z i z i z i2 5 2 53 2= + - + - -^ ^ ^h h h �
ɲʆ�ɶʆʘʌʀɺʉʐʅɸ�ʊʏɿ�ʉ�ɲʌɿɽʅʊʎ�i�ɸʀʆɲɿ�ʅʀɲ�ʌʀɺɲ�ʏɻʎ�ɸʇʀʍʘʍɻʎ͘

ϰϰ͘� ȴʀʆɸʏɲɿ� ʊʏɿ� ʉ� ɲʌɿɽʅʊʎ� i2 + � ɸʀʆɲɿ� ʅɿɲ� ʌʀɺɲ� ʏɻʎ� ɸʇʀʍʘʍɻʎ�
z z z3 10 7 10 03 2- + + = ͘�Ɂɲ�ɴʌɸʀʏɸ�ʏɿʎ�ɳʄʄɸʎ�ʌʀɺɸʎ�ʏɻʎ�ɸʇʀʍʘʍɻʎ͘

ϰϱ͘� Ɂɲ� ʄʑʍɸʏɸ� ʏɻʆ� ɸʇʀʍʘʍɻ� z z z z2 3 2 2 04 3 2+ + + + = � ɲʆ� ɶʆʘʌʀɺʉʐʅɸ�
ʊʏɿ�ɹʖɸɿ�ʌʀɺɲ�ʔɲʆʏɲʍʏɿʃʊ�ɲʌɿɽʅʊ͘
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ϰϲ͘� Ɂɲ� ɷɸʀʇɸʏɸ� ʊʏɿ� ɲʌɿɽʅʊʎ� ŝ� ɸʀʆɲɿ� ʅɿɲ� ʄʑʍɻ� ʏɻʎ� ɸʇʀʍʘʍɻʎ�
z i z i z i3 3 3 4 1 5 03 2- + + + + - =^ ^h h �ʃɲɿ�ʍʏɻ�ʍʐʆɹʖɸɿɲ�ʆɲ�ʄʑʍɸʏɸ�ʏɻʆ�
ɸʇʀʍʘʍɻ͘

ϰϳ͘� Ɂɲ�ʐʋʉʄʉɶɿʍʏʉʑʆ�ʉɿ�ʏɿʅɹʎ�ʏʘʆ� , ,2!a b r rb l�ʙʍʏɸ�ʉ� z i1 31 = + �

ʆɲ�ɸʀʆɲɿ�ʌʀɺɲ�ʏɻʎ�ɸʇʀʍʘʍɻʎ�z z4 8 02 hna vyob- - = .
ϰϴ͘� Ɂɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏɿʎ�ʏɿʅɹʎ�ʏʘʆ� , 0>a b ͕�ʙʍʏɸ�ʉ�z i3 21 = - �ʆɲ�ɸʀʆɲɿ�

ʌʀɺɲ�ʏɻʎ�ɸʇʀʍʘʍɻʎ� lnz z e2 3 02 b- + =a .
ϰϵ͘� ɲ͘� Ɂɲ�ʄʐɽɸʀ�ɻ�ɸʇʀʍʘʍɻ�z z2 2 02 + + = .

ɴ͘� Ɂɲ�ʐʋʉʄʉɶɿʍɽɸʀ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z z
z z

4
2

1 1
3

1
2

1
3

= -
- ͕�ʊʋʉʐ� z1 �ɻ�ʌʀɺɲ�ʏɻʎ�

ʋɲʌɲʋɳʆʘ�ɸʇʀʍʘʍɻʎ�ʅɸ�Im z 0<1] g .
ɶ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ� z z z z2 4v v

1
2

1
3 4

1 1
3 4- = -] ]g g .

ϱϬ͘� ȶʍʏʘ� ,z z1 2 � ʉɿ� ʌʀɺɸʎ� ʏɻʎ� ɸʇʀʍʘʍɻʎ� z z 1 02 + + = � ʃɲɿ� ʉɿ� ʅɿɶɲɷɿʃʉʀ�

w z z i
z z i5

1
1 1

1 2= +
+ + ͕�w z z i

z z i5
2

1 2

1 1= +
- +] g .

ɲ͘� Ɂɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏʉʐʎ� ,w w1 2 .
ɴ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�w w 0v v

1
4

2
4- = .

ϱϭ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�w ivyoi hni= + ͕�ʅɸ� R!i ͘�Ɂɲ�ɴʌɸɽɸʀ�ʉ�w2004 ͕�
ɲʆ�ɻ�ɸʇʀʍʘʍɻ�z z4 8 02 vyoi hni+ + = ��ɹʖɸɿ�ʌʀɺɲ�ʏʉʆ�z i31 = - .

ϱϮ͘� ȶʍʏʘ� ,z z1 2 � ʉɿ� ʍʐɺʐɶɸʀʎ� ʅɿɶɲɷɿʃɹʎ� ʌʀɺɸʎ� ʏɻʎ� ɸʇʀʍʘʍɻʎ� z 13 = ͘� Ɂɲ�
ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� z z1 01 2+ + = .
ɴ͘� z z1

2
2= �ʃɲɿ�z z2

2
1= .

ɶ͘� z z z z1 1 41 1
2

1 1
2- + + - =] ]g g .

ϱϯ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɿʎ�ʃʉɿʆɹʎ�ʄʑʍɸɿʎ�ʏʘʆ�ɸʇɿʍʙʍɸʘʆ�z z z2 2 1 03 2+ + + = �ʃɲɿ�
z z 1 01382 100+ + = .

ϱϰ͘� Ɂɲ�ʄʐɽʉʑʆ�ʉɿ�ɲʆɿʍʙʍɸɿʎ͗
ɲ͘� z2 1 0<2-] g �ʃɲɿ� z z4 1 4<2 + .
ɴ͘� z z4 4 0<2 + + �ʃɲɿ�z z4 4<2 + - .
ɶ͘� z z4 5 0<2 - + �ʃɲɿ�z z5 4<2 + .

ϱϱ͘� Ɂɲ�ɶʌɲʔɸʀ�ʉ�ʅɿɶɲɷɿʃʊʎ�w i3 5= + �ʍɲʆ�ɳɽʌʉɿʍʅɲ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆ�
,z z1 2 � ʉɿ� ɸɿʃʊʆɸʎ�ɀ�ʃɲɿ�Ɂ� ʏʘʆ�ʉʋʉʀʘʆ� ɸʀʆɲɿ�ʍɻʅɸʀɲ� ʏʘʆ� ɸʐɽɸɿʙʆ�
:y x 21f = - �ʃɲɿ� :y x3 12f =- + �ɲʆʏʀʍʏʉɿʖɲ͘

ϱϲ͘� Ɂɲ�ɶʌɲʔɸʀ�ʉ�w i1 4= + �ʘʎ�ɶɿʆʊʅɸʆʉ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆ� ,z z1 2 �ʉɿ�ɸɿʃʊ-
ʆɸʎ�ɀ͕�Ɂ� ʏʘʆ�ʉʋʉʀʘʆ� ɸʀʆɲɿ� ʍɻʅɸʀɲ� ʏʘʆ� ɸʐɽɸɿʙʆ� :y x 11f = - � ʃɲɿ�
:y x 52f =- + �ɲʆʏʀʍʏʉɿʖɲ͘

ϱϳ͘� Ɂɲ� ɶʌɲʔɸʀ� ʉ� ʅɿɶɲɷɿʃʊʎ� z i3 2= + � ʘʎ� ɳɽʌʉɿʍʅɲ� ɷʑʉ� ʅɿɶɲɷɿʃʙʆ�
,z z1 2 �ʉɿ�ɷɿɲʆʐʍʅɲʏɿʃɹʎ�ɲʃʏʀʆɸʎ�ʏʘʆ�ʉʋʉʀʘʆ�ɸʀʆɲɿ�ʋɲʌɳʄʄɻʄɸʎ�ʍʏɿʎ�
:y x2 31f = + �ʃɲɿ� :y x 12f =- + ɲʆʏʀʍʏʉɿʖɲ͘
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ϱϴ͘� Ȱʆ� ,z z C1 2 ! �ʃɲɿ�z z z z 11 1 2 2= = �ʃɲɿ�z z z z 1 01 2 1 2 !+ + - ͕�ʆɲ�ɷɸɿʖɽɸʀ�
ʊʏɿ�z z z z 1 01 2 1 2 !+ +- .

ϱϵ͘� Ȱʆ� ,z z C1 2 ! �ʃɲɿ�z z z z 11 1 2 2= = ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉ�w z z
z z
1 R

1 2

1 2 != +
+ .

ϲϬ͘� Ȱʆ� ,z z C1 2 ! �ʃɲɿ�z z z z 11 1 2 2= = ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉ�w z z
z z
1 I

1 2

1 2 != +
- .

ϲϭ͘� ȶʍʏʘ�ʉ�ʅɻ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ�ǌ�ʃɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z
z 12

= + ͘�Ȱʆ�ʉ�

ǁ�ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� z

z
z

z1 12 2+ = + � � ɴ͘� zz 1=

ϲϮ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ� ,w z
z

zz
z z z z z2 0!= - + -] ]g g ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�

ʉ� ,w 1 1! -6 @.
ϲϯ͘� ȶʍʏʘ� ʉ� ʅɿɶɲɷɿʃʊʎ� ,w z

z
z
z z 0!= + ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ʉ�

,w 2 2! -6 @.
ϲϰ͘� Ⱥɸʘʌʉʑʅɸ�ʏʉ�ʅɿɶɲɷɿʃʊ�ǌ�ʃɲɿ�ʏɻ�ʍʐʆɳʌʏɻʍɻ

f z i z i z1 1 1= - + + +] ] ]g g g .
ɲ͘� Ɂɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏɿʎ�ʋɲʌɲʍʏɳʍɸɿʎ�f z] g�ʃɲɿ� f z] g.
ɴ͘� Ȱʆ�ɿʍʖʑɸɿ�ʊʏɿ�f z f z=] ]g g͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�ǌ�ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿ-

ʃʊʎ�ɲʌɿɽʅʊʎ͘

ϲϱ͘� Ⱥɸʘʌʉʑʅɸ�ʏʉ�ʅɿɶɲɷɿʃʊ� ǌ�ʃɲɿ� ʏɻ�ʍʐʆɳʌʏɻʍɻ� f z
z z

z z1 1= +
- +] ] ]g g g ͕�

ʊʋʉʐ�z R!Y ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�f z f z1- =b ]l g.
ϲϲ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 �ʃɲɿ�ʉ�w z z z z1 2 1 2

2= +] g ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉ�
ǁ�ɸʀʆɲɿ�ʅɻ�ɲʌʆɻʏɿʃʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘

ϲϳ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 �ʃɲɿ�ʉ�w z z z z1 2 1 2
2= -] g ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉ�

ǁ�ɸʀʆɲɿ�ʅɻ�ɽɸʏɿʃʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘
ϲϴ͘� Ȱʆ� ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ� x yi i3 7a b+ = +^ ^h h �ʅɸ� , , ,x y R!a b � ʆɲ�ɷɸʀʇɸʏɸ�

ʊʏɿ� x y2 2 3 2 2 7a b+ = +^ ^h h .
ϲϵ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�

ʏʉʐʎ�ʉʋʉʀʉʐʎ�ʉ�w z i
z i
2

2= -
- �ɲʆɼʃɸɿ͗

ɲ͘� ʍʏʉ�R �� ɴ͘� ʍʏʉ�I
ϳϬ͘� ȴʀʆɸʏɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ�ǌ�ʃɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ�w z

z 1= + ͘�

Ȱʆ�ʉ�ǁ�ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ�ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�
ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘

ϳϭ͘� Ȱʆ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z
z i

2
4= -

- �ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ͕�ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸ-
ʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
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ϳϮ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�

ʏʉʐʎ�ʉʋʉʀʉʐʎ�ʉ�w zi
z z i
1= +

-] g �ɸʋɲʄɻɽɸʑɸɿ�ʏɻ�ʍʖɹʍɻ�w w 1 R2 !+ + .
ϳϯ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʍʏɿʎ�

ʋɲʌɲʃɳʏʘ�ʋɸʌɿʋʏʙʍɸɿʎ͘
ɲ͘� z i2 1 1l l= + + -] g ͕�ʅɸ� R!l .
ɴ͘� z i2 3hni vyoi= + ͕�ʅɸ� R!i .
ɶ͘� z ivyoi hni= + ͕�ʅɸ� R!i .
ɷ͘� z i1 2 vyoi hni= + +^ h͕�ʅɸ� R!i .
ɸ͘� z i2 3vyoi hni= - + -^ h ͕�ʅɸ� R!i .

ϳϰ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʍʏɿʎ�
ʋɲʌɲʃɳʏʘ�ʋɸʌɿʋʏʙʍɸɿʎ͘
ɲ͘� z i i1 2 1 3a= + - -] g ͕�ʅɸ� R!a .
ɴ͘� z i1 2 12m m= - + -] ]g g ͕�ʅɸ� R!m .
ɶ͘� z i1 2vyoi= + +] g ͕�ʅɸ� R!i .
ɷ͘� z i 12m= + +] g ͕�ʅɸ� R!m .
ɸ͘� z i 1f{i

vyoi
= + ͕�ʊʋʉʐ� ,2 2

π π!i -b l.
ϳϱ͘� Ⱥɸʘʌʉʑʅɸ� ʏʉʆ� ʅɿɶɲɷɿʃʊ� ɲʌɿɽʅʊ� ǌ� ʃɲɿ� ʏʉʆ� ʅɿɶɲɷɿʃʊ� ɲʌɿɽʅʊ�

w z z i3 2= + -] ]g g͘�Ȱʆ�ʉ�ǁ R! ͕�ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�
ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘

ϳϲ͘� Ȱʆ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǁ�ʃɿʆʉʑʆʏɲɿ�ʍʏɻʆ�ɸʐɽɸʀɲ� y x2 1= - ͕�
ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʅɸ�
Im z 0!] g �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ�zw i1 2= + .

ϳϳ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ǌ�ʃɲɿ�w z z 12= + + ͘�Ȱʆ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǁ R! ͕�ʆɲ�
ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘

ϳϴ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z z
1 1= + ͘�Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�

ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɲʆ�ɿʍʖʑɸɿ�Re w 1=] g .

ϳϵ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z
1=- ͘�Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿ-

ʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɲʆ�ɿʍʖʑɸɿ͗
ɲ͘� Re w 4

1=] g � ɴ͘� Im w 2
1=-] g

ϴϬ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z
z

1
2= +

- .

Ȱʆ�ɿʍʖʑɸɿ�Re Imw w=] ]g g͕�ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊ-
ʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘

ϴϭ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ͗

ɲ͘� Re Imz z iz4- =-b ]l g� � ɴ͘� Re Rez z zi4 2+ =b ]l g
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ϴϮ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ�Re Imz z z i2 1 2 1 3+ + = + +] ]g g.

ϴϯ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�z i2 41 = + �ʃɲɿ�z i1 22 = + ͘�Ȱʆ�ǁ�ʏʐʖɲʀʉʎ�ʅɿɶɲ-
ɷɿʃʊʎ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɿʍʖʑɸɿ�ʊʏɿ�Im Rew z w z 01 2+ =^ ^h h �ʆɲ�ɲʋʉɷɸɿ-
ʖɽɸʀ�ʊʏɿ�ɻ�ɷɿɲʆʐʍʅɲʏɿʃɼ�ɲʃʏʀʆɲ�OM � ʏɻʎ�ɸɿʃʊʆɲʎ�ɀ�ʏʉʐ�ǁ͕�ɸʀʆɲɿ�
ʃɳɽɸʏɻ�ʍʏɻʆ�ɸʐɽɸʀɲ�y x2= .

ϴϰ͘� Ȱʆ�z z R1 2 !+ �ʃɲɿ�z z R1 2 ! ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉɿ�ʅɻ�ʋʌɲɶʅɲʏɿʃʉʀ� ,z z1 2 �
ɸʀʆɲɿ�ʍʐɺʐɶɸʀʎ͘

ϴϱ͘� Ȱʆ�z z R1 2 !+ �ʃɲɿ�z z I1 2 !- ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉɿ�ʅɻ�ʋʌɲɶʅɲʏɿʃʉʀ� ,z z1 2 �
ɸʀʆɲɿ�ʍʐɺʐɶɸʀʎ͘

ϴϲ͘� Ȱʆ�ɶɿɲ�ʏʉ�ʅɻ�ʔɲʆʏɲʍʏɿʃʊ�ǌ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z z
z

2
2

= + r �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿ-
ʃʊʎ͕�ʆɲ�ɴʌɸɽʉʑʆ�ʉɿ�ɸʐɽɸʀɸʎ�ʋɳʆʘ�ʍʏɿʎ�ʉʋʉʀɸʎ�ʃɿʆʉʑʆʏɲɿ�ʉɿ�ɸɿʃʊʆɸʎ�
ʏʘʆ�M z^ h.

ϴϳ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͕�ɹʏʍɿ�
ʙʍʏɸ͗
ɲ͘� ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�z͕� zi�ʃɲɿ� z i1 2- + �ɸʀʆɲɿ�ʍʐʆɸʐɽɸɿɲʃɳ�

ʍɻʅɸʀɲ͘
ɴ͘� ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�z͕�z 1- �ʃɲɿ�z2 �ɸʀʆɲɿ�ʍʐʆɸʐɽɸɿɲʃɳ�ʍɻ-

ʅɸʀɲ͘
ɶ͘� ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�z͕�i�ʃɲɿ�zi�ɸʀʆɲɿ�ʍʐʆɸʐɽɸɿɲʃɳ�ʍɻʅɸʀɲ͘

ϴϴ͘� ȶʍʏʘ�ɻ�ʍʐʆɳʌʏɻʍɻ�Ĩ�ʅɸ� , Cf z z z
z i z i z != +
- +_ ^ ]i h g

�ʃɲɿ�Re z 0!_ i .

ɲ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�f z f z1 =d _n i.
ɴ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�f iz

1 R!-c m .
ɶ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�

ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ͗�Re Im Ref z f z
i z1 2= +dd cc _nn mm i.

ϴϵ͘� ȶʍʏʘ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ǌ͕� ǁ� ʊʋʉʐ� ǁ� ʍʏɲɽɸʌʊʎ� ʅɿɶɲɷɿʃʊʎ͘� Ȱʆ� ɿʍʖʑɸɿ�
Rezz zw w2 1 2- = -] g ͕� ʆɲ�ɴʌɸʀʏɸ� ʏʉ� ɶɸʘʅɸʏʌɿʃʊ� ʏʊʋʉ� ʏʘʆ�ɸɿʃʊ-

ʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ϵϬ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�z i1 21 = + �ʃɲɿ�z i3 42 = + ͘�Ɂɲ�ɴʌɸɽʉʑʆ�ʏɲ�ʅɹʏʌɲ�

ʏʘʆ�ʅɿɶɲɷɿʃʙʆ͗
ɲ͘� z1 �ʃɲɿ�z2 ͕� � ɴ͘� z z1 2

2 ͕� � ɶ͘� z
iz

2

1 �͕

ɷ͘� z
z

1
2004
2
1002

͕�� ɸ͘� z
z z

1
5

2
3

1
2-

ϵϭ͘� Ɂɲ�ɴʌɸɽɸʀ�ʏʉ�ʅɹʏʌʉ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ͘
ɲ͘� z i i

i i i
2 3 1

2 5 3 1
1 4 2

6 8 3

= - +
+ - -] ]] ] ]g gg g g
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ɴ͘� z i
2

1 3 v

2 = - -c m
ɶ͘� z i3 5 3 53

8= + + -_ i
ɷ͘� z i

i
1 2
1 2

v

v

4 2

2

= +
-

-

+

]] gg
ɸ͘� z i

i
i i i
i i i

1
1

23 7 1 10 2
6 2 1 3

196 194

20 198

= +
+

- + - -
+ - - -^ ^ ^ ^^ ^ ^ ^h h h hh h h h

ϵϮ͘� Ɂɲ�ʋɸʌɿɶʌɲʔʉʑʆ�ɶɸʘʅɸʏʌɿʃɳ�ʉɿ�ʋɲʌɲʃɳʏʘ�ʍʖɹʍɸɿʎ͘
ɲ͘� z 1=
ɴ͘� z i2 3 3- - =
ɶ͘� z i2 5+ - =
ɷ͘� z i1 3 7- + =
ɸ͘� z i2 1- =
ʍʏ͘� z 3 2+ =
ɺ͘� z i2 2<- +
ɻ͘� z i 4G-
ɽ͘� z 2 5>+
ɿ͘� z i3 4 3H- +

ϵϯ͘� Ɂɲ�ʋɸʌɿɶʌɲʔʉʑʆ�ɶɸʘʅɸʏʌɿʃɳ�ʉɿ�ʋɲʌɲʃɳʏʘ�ʍʖɹʍɸɿʎ͘
ɲ͘� z i1 3 4< <-
ɴ͘� z i2 5 5<G -
ɶ͘� z z 2= -
ɷ͘� z i z i1 3 2+ - = - -
ɸ͘� � z z i1 2+ = + -
ʍʏ͘� z z i1+ = -
ɺ͘� z i z i1 2<- + +
ɻ͘� z i z1 3 G- +
ɽ͘� z z4 2>- +
ɿ͘� z i z3 1H- + -

ϵϰ͘� ȶʍʏʘ�ɷʑʉ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 �ʅɸ�z 02 ! ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�
ʅɿɶɲɷɿʃʙʆ�ɲʌɿɽʅʙʆ�z z1 2+ ͕�z z1 2- �ʃɲɿ�z i z31 2+ �ɸʀʆɲɿ�ʃʉʌʐʔɹʎ�ɿʍʉ-
ʋʄɸʑʌʉʐ�ʏʌɿɶʙʆʉʐ͘

ϵϱ͘� Ɂɲ�ʄʐɽʉʑʆ�ʉɿ�ɸʇɿʍʙʍɸɿʎ͘
ɲ͘� z z 2 02 - + =
ɴ͘� z z2 1 2+ = +
ɶ͘� z z1 12+ = -
ɷ͘� z z i12 = + -
ɸ͘� z i z i1 2- = +
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ϵϲ͘� Ɂɲ�ʄʐɽʉʑʆ�ʉɿ�ɲʆɿʍʙʍɸɿʎ͘
ɲ͘� z z4 3>2 -
ɴ͘� z zi1 22 G-
ɶ͘� z i z i22 G- + -

ϵϳ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɿʍʖʑɸɿ� z 1= �ʃɲɿ� z 1 1- = .
ϵϴ͘� ȶʍʏʘ�ǌ͕�ǁ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗

ɲ͘� Rez w z w zw22 2 2+ = + + ] g
ɴ͘� Rez w z w zw22 2 2- = + - ] g
ɶ͘� zw z w z w1 1 12 2 2 2- - - = - -^ ^h h
ɷ͘� Imz iz z z2 22 2 2+ = + ] g

ϵϵ͘� ȶʍʏʘ�ǌ͕�ǁ�ʅɿɶɲɷɿʃʉʀ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ�ʉɿ�ʍʖɹʍɸɿʎ͗� z 3= ͕�
w 2= �ʃɲɿ� z w 5+ = .
ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�Re zw 6=] g .
ɴ͘� Ɂɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏʉ�� z w- .

ϭϬϬ͘� ȴʀʆɸʏɲɿ�ʊʏɿ�ɶɿɲ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�ǌ�ɿʍʖʑɸɿ� z z4 2 1+ = + ͘�Ɂɲ�ɴʌɸɽɸʀ�
ʏʉ�ʅɹʏʌʉ�ʏʉʐ�ǌ͘

ϭϬϭ͘� Ȱʆ� ,z z C1 2 ! �ʅɸ�z 02 ! �ʃɲɿ� z
z 0>
2

1 �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z z z z1 2 1 2+ = + .
ϭϬϮ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ɶɿɲ� ʃɳɽɸ� ʅɿɶɲɷɿʃʊ� z C! � ɿʍʖʑɸɿ�

z i iz z2 2 1+- = + = .
ϭϬϯ͘� ȳɿɲ�ʃɳɽɸ�ʅɿɶɲɷɿʃʊ�ǌ�ʆɲ�ɷɸʀʇɸʏɸ� Re Imz z z2G+^ ^h h .
ϭϬϰ͘� ɲ͘� ȳɿɲ�ʃɳɽɸ�ʅɿɶɲɷɿʃʊ� ,z w C! �ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ

ŝ͘� z w z w z w22 2 2 2+ + - = +^ h
ŝŝ͘� z w z w1 12 2 2G- + +^ ^h h

ɴ͘� ȴʀʆʉʆʏɲɿ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� , ,z z z C1 2 ! � ɶɿɲ� ʏʉʐʎ� ʉʋʉʀʉʐʎ� ɿʍʖʑɸɿ�
z z z2

1 2= ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
z z z z z z z z2 2
1
2

2
2

2 1
2

2
2

2
1

2
2

2+ + + + - = +

ϭϬϱ͘� ȶʍʏʘ� ,z w�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ

zw
z w z1 1 1++
+ = = �ɼ� w 1=

ϭϬϲ͘� ȶʍʏʘ� ,z w�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ
ɲ͘� Ȱʆ� z w z w2 2 2+ = - �ʃɲɿ�w 0! �ʏʊʏɸ�Re w

z 0=b l .

ɴ͘� Ȱʆ� z wi z w2 2 2- = + �ʃɲɿ�w 0! �ʏʊʏɸ�Im w
z 0=b l .

ϭϬϳ͘� ȶʍʏʘ� , ,z z w1 2 �ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�ʅɸ� z z 11 2= = ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉ�

ʅɿɶɲɷɿʃʊʎ�u z z
w z z w z z2

1 2

1 2 1 2= -
+ - +] g �ʅɸ�z z1 2! �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ.
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ϭϬϴ͘� ȶʍʏʘ� ,z z1 2 �ʅɿɶɲɷɿʃʉʀ�ʅɸ� z z1 2= �ʃɲɿ�v N*! �ʋɸʌɿʏʏʊʎ͘�Ɂɲ�ɷɸɿʖɽɸʀ�

ʊʏɿ�ʉ�w z z
z z
v v

v

1 2

1 2= +
-_ i

�ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ�ɲʌɿɽʅʊʎ.

ϭϬϵ͘� ȶʍʏʘ� ,z z1 2 �ʅɿɶɲɷɿʃʉʀ�ʅɸ� z z 11 2= = �ʃɲɿ�v N*! ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉ�

w z z
z z
1 v v

v

1 2

1 2= -
+_ i

�ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ͘
ϭϭϬ͘� Ȱʆ� ʉɿ� ɲʌɿɽʅʉʀ� , , , ,z z z z1 2 3 f o � ɿʃɲʆʉʋʉɿʉʑʆ� ʏɻʆ� ɲʆɿʍʊʏɻʏɲ�

z i
z i

z i
z i

z i
z i 1<

1

1

2

2 f+
-

+
-

+
-+ + +

o

o �ʏʊʏɸ�ɽɲ�ɿʃɲʆʉʋʉɿʉʑʆ�ʏɻʆ�ɲʆɿʍʊ-

ʏɻʏɲ� z z z i
z z z i 1<
1 2

1 2

f
f

+ + +
+ + + -

+o
o .

ϭϭϭ͘� Ȱʆ� ,z C!a �ʃɲɿ�w z
z

1a
a= -

-
r �ʅɸ�z 1! ar �ʃɲɿ�0 1< <a �ʏʊʏɸ͗

ɲ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z 1> �ɲʆ�ɿʍʖʑɸɿ� w 1> .
ɴ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z 1< �ɲʆ�ɿʍʖʑɸɿ� w 1< .

ϭϭϮ͘� Ȱʆ� ,z z C1 2 ! �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� z z z z z z1 2 1 2 1

2
2

2G+ + .
ɴ͘� z z z z z z21 2 1 2 1 2G+ .

ϭϭϯ͘� Ȱʆ� ɶɿɲ� ʏʉʐʎ� ʅɿɶɲɷɿʃʉʑʎ� ,z z1 2 � ɿʍʖʑɸɿ� z z<1 2 � ʆɲ� ɷɸʀʇɸʏɸ� ʊʏɿ�
z z z

z1 1 11 2
2

1G- - - + .
ϭϭϰ͘� Ȱʆ�ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ� z z z z z2+ + - = �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�z R! .
ϭϭϱ͘� Ɂɲ� ɷɸʀʇɸʏɸ� ʊʏɿ� ɶɿɲ� ʃɳɽɸ� , ,z z z C1 2 3 ! � ɿʍʖʑɸɿ�

z z z z z z z2 2
1

2
12 3

1 1 2 3 1G
+ - - - - .

ϭϭϲ͘� Ȱʆ� , ,z z z C*
1 2 3 ! � ʃɲɿ� ɿʍʖʑʉʐʆ� ʉɿ� ʍʖɹʍɸɿʎ� z z z 01 2 3+ + = � ʃɲɿ�

z z z
2 3 5
1 2 3= = �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z

z
R

2

1 ! .

ϭϭϳ͘� Ɂɲ�ɷɸɿʖɽɸʀ� ʊʏɿ� ɻ� ɸʇʀʍʘʍɻ� iz i
i1 1 2

2v+ = -
+] g � ɷɸʆ� ɹʖɸɿ�ʋʌɲɶʅɲʏɿʃɹʎ�

ʌʀɺɸʎ͘
ϭϭϴ͘� Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ� i z

i
i

2 3
3 2v+ =

-
+] g �ɷɸʆ�ɹʖɸɿ�ʋʌɲɶʅɲʏɿʃɹʎ�

ʌʀɺɸʎ͘
ϭϭϵ͘� Ɂɲ�ɷɸɿʖɽɸʀ� ʊʏɿ� ɻ� ɸʇʀʍʘʍɻ� iz z i1 3 7+ = +^ ^h h � ɷɸʆ� ɹʖɸɿ� ʋʌɲɶʅɲʏɿʃɼ�

ʄʑʍɻ͘
ϭϮϬ͘� ȶʍʏʘ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� , ,z z z C*

1 2 3 ! � ʉɿ� ʉʋʉʀʉɿ� ɹʖʉʐʆ� ʀʍɲ� ʅɹʏʌɲ͘� Ɂɲ�
ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ

z z z z z z z
1 1 1

1 2 3 1
2

1 2 3
+ + = + + .

ϭϮϭ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ� z
z

1
9 3

1

1

-
- = �ʃɲɿ�

z
z

1
4 2

2

2

-
- = ͕�ʆɲ�ɴʌɸɽɸʀ�ɻ�ʏɿʅɼ�ʏʉʐ� z z

z z4 9
1 2

1 2

+
+ .
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ϭϮϮ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ� z
z z
2 41
2 3= = ͕�

ʆɲ�ɷɸɿʖɽɸʀ� z z z
z z z z z z z4 16 8

1 2 3

2 3 1 3 1 2
1+ +

+ + = .

ϭϮϯ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� , ,z z z1 2 3 �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z z z1 2 3= = �
ʃɲɿ�z z z 01 2 3+ + = ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ͗
ɲ͘� z z z z z z 01 2 2 3 3 1+ + = .
ɴ͘� z z z 01

2009
2
2009

3
2009+ + = .

ϭϮϰ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� , ,z z z1 2 3 �ʅɸ� z z z 31 2 3= = = ͘�Ɂɲ�ɲʋʉɷɸʀʇɸ-
ʏɸ�ʊʏɿ͗
ɲ͘� ʉ�w z

z
z
z

2

1

1

2= + �ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ͘

ɴ͘� z z z z z z z z z3
1

1 2 3 1 2 2 3 3 1+ + = + + .
ϭϮϱ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� , ,z z z1 2 3 �ʅɸ͗� z z z 11 2 3= = = ͕�z z z 01 2 3 !+ + �

ʃɲɿ�z z z 01
2

2
2

3
2+ + = ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z z z 21 2 3+ + = .

ϭϮϲ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z i z i2 3 1- + = - + .

ϭϮϳ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z i z i2 3+ = - + .

ϭϮϴ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z i z i1 G- + + .

ϭϮϵ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z i z3 2>+ - - .

ϭϯϬ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ʍɻʅɸʀʘʆ� ,M x y^ h͕�ɲʆ�ɶɿɲ�ʏʉʐʎ�
ʅɿɶɲɷɿʃʉʑʎ�z x y i2 3 2= - + -^ h �ɿʍʖʑɸɿ� z z i1 1 2<+ - + .

ϭϯϭ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ʍɻʅɸʀʘʆ� ,M x y^ h͕�ɲʆ�ɶɿɲ�ʏʉʐʎ�
ʅɿɶɲɷɿʃʉʑʎ�z x yi2= - + �ɿʍʖʑɸɿ� z i z i1 4 2H+ - + - .

ϭϯϮ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z i z i1 2 37 7- + = +] ]g g .

ϭϯϯ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z i z i3 2 2 3v v+ - = + -] ]g g .

ϭϯϰ͘� Ȱʆ�ɶɿɲ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�ǌ�ɿʍʖʑɸɿ� z i
z i

2
2 2+

- = ͕�ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�
ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘

ϭϯϱ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z z i2 1 1+ = - - .

ϭϯϲ͘� Ɂɲ� ɴʌɸʀʏɸ� ʏʉ� ɶɸʘʅɸʏʌɿʃʊ� ʏʊʋʉ� ʏʘʆ� ɸɿʃʊʆʘʆ� ʏʘʆ� ʅɿɶɲɷɿʃʙʆ� ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z z i2 3 3G+ - + .
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ϭϯϳ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ� z x yi= + � ʅɸ� ,x y R! � ʃɲɿ� y 0! ͘� Ȱʆ�ʉ�ɲʌɿɽʅʊʎ�

w z
z
1
2

= -
r �ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�

ʏʘʆ�ʍɻʅɸʀʘʆ� ,M x y^ h�ɸʀʆɲɿ�ʅɿɲ�ʐʋɸʌɴʉʄɼ�ʏɻʎ�ʉʋʉʀɲʎ�ɹʖʉʐʆ�ɸʇɲɿ-
ʌɸɽɸʀ�ʉɿ�ʃʉʌʐʔɹʎ͘

ϭϯϴ͘� Ȱʆ�z C! �ʃɲɿ�ɿʍʖʑɸɿ� z z1 2 1- = + �ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊ-
ʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘�ɇʏɻ�ʍʐʆɹʖɸɿɲ�ʆɲ�ɸʇɸʏɳʍɸʏɸ�ɲʆ�
ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�w i3

5
3
4=- + �ɲʆɼʃɸɿ�ʍʏʉʆ�ʋɲʌɲʋɳʆʘ�ɶɸʘ-

ʅɸʏʌɿʃʊ�ʏʊʋʉ͘
ϭϯϵ͘� Ȱʆ�z it vyoa hna= +^ h�ʅɸ� ,0 2!a rh6 �ʃɲɿ� 0>t �ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘ-

ʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ϭϰϬ͘� ȴʀʆɸʏɲɿ�ɻ�ɸʇʀʍʘʍɻ� z z 2 2 02 2 2vyo i hn i vyo i- + - = ͘�ȶʍʏʘ�ɀ�ɻ�ɸɿ-

ʃʊʆɲ� ʍʏʉ� ʅɿɶɲɷɿʃʊ� ɸʋʀʋɸɷʉ� ɸʃɸʀʆɻʎ� ʏɻʎ� ʌʀɺɲʎ� ʏɻʎ� ɸʇʀʍʘʍɻʎ� ʏɻʎ�
ʉʋʉʀɲʎ� ʏʉ�ʔɲʆʏɲʍʏɿʃʊ� ʅɹʌʉʎ� ɸʀʆɲɿ� ɲʌʆɻʏɿʃʊ͘� Ȱʆ� 2 2< <r i r- � ʆɲ�
ɷɸʀʇɸʏɸ�ʊʏɿ�ʏʉ�ɀ�ʃɿʆɸʀʏɲɿ�ʍɸ�ʅɿɲ�ʐʋɸʌɴʉʄɼ͘

ϭϰϭ͘� Ȱʆ�ɶɿɲ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ�ǌ͕ǁ�ɸʀʆɲɿ� z 1< ͕� w 1< �ʆɲ�ɷɸʀ-
ʇɸʏɸ�ʊʏɿ� z w zw1<- - r .

ϭϰϮ͘� ȶʍʏʘ�ʅɿɶɲɷɿʃʊʎ�ǌ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɿʍʖʑɸɿ
ɲ͘� z z z z3 1 2H+ + + + + .
ɴ͘� z z z i z i1 1 2 2H+ - + - + - - .
ɶ͘� z z z z2 1 1 2G+ + - + + + .
ɷ͘� z i z i z i3 2 4G+ + - + + .
ɸ͘� z z z z z5 3 2 5 3 1 2 2 2 1G- + + - - - - + .
ʍʏ͘� z z z4 5 3 2 7 1 2G- + - - - .
Ɂɲ�ɴʌɸɽʉʑʆ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ʋʉʐ�ɸʋɲʄɻɽɸʑʉʐʆ�ʏɻʆ�ɿʍʊʏɻʏɲ͘

ϭϰϯ͘� Ȱʆ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɲʆɼʃʉʐʆ�ʍɸ�ʃʑʃʄʉ�ʃɹʆʏʌʉʐ� ,K 0 0^ h�
ʃɲɿ�ɲʃʏʀʆɲʎ� 1t = � ʆɲ�ɴʌɸɽɸʀ� ɻ� ɸʄɳʖɿʍʏɻ� ʃɲɿ� ɻ�ʅɹɶɿʍʏɻ� ʏɿʅɼ� ʏʉʐ�
z i8 6+ - .

ϭϰϰ͘� Ȱʆ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɲʆɼʃʉʐʆ�ʍɸ�ʃʑʃʄʉ�ʃɹʆʏʌʉʐ� ,K 0 1-^ h�
ʃɲɿ�ɲʃʏʀʆɲʎ� 1t = � ʆɲ�ɴʌɸɽɸʀ� ɻ� ɸʄɳʖɿʍʏɻ� ʃɲɿ� ɻ�ʅɹɶɿʍʏɻ� ʏɿʅɼ� ʏʉʐ�
z i2 3+ - .

ϭϰϱ͘� Ȱʆ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɲʆɼʃʉʐʆ�ʍɸ�ʃʑʃʄʉ�ʃɹʆʏʌʉʐ� ,K 1 2-^ h�
ʃɲɿ�ɲʃʏʀʆɲʎ� 1t = � ʆɲ�ɴʌɸɽɸʀ� ɻ� ɸʄɳʖɿʍʏɻ� ʃɲɿ� ɻ�ʅɹɶɿʍʏɻ� ʏɿʅɼ� ʏʉʐ�
z i2+ - .

ϭϰϲ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɿʍʖʑɸɿ� z i2 3 3+ - = ͘�Ɂɲ�ɴʌɸɽɸʀ�
ɻ�ɸʄɳʖɿʍʏɻ�ʃɲɿ�ɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z i2 2+ - .

ϭϰϳ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɿʍʖʑɸɿ� z 1 2G- ͘�Ɂɲ�ɴʌɸɽɸʀ�ɻ�
ʅɹɶɿʍʏɻ�ʃɲɿ�ɻ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z 3- .
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ϭϰϴ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɿʍʖʑɸɿ� z i2 1G+ ͘�Ɂɲ�ɴʌɸɽɸʀ�ɻ�
ʅɹɶɿʍʏɻ�ʃɲɿ�ɻ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z i6 2- + .

ϭϰϵ͘� Ȱʆ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɲʆɼʃʉʐʆ�ʍɸ�ʃʐʃʄɿʃʊ�ɷʀʍʃʉ�ʅɸ�ʃɹʆʏʌʉ�
,K 0 2^ h�ʃɲɿ�ɲʃʏʀʆɲʎ�Ϯ͕�ʆɲ�ɴʌɸɽɸʀ�ɻ�ʅɹɶɿʍʏɻ�ʃɲɿ�ɻ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ�

z i4+ + .
ϭϱϬ͘� ȶʍʏʘ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ǌ͕� ǁ� ɶɿɲ� ʏʉʐʎ� ʉʋʉʀʉʐʎ� ɿʍʖʑɸɿ�

i z i z1 1 4 0+ + - + =] ]g g �ʃɲɿ� w w2 2 1- - =] ]g g ͘�Ɂɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʄɳ-
ʖɿʍʏɻ�ɲʋʊʍʏɲʍɻ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʃɲɿ�ǁ͘

ϭϱϭ͘� Ȱʆ�ɿʍʖʑɸɿ� z i2 5G- - �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z i8 14 6 18G G- - .
ϭϱϮ͘� Ⱥɸʘʌʉʑʅɸ� ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ� ǌ� ʃɲɿ�ǁ� ɶɿɲ� ʏʉʐʎ�ʉʋʉʀʉʐʎ�

ɿʍʖʑʉʐʆ�ɲʆʏʀʍʏʉɿʖɲ� z i3 1- = �ʃɲɿ� w 4 2- = ͘�Ɂɲ�ɴʌɸʀʏɸ�ʏɻʆ�ʅɹɶɿ-
ʍʏɻ�ʃɲɿ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z w- .

ϭϱϯ͘� Ȱʆ�ɶɿɲ�ʏʉ�ʅɿɶɲɷɿʃʊ�ǌ�ɿʍʖʑɸɿ� z 1= �ʆɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏɻʎ�
ʋɲʌɳʍʏɲʍɻʎ� z z 23 - + �ʃɲɿ�ʏʉ�ʅɿɶɲɷɿʃʊ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɻ�ʋɲʌɳʍʏɲ-
ʍɻ�ɲʐʏɼ�ɶʀʆɸʏɲɿ�ʅɹɶɿʍʏɻ͘

ϭϱϰ͘� Ȱʆ� z 11 = � ʃɲɿ� z 22 = ͕� ʆɲ� ɴʌɸɽɸʀ� ɻ� ʏɿʅɼ� ʏɻʎ� ʋɲʌɳʍʏɲʍɻʎ�
z z z z1 2

2
1 2

2P = + + - .
ϭϱϱ͘� Ȱʆ� z 3= � ʃɲɿ� w 2= ͕� ʆɲ� ɴʌɸɽɸʀ� ɻ� ʏɿʅɼ� ʏɻʎ� ʋɲʌɳʍʏɲʍɻʎ�

wz z w1 2 2P = - --r .
ϭϱϲ͘� Ȱʆ�Ȱ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�z i1 vyoi hni= + �ʃɲɿ�Ȳ�ʏʉʐ�z i12 vyoi hni= + + ͕�

ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ� ʏʉ�ɃȰȲ�ɸʀʆɲɿ� ɿʍʉʍʃɸʄɹʎ�ʃɲɿ�ʆɲ�ɴʌɸɽɸʀ� ʏʉ�ʅɹɶɿʍʏʉ�
ʅɼʃʉʎ�ʏɻʎ�ɴɳʍɻʎ�ʏʉʐ͘

ϭϱϳ͘� Ȱʆ�ʉ�ʄʊɶʉʎ�ʏʘʆ�ɲʋʉʍʏɳʍɸʘʆ�ʏɻʎ�ɸɿʃʊʆɲʎ�ɀ�ʏʉʐ�ǌ�ɲʋʊ�ʏɿʎ�ɸɿʃʊʆɸʎ�
ʏʘʆ�z i4 21 = + �ʃɲɿ�z i12 = - �ɿʍʉʑʏɲɿ�ʅɸ�Ϯ͕�ʆɲ�ɴʌɸɽɸʀ�ɻ�ɲʋʊʍʏɲʍɻ�ʏɻʎ�
ɸɿʃʊʆɲʎ�ʏʉʐ�ǌ�ɲʋʊ�ʏʉ� ,K 0 2-^ h.

ϭϱϴ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ǌ͕�ǁ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ� z i1 2 2- - = �ʃɲɿ�
w i w i1 2 4 6- - = - - ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ� z w2

1
2
9G G- .

ϭϱϵ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ǌ͕�ǁ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ� z i4 3 2+ + = �ʃɲɿ�
w i w i2 2- = - ͘�Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ� z w2 8G G- .

ϭϲϬ͘� ȴʀʆɸʏɲɿ� ʉ� ʅɿɶɲɷɿʃʊʎ� z i2 2 3m m= - + +] g ͕� ʊʋʉʐ� R!m ͘� Ɂɲ� ɴʌɸʀʏɸ�
ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ͘

ϭϲϭ͘� ȶʍʏʘ� ʉ� ʅɿɶɲɷɿʃʊʎ� ɲʌɿɽʅʊʎ� z i2 2 5a b= - + -^ h ͘� Ȱʆ� ʏɲ� ʍɻʅɸʀɲ�
,A a b^ h� ɲʆɼʃʉʐʆ� ʍʏɻʆ� ɸʐɽɸʀɲ� y x3 1= - ͕� ʆɲ� ɴʌɸɽɸʀ� ʉ� ʅɿɶɲɷɿʃʊʎ�

ɲʌɿɽʅʊʎ�z1 �ʋʉʐ�ɹʖɸɿ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ͘
ϭϲϮ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ� z i2 1 3a a= + + -] g ͘�ʆɲ�ɴʌɸɽɸʀ�ʉ�ʅɿɶɲ-

ɷɿʃʊʎ�ɲʌɿɽʅʊʎ�z1 �ʋʉʐ�ɹʖɸɿ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ͘
ϭϲϯ͘� Ⱥɸʘʌʉʑʅɸ� ʏʉʆ�ʅɿɶɲɷɿʃʊ�ɲʌɿɽʅʊ� ǌ� ɶɿɲ� ʏʉʆ�ʉʋʉʀʉ� ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ�

z i2 2- + = ͘�Ɂɲ�ɴʌɸʀʏɸ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�z1 �ʋʉʐ�ɹʖɸɿ�ʏʉ�ʅɹɶɿʍʏʉ�ʅɹʏʌʉ�
ʃɲɿ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�z2 �ʋʉʐ�ɹʖɸɿ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ͘
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ϭϲϰ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ
z i3 2 3 2hni vyoi= - + +] g .

Ɂɲ�ɴʌɸʀʏɸ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�z1 �ʋʉʐ�ɹʖɸɿ�ʏʉ�ʅɹɶɿʍʏʉ�ʅɹʏʌʉ�ʃɲɿ�ʏʉʆ�ʅɿɶɲ-
ɷɿʃʊ�z2 �ʋʉʐ�ɹʖɸɿ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʅɹʏʌʉ͘

ϭϲϱ͘� ȶʍʏʘ� ʉ� ʅɿɶɲɷɿʃʊʎ� ɲʌɿɽʅʊʎ� z i2 1 2 1l m= + + -] g ͘� Ȱʆ� ʏɲ� ʍɻʅɸʀɲ�
,A l m^ h�ɲʆɼʃʉʐʆ�ʍʏʉ�ʅʉʆɲɷɿɲʀʉ�ʃʑʃʄʉ�ʆɲ�ɴʌɸʀʏɸ�ʏʉʆ�ʅɿɶɲɷɿʃʊ� z1 �

ʋʉʐ�ɹʖɸɿ�ʏʉ�ʅɹɶɿʍʏʉ�ʅɹʏʌʉ�ʃɲɿ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�z2 �ʋʉʐ�ɹʖɸɿ�ʏʉ�ɸʄɳʖɿʍʏʉ�
ʅɹʏʌʉ͘

ϭϲϲ͘� Ȱʆ� ʉɿ� ɸɿʃʊʆɸʎ� ʏʘʆ� ʅɿɶɲɷɿʃʙʆ� ǌ� ɲʆɼʃʉʐʆ� ʍɸ� ɹʆɲ� ʃʑʃʄʉ� ʅɸ� ʃɹ-
ʆʏʌʉ� ʏʉ� ,K 2 1^ h� ʃɲɿ� ɲʃʏʀʆɲ� Ϯ͕� ʆɲ� ɷɸɿʖɽɸʀ� ʊʏɿ� ɻ� ʋɲʌɳʍʏɲʍɻ�

z i z i2 2 32 2P = - + + - - �ɸʀʆɲɿ�ʍʏɲɽɸʌʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘
ϭϲϳ͘� Ȱʆ� ʉɿ� ɸɿʃʊʆɸʎ� ʏʘʆ� ʅɿɶɲɷɿʃʙʆ� ǌ� ɲʆɼʃʉʐʆ� ʍɸ� ɹʆɲ� ʃʑʃʄʉ� ʅɸ� ʃɹ-

ʆʏʌʉ� ʏʉ� ,K 3 4^ h� ʃɲɿ� ɲʃʏʀʆɲ� ϱ͕� ʆɲ� ɷɸɿʖɽɸʀ� ʊʏɿ� ɻ� ʋɲʌɳʍʏɲʍɻ�
z z i6 82 2P = + - - �ɸʀʆɲɿ�ʍʏɲɽɸʌʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘

ϭϲϴ͘� Ȱʆ� ʉɿ� ɸɿʃʊʆɸʎ� ʏʘʆ� ʅɿɶɲɷɿʃʙʆ� ǌ� ɲʆɼʃʉʐʆ� ʍɸ� ɹʆɲ� ʃʑʃʄʉ� ʅɸ� ʃɹ-
ʆʏʌʉ� ʏʉ� ,K 0 2-^ h� ʃɲɿ� ɲʃʏʀʆɲ� 8 ͕� ʆɲ� ɷɸɿʖɽɸʀ� ʊʏɿ� ɻ� ʋɲʌɳʍʏɲʍɻ�

z z i2 2 42 2P = + + - + �ɸʀʆɲɿ�ʍʏɲɽɸʌʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘
ϭϲϵ͘� Ⱥɸʘʌʉʑʅɸ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ�z i1 31 =- + ͕�z i3 32 = + �ʃɲɿ�

z i3 33 = + ͘�Ɂɲ�ɴʌɸɽɸʀ�ʏʉ�ɸʀɷʉʎ�ʏʉʐ�ʏʌɿɶʙʆʉʐ�ʋʉʐ�ʍʖɻʅɲʏʀɺʉʐʆ�ʉɿ�
ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ͘

ϭϳϬ͘� Ⱥɸʘʌʉʑʅɸ� ʏʉʐʎ� ʅɿɶɲɷɿʃʉʑʎ� ɲʌɿɽʅʉʑʎ� ǌ� ʃɲɿ� ǁ� ɶɿɲ� ʏʉʐʎ� ʉʋʉʀ-
ʉʐʎ� ɿʍʖʑʉʐʆ� z i4 4 5- - = � ʃɲɿ� w w2 1 2+ = + ͘� Ɂɲ� ɷɸɿʖɽɸʀ� ʊʏɿ�

z w0 6 4 2G G- + .
ϭϳϭ͘� Ⱥɸʘʌʉʑʅɸ� ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ� ǌ� ʃɲɿ�ǁ� ɶɿɲ� ʏʉʐʎ�ʉʋʉʀʉʐʎ�

ɿʍʖʑʉʐʆ� z i1 2 2- - = �ʃɲɿ� w i w i1 2 4 6- - = - - ͘�
ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʃɿʆʉʑʆʏɲɿ�ʍɸ�ʃʑ-

ʃʄʉ͕�ʏʉʐ�ʉʋʉʀʉʐ�ʆɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ͘
ɴ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǁ�ɲʆɼʃʉʐʆ�ʍɸ�ɸʐ-

ɽɸʀɲ�ɸ�ʏɻʎ�ʉʋʉʀɲʎ�ʆɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ͘
ɶ͘� Ɂɲ�ɴʌɸɽɸʀ�ɻ�ɸʄɳʖɿʍʏɻ�ɲʋʊʍʏɲʍɻ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�

ɲʋʊ�ʏɻʆ�ɸʐɽɸʀɲ�ɸ͘
ϭϳϮ͘� Ⱥɸʘʌʉʑʅɸ� ʏʉʐʎ� ʅɿɶɲɷɿʃʉʑʎ� ǌ͕� ǁ� ɶɿɲ� ʏʉʐʎ� ʉʋʉʀʉʐʎ� ɿʍʖʑʉʐʆ�

w z z
2= + �ʃɲɿ� z 2= ͘�Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊ-

ʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǁ͘
ϭϳϯ͘� Ⱥɸʘʌʉʑʅɸ� ʏʉʐʎ� ʅɿɶɲɷɿʃʉʑʎ� ǌ͕� ǁ� ɶɿɲ� ʏʉʐʎ� ʉʋʉʀʉʐʎ� ɿʍʖʑʉʐʆ�

w z z2 3= + �ʃɲɿ� z 3= ͘�Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊ-
ʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǁ͘
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ϭϳϰ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ͗
ɲ͘� z z2 2 6+ + - = .
ɴ͘� z i z i 4+ + - = .
ɶ͘� z z3 3 2+ - - = .
ɷ͘� z z2 2 2+ - - = .
ɸ͘� z i z i z i z i4

1
4

1
4 4
10

- + + = - + .

ʍʏ͘� z i z i z i z i2
1

2
1

2 2
2

- - + = - + .

ɺ͘� z i z i z3
1

3
1

9
10
2- + + = + .

ϭϳϱ͘� ȴʀʆɸʏɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ� ,z i
i

2
2 R!a
a a= +

+ � 1] g.
ɲ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�ɲʆɼʃɸɿ�ʍʏʉʆ�ʃʑʃʄʉ�

ʅɸ�ʃɹʆʏʌʉ� ,O 0 0^ h�ʃɲɿ�ɲʃʏʀʆɲ� 1t = .
ɴ͘� ȶʍʏʘ� ,z z1 2 �ʉɿ�ʅɿɶɲɷɿʃʉʀ�ʋʉʐ�ʋʌʉʃʑʋʏʉʐʆ�ɲʋʊ�ʏɻʆ�ʍʖɹʍɻ� 1] g�ɶɿɲ�

0a = �ʃɲɿ� 2a = �ɲʆʏʀʍʏʉɿʖɲ͘
ŝ͘� Ɂɲ�ɴʌɸɽɸʀ�ɻ�ɲʋʊʍʏɲʍɻ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɲʌɿɽ-

ʅʙʆ�z1 �ʃɲɿ�z2 .
ŝŝ͘� Ɂɲ� ɲʋʉɷɸɿʖɽɸʀ� ʊʏɿ� ɿʍʖʑɸɿ� z zv v

1
2

2= -] ]g g � ɶɿɲ� ʃɳɽɸ� ʔʐʍɿʃʊ�
ɲʌɿɽʅʊ�ʆ͘

ϭϳϲ͘� Ȱʆ�ɶɿɲ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ�ǌ�ʃɲɿ�ǁ�ɿʍʖʑʉʐʆ� i z2 2 6+ =^ h �
ʃɲɿ� w i w i1 3 3- - = - -] ]g g �ʏʊʏɸ�ʆɲ�ɴʌɸɽʉʑʆ͗
ɲ͘� ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ɴ͘� ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǁ͘
ɶ͘� ɻ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� ǁ .
ɷ͘� ɻ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z w- .

ϭϳϳ͘� Ƀɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ǌ͕�ǁ� ʍʐʆɷɹʉʆʏɲɿ� ʅɸ� ʏɻ� ʍʖɹʍɻ�w z z
2 2a= + �

ʊʋʉʐ�ɲ�ɹʆɲʎ�ʍʏɲɽɸʌʊʎ�ɽɸʏɿʃʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘�Ȱʆ�ɻ�ɸɿʃʊʆɲ�
,P l m^ h�ʏʉʐ�ǌ�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ʃɿʆɸʀʏɲɿ�ʍʏʉ�ʃʑʃʄʉ� z a= ͕�ʆɲ�

ɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸɿʃʊʆɲ� ,M x y^ h�ʏʉʐ�ǁ�ʃɿʆɸʀʏɲɿ�ʍɸ�ɹʄʄɸɿʗɻ͘
ϭϳϴ͘� Ȱʆ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� w x yi= + ͕� z il m= + � ʍʐʆɷɹʉʆʏɲɿ� ʅɸ� ʏɻ� ʍʖɹʍɻ�

w z i
z 1= +
- � ʃɲɿ� ɻ� ɸɿʃʊʆɲ� Ɇ� ʏʉʐ� ǌ� ʃɿʆɸʀʏɲɿ� ʍʏʉʆ� ʃʑʃʄʉ� ʅɸ� ɸʇʀʍʘʍɻ�
42 2l m+ = ͕�ʆɲ�ɴʌɸʀʏɸ�ʏɻ�ɶʌɲʅʅɼ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ɻ�ɸɿʃʊʆɲ�ɀ�

ʏʉʐ�ǁ͘
ϭϳϵ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�

ɿʍʖʑɸɿ� z z7 7 6- = + + .
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ϭϴϬ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ� z x yi= + � ʅɸ� ,x y R! � ʃɲɿ� y 0! ͘� Ȱʆ�ʉ�ɲʌɿɽʅʊʎ�
w z z6 52= - + � ɸʀʆɲɿ� ʋʌɲɶʅɲʏɿʃʊʎ� ʆɲ� ɴʌɸʀʏɸ� ʏʉ� ɶɸʘʅɸʏʌɿʃʊ� ʏʊʋʉ�
ʏʘʆ�ʍɻʅɸʀʘʆ� ,M x y^ h.

ϭϴϭ͘� Ȱʆ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� w x yi= + ͕� z il m= + � ʍʐʆɷɹʉʆʏɲɿ� ʅɸ� ʏɻ� ʍʖɹʍɻ�
w z

z
2
1= +

- �ʃɲɿ�ɻ�ɸɿʃʊʆɲ�Ɇ�ʏʉʐ�ǌ�ʃɿʆɸʀʏɲɿ�ʍʏɻʆ�ɸʐɽɸʀɲ�2 0l m- = ͕�ʆɲ�
ɴʌɸʀʏɸ�ʏɻ�ɶʌɲʅʅɼ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ɻ�ɸɿʃʊʆɲ�ɀ�ʏʉʐ�ǁ͘

ϭϴϮ͘� Ƀɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�ǌ͕ǁ�ʍʐʆɷɹʉʆʏɲɿ�ʅɸ�ʏɻ�ʍʖɹʍɻ�z i
z i i w i

w i
2

2
2

2 0-
- + -

- = ͘�

Ȱʆ�ɻ�ɸɿʃʊʆɲ� ,P l m^ h�ʏʉʐ�ǌ�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ʃɿʆɸʀʏɲɿ�ʍʏʉ�ʃʑʃʄʉ�
z 1= �ʆɲ�ɴʌɸʀʏɸ�ʏɻ�ɶʌɲʅʅɼ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ɻ�ɸɿʃʊʆɲ� ,M x y^ h�
ʏʉʐ�ǁ͘

ϭϴϯ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʋʉʐ�
ɸʋɲʄɻɽɸʑʉʐʆ�ʏɿʎ�ʍʖɹʍɸɿʎ� z i z i 6+ + - = �ʃɲɿ�Im z 1>^ h .

ϭϴϰ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʋʉʐ�
ɸʋɲʄɻɽɸʑʉʐʆ�ʏɻ�ʍʖɹʍɻ� z z3 2 3- = + + .

ϭϴϱ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�z x yi= + �ʅɸ�y 0! ͘�Ȱʆ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�
ɲʌɿɽʅʙʆ� z 11 =- ͕� z z 12

2= + ͕� z z23 = �ɴʌʀʍʃʉʆʏɲɿ�ʍʏɻʆ� ʀɷɿɲ�ɸʐɽɸʀɲ͕�
ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ� ,M x y^ h�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�
z.

ϭϴϲ͘� ȶʍʏʘ� z x yi= + � ʅɸ� y 0! � ɹʆɲʎ� ʅɿɶɲɷɿʃʊʎ� ɲʌɿɽʅʊʎ͘� Ȱʆ� ʉ� ɲʌɿɽʅʊʎ�
w z

z
2
2= +

+r �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ʏʉ�ʍɻʅɸʀʉ� ,M x y^ h�ɷɿɲ-
ɶʌɳʔɸɿ�ɷʑʉ�ʃɳɽɸʏɸʎ�ʅɸʏɲʇʑ�ʏʉʐʎ�ɸʐɽɸʀɸʎ�ɸʃʏʊʎ�ʏʉʐ�ʍɻʅɸʀʉʐ�ʏʉʅɼʎ�
ʏʉʐʎ͘

ϭϴϳ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z i z i4 3 4 3 6+ - - - - = .

ϭϴϴ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�z i
i

a
a= -
+ �ʃɲɿ�w i

i
1
1
a
a= -

+ �ʅɸ� R!a ͘�Ɂɲ�ɷɸʀʇɸ-
ʏɸ�ʊʏɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɴʌʀʍʃʉʆʏɲɿ�ʍʏʉʆ�ʅʉʆɲɷɿɲʀʉ�ʃʑʃʄʉ͘

ϭϴϵ͘� ȴʀʆɸʏɲɿ� ʉ� ʅɿɶɲɷɿʃʊʎ� z i3
1
a= + � ʅɸ� R!a ͘� Ɂɲ� ɴʌɸʀʏɸ� ʏɻ� ɶʌɲʅʅɼ�

ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀʏɲɿ�ɻ�ɸɿʃʊʆɲ�ɀ�ʏʉʐ�ǌ͘
ϭϵϬ͘� Ȱʆ�z i1 2

1
a
a= + +

+ �ʅɸ� R!a ͕�ʆɲ�ɴʌɸʀʏɸ�ʏɻ�ɶʌɲʅʅɼ�ʍʏɻʆ�ʉʋʉʀɲ�ʃɿʆɸʀ-
ʏɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǌ͘

ϭϵϭ͘� ȶʍʏʘ� ͕ C!a b �ʅɸ� 1a b= = .
ɲ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� 1 0 1 0+a b ab a b ab+ - + = + + - = .
ɴ͘� Ɂɲ� ɴʌɸʀʏɸ� ʊʄɲ� ʏɲ� ɺɸʑɶɻ� ͕a b^ h� ʋʉʐ� ɿʃɲʆʉʋʉɿʉʑʆ� ʏɻ� ʍʖɹʍɻ�

1 0a b ab+ - + = .

ɶ͘� Ȱʆ� 1 0!a b ab+ - + �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� 1
1 1a b ab

a b ab
+ - +
+ + - = .

ϭϵϮ͘� Ɂɲ�ʄʐɽʉʑʆ�ʍʏʉ�ʍʑʆʉʄʉ�C �ʉɿ�ɸʇɿʍʙʍɸɿʎ͗
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ɲ͘� z z 15 9 = .
ɴ͘� z z=o r .
ɶ͘� z z=-o r .
ɷ͘� z z=-o .
ɸ͘� z iz=o r .

ϭϵϯ͘� Ȱʆ� ɲ͕� ɴ͕� ɶ� ɸʀʆɲɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ɷɿɲʔʉʌɸʏɿʃʉʀ� ɲʆɳ� ɷʑʉ� ʃɲɿ�
ab bc ca= = ͕�ʆɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ͗
ɲ͘� Ƀɿ�ɲʌɿɽʅʉʀ�ɲ͕�ɴ͕�ɶ�ɷɸʆ�ɸʀʆɲɿ�ʅɻɷɹʆ͘
ɴ͘� a b c= = .
ɶ͘� Ɉʉ�ʏʌʀɶʘʆʉ�ȰȲȳ�ʅɸ�ʃʉʌʐʔɹʎ�ʏɿʎ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɲ͕�ɴ͕�ɶ�

ɸʀʆɲɿ�ɿʍʊʋʄɸʐʌʉ͘
ϭϵϰ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ� ɿʍʖʑɸɿ� z z3 7 107 7+ = ͘�

Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� z z 17 7= = .
ɴ͘� Ƀɿ�ɸɿʃʊʆɸʎ� ʏʘʆ�ʋɲʌɲʋɳʆʘ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɸʀʆɲɿ�ʉʅʉʃʐʃʄɿʃɳ�ʍɻ-

ʅɸʀɲ͘
ɶ͘� Ȱʆ�z 1! ͕�ʏʊʏɸ�ʉ�ɲʌɿɽʅʊʎ�w z

z
1
1= -
+ �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ͘

ϭϵϱ͘� ɲ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�z1 �ʃɲɿ�z2 �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ�
ʉɿ�ʍʖɹʍɸɿʎ�z z i4 41 2+ = + �ʃɲɿ� z z i2 5 51 2- = + ͘�Ɂɲ�ɴʌɸʀʏɸ�ʏʉʐʎ�ʅɿ-
ɶɲɷɿʃʉʑʎ�z1 �ʃɲɿ�z2 .

ɴ͘� Ƀɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ǌ͕� ǁ� ɿʃɲʆʉʋʉɿʉʑʆ� ʏɿʎ� ʍʖɹʍɸɿʎ͗�
z i1 3 2G- - �ʃɲɿ� w i3 2G- - .
ŝ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʐʋɳʌʖʉʐʆ�ʅʉʆɲɷɿʃʉʀ�ʅɿɶɲɷɿʃʉʀ�ǌ͕�ǁ�ɹʏʍɿ͕�

ʙʍʏɸ�z w= .
ŝŝ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z w- .

ϭϵϲ͘� ȶʍʏʘ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� z1 ͕� z2 ͕� z3 � ʅɸ� z z z 11 2 3= = = � ʃɲɿ�
z z z 01 2 3+ + = .
ɲ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ� z z z z z z1 2 2 3 1 3- = - = - .
ɴ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ� z z 41 2

2 G- �ʃɲɿ�Re z z 11 2 H-] g .
ɶ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ� , ,z z z1 2 3 �ʍʏʉ�

ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ʃɲɽʙʎ�ʃɲɿ�ʏʉ�ɸʀɷʉʎ�ʏʉʐ�ʏʌɿɶʙʆʉʐ�ʋʉʐ�ɲʐʏɹʎ�
ʍʖɻʅɲʏʀɺʉʐʆ͘

ϭϵϳ͘� Ȱʆ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� , ,z z z1 2 3 �ɷɸʆ�ɸʀʆɲɿ�ʊʄʉɿ�ʀʍʉɿ�ʅɸʏɲʇʑ�ʏʉʐʎ�ʃɲɿ�ɿʍʖʑʉʐʆ�
ʉɿ�ʍʖɹʍɸɿʎ͗

z z
z z
z z

z z z z
z z z z
z z z z

2 2 2 0
2
2

1 2

1 2

1 2

1 3 2 3

1 3 2 3

1 3 2 3

m

m

-
-
-

+ - - - - =
- - = - -
+ - = -

^
^
h

h �ʅɸ� R!m

ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ� , ,z z z1 2 3 �ɸʀʆɲɿ�ʃʉʌʐʔɹʎ�ɿʍʉʋʄɸʑʌʉʐ�
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ʏʌɿɶʙʆʉʐ͘
ϭϵϴ͘� ɲ͘� Ȱʆ�ɶɿɲ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�ǌ� ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ� z iz 1 02 + - = �ʆɲ�ɷɸʀʇɸʏɸ�

ʊʏɿ�z i3 =- .
ɴ͘� Ȱʆ�ʉ�ɲʌɿɽʅʊʎ�ǌ�ɸʀʆɲɿ�ʌʀɺɲ�ʏɻʎ�ɸʇʀʍʘʍɻʎ� z iz i1 11998 2 1998+ + = -^ h �

ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z 1 11
1998 1998+ =-^ h .

ϭϵϵ͘� Ɂɲ� ɷɸʀʇɸʏɸ� ʊʏɿ� ɻ� ɸʇʀʍʘʍɻ� Rez z z z22
0

2
0

2a+ = +r^ h � ʋɲʌɿʍʏɳʆɸɿ�
ʃʑʃʄʉ�ʅɸ�ʃɹʆʏʌʉ�ʏɻʆ�ɸɿʃʊʆɲ�ʏʉʐ�z0 �ʃɲɿ�ɲʃʏʀʆɲ� 0>a .

ϮϬϬ͘� ȴʀʆɸʏɲɿ� ʉ� ʅɿɶɲɷɿʃʊʎ� z x yi= + � ɶɿɲ� ʏʉʆ� ʉʋʉʀʉ� ɿʍʖʑɸɿ� ɻ� ʍʖɹʍɻ�
z z z z2 1 3+ + = +r r ͘�Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸɿʃʊʆɲ�ɀ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�
ǌ�ʃɿʆɸʀʏɲɿ�ʍɸ�ʐʋɸʌɴʉʄɼ͘

ϮϬϭ͘� Ȱʆ� ,z z C1 2 ! �ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�
z z z z

z z4 3 5 9 16 01 2 1 2
1
2

2
2+= =

-
+ = .

ϮϬϮ͘� Ȱʆ� z z1 2! ͕� z i z iz1 2
1

2
1

3 2 1= + -` j � ʆɲ� ɷɸʀʇɸʏɸ� ʊʏɿ� ʉɿ� ɸɿʃʊʆɸʎ� ʏʘʆ�
, ,z z z1 2 3 �ɸʀʆɲɿ�ʃʉʌʐʔɹʎ�ʉʌɽʉɶʘʆʀʉʐ�ʏʌɿɶʙʆʉʐ͘

ϮϬϯ͘� Ɂɲ� ʋɲʌɲʍʏɼʍɸʏɸ� ʍʏʉ� ʅɿɶɲɷɿʃʊ� ɸʋʀʋɸɷʉ� ʏɿʎ� ʌʀɺɸʎ� ʏɻʎ� ɸʇʀʍʘʍɻʎ�
z z z z 02 2- + = .

ϮϬϰ͘� Ȱʆ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɲʆɼʃʉʐʆ�ʍɸ�ʃʑʃʄʉ�ʃɹʆʏʌʉʐ� ,K 1 1-^ h�
ʃɲɿ� ɲʃʏʀʆɲʎ� 2t = ͕� ʆɲ� ɴʌɸɽɸʀ� ʉ� ɶɸʘʅɸʏʌɿʃʊʎ� ʏʊʋʉʎ� ʏʘʆ� ɸɿʃʊʆʘʆ�
ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�w z

z
1

2= - .
ϮϬϱ͘� Ȱʆ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɲʆɼʃʉʐʆ�ʍɸ�ʃʑʃʄʉ�ʃɹʆʏʌʉʐ� ,K 1 1^ h�

ʃɲɿ�ɲʃʏʀʆɲʎ� 2t = ͕�ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�
ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�w z

1= r .
ϮϬϲ͘� Ȱʆ� 2 3

1a b
c= = �ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�z i21 a b b a c= + + -^ ^h h �

ʃɲɿ�z i52 a= + �ɸʀʆɲɿ�ʀʍʉɿ͘
ϮϬϳ͘� Ȱʆ�ɶɿɲ�ʏʉʆ�ʅɿɶɲɷɿʃʊ�ǌ�ɿʍʖʑɸɿ�ʊʏɿ�z z 1 02 - + = ͕�ʆɲ�ɲʋʉɷɸɿʖɽʉʑʆ͗

ɲ͘� z z z 050 70 90+ + = .
ɴ͘� z z 1 040 40+ + =- .
ɶ͘� z z z1 1 1 031 30 29- + - + - =^ ^ ^h h h .

ϮϬϴ͘� Ȱʆ� w
z wz
1 R!-
- r �ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�

ʅɿɶɲɷɿʃʙʆ�ǌ͕�ɲʆ�ɶɿɲ�ʏʉ�ʍʏɲɽɸʌʊ�w ia b= + �ɸʀʆɲɿ� 12 2 !a b+ .
ϮϬϵ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�

ʏʉʐʎ�ʉʋʉʀʉʐʎ�ʉ�w z z2 2= - r �ɸʀʆɲɿ�ɽɸʏɿʃʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ͘�Ⱦɲʏʊʋɿʆ�ʆɲ�
ɴʌɸɽɸʀ�ʉ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ� w 1= .

ϮϭϬ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�
ʏʉʐʎ�ʉʋʉʀʉʐʎ�ʉ�w z z z2 22a= + -r �ɸʀʆɲɿ�ɽɸʏɿʃʊʎ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽ-
ʅʊʎ�ʃɲɿ� ,1 0!a -^ h.
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Ϯϭϭ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɻ�ʅɻɷɸʆɿʃʙʆ�ʄʑʍɸʘʆ�ʏɻʎ�zi z2=r �
ʍʖɻʅɲʏʀɺʉʐʆ�ɿʍʊʋʄɸʐʌʉ�ʏʌʀɶʘʆʉ͘

ϮϭϮ͘� Ȱʆ� z w zw2 1 27 7+ = + r^ ^h h �ʃɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǁ�ɷɸʆ�ɲʆɼʃɸɿ�ʍʏʉʆ�ʅʉ-
ʆɲɷɿɲʀʉ�ʃʑʃʄʉ�ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�
ʅɿɶɲɷɿʃʙʆ�ǌ͘

Ϯϭϯ͘� Ȱʆ�ɿʍʖʑɸɿ� z i z i z i z i4
1

4
1

4 4
10

- + + = - + ͕�ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�ʏʉ�ʅɹ-

ʏʌʉ�ʏʉʐ�w z z4= + r .
Ϯϭϰ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�

ʏʉʐʎ�ʉʋʉʀʉʐʎ�Re z z z z1 1- + = +r r^ ^h h6 @ ͘�Ȱʆ� ,z z1 2 �ɸʀʆɲɿ�ɷʑʉ�ɲʋʊ�ʏʉʐʎ�
ʋɲʌɲʋɳʆʘ�ʅɿɶɲɷɿʃʉʑʎ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ� z z 2 21 2 G- .

Ϯϭϱ͘� Ȱʆ�ʉ�ʄʊɶʉʎ�ʏʘʆ�ɲʋʉʍʏɳʍɸʘʆ�ʏʘʆ�M z^ h�ɲʋʊ�ʏɲ� ,A 4 0^ h͕� ,B 2
5 0` j�

ɿʍʉʑʏɲɿ�ʅɸ�Ϯ͕�ʆɲ�ɴʌɸɽʉʑʆ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ʅɸ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʃɲɿ�ʅɹɶɿʍʏʉ�
ʅɹʏʌʉ�ɲʆʏʀʍʏʉɿʖɲ͘

Ϯϭϲ͘� Ȱʆ� ʉɿ� ɸɿʃʊʆɸʎ� ʏʘʆ� ʅɿɶɲɷɿʃʙʆ� ǌ� ɲʋɹʖʉʐʆ� ʅɸɶɲʄʑʏɸʌɻ� ɲʋʊʍʏɲʍɻ�
ɲʋʊ� ʏʉ� ʍɻʅɸʀʉ� ,A 1 1-^ h� ɲʋʊ� ʊʏɿ� ɲʋʊ� ʏʉ� ,B 2 0^ h͕� ʆɲ� ɷɸɿʖɽɸʀ� ʊʏɿ�
ɿʍʖʑɸɿ� z 2

2> .

Ϯϭϳ͘� Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɲʆ� ,z i8 0 2!+ 6 @�ʏʊʏɸ�ʏʉ� ,z 6 8 12!- 6 @.
Ϯϭϴ͘� Ȱʆ�ʉ�z0 �ɸʀʆɲɿ�ɻ�ʅʉʆɲɷɿʃɼ�ʌʀɺɲ�ʏɻʎ�ɸʇʀʍʘʍɻʎ� Imz wz2 02 2t+ + =r^ h ͕�

ʊʋʉʐ� 0>t �ʃɲɿ�ǁ C! �ʍʏɲɽɸʌʊʎ͗
ɲ͘� Ɂɲ�ɴʌɸɽɸʀ�ɻ�ɲʋʊʍʏɲʍɻ�ʏɻʎ�ɸɿʃʊʆɲʎ�ʏʉʐ�ǁ�ɲʋʊ�ʏɻʆ�ɲʌʖɼ�ʏʘʆ�

ɲʇʊʆʘʆ͘
ɴ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ʅɿɶɲɷɿʃʊʎ�z0 .
ɶ͘� Ɂɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɶɿɲ�ʃɳɽɸ� N*!o �ɿʍʖʑɸɿ�z w 00

4 2 4 2+ =o o+ + .
Ϯϭϵ͘� Ȱʆ� z z 11 2= = �ʃɲɿ�ʉ�ǁ I!Y �ʅɸ�z z wz z w1 2 1 2+ + = ͕�ʆɲ�ɴʌɸɽʉʑʆ�ʉɿ�

ʅɿɶɲɷɿʃʉʀ� ,z z1 2 .
ϮϮϬ͘� Ȱʆ� z z z z z z1 2 2 3 3 1 l- = - = - = ͕�ʆɲ�ɴʌɸɽɸʀ�ɻ�ʏɿʅɼ�ʏɻʎ�ʋɲʌɳʍʏɲ-

ʍɻʎ� z z z z z z
1 1 1

1 2 2 3 3 1- + - + - .

ϮϮϭ͘� Ȱʆ� z iw z w- = + ͕�ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ� z w z w2 42 2 2+ = + .
ϮϮϮ͘� Ȱʆ�z wu2 = ͕�ʅɸ�z 0! ͕�ʆɲ�ɷɸɿʖɽɸʀ

w u z w u z w u2 2
+ + + + - = + .

ϮϮϯ͘� Ȱʆ� z z z2 4 2 01 2 f+ + + + =o o o o- - � ʆɲ� ɲʋʉɷɸɿʖɽɸʀ� ʊʏɿ� ʉ� ʅɿɶɲɷɿʃʊʎ�
w z

z
2
2

I!= +
- o` j ͕�ʊʋʉʐ�ʆ�ʋɸʌɿʏʏʊʎ͘

ϮϮϰ͘� Ɂɲ�ʄʐɽɸʀ�ɻ�ɸʇʀʍʘʍɻ�z z3=r .
ϮϮϱ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʌɿɺʙʆ�ʏɻʎ�ɸʇʀʍʘʍɻʎ͗

z z2 5 02 2 2 2vyo i vyoi hn i vyo i- + + =^ ^h h ͕� ,2 2!i r r-` j.
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ϮϮϲ͘� Ɂɲ� ɴʌɸɽɸʀ� ʉ� ɶɸʘʅɸʏʌɿʃʊʎ� ʏʊʋʉʎ� ʏʘʆ� ɸɿʃʊʆʘʆ� ʏʘʆ� ʅɿɶɲɷɿʃʙʆ�
z i1 2 12m m= - + -^ ^h h ͕� R!m .

ϮϮϳ͘� Ɂɲ�ʄʑʍɸʏɸ�ʍʏʉ�C�ʏɻʆ�ɸʇʀʍʘʍɻ�z z z2 23= - +r �ʅɸ�Re z Z!^ h .
ϮϮϴ͘� ȶʍʏʘ� Ȱ͕� Ȳ͕� ȳ� ʉɿ� ɸɿʃʊʆɸʎ� ʏʘʆ� ʅɿɶɲɷɿʃʙʆ� ɲ͕� ɴ͕� ɶ� ɲʆʏʀʍʏʉɿʖɲ͘� Ȱʆ�

1a b c= = = �ʃɲɿ� 0a b c+ + = ͕�ʆɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ͗
ɲ͘� Ȼʍʖʑɸɿ�� a b b c c a- = - = - .
ɴ͘� Ɉɲ�ʍɻʅɸʀɲ�Ȱ͕�Ȳ͕�ȳ�ɸʀʆɲɿ�ʃʉʌʐʔɹʎ�ɿʍʉʋʄɸʑʌʉʐ�ʏʌɿɶʙʆʉʐ͘

ϮϮϵ͘� ȴʀʆʉʆʏɲɿ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ǌ� ɶɿɲ� ʏʉʐʎ� ʉʋʉʀʉʐʎ� ɿʍʖʑɸɿ�
z i6 8 5- - = .
ɲ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ� ɶɸʘʅɸʏʌɿʃʊʎ� ʏʊʋʉʎ� ʏʘʆ�ɸɿʃʊʆʘʆ� ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�

ɲʌɿɽʅʙʆ�ǌ�ʃɲɽʙʎ�ʃɲɿ�ɻ�ʃɲʌʏɸʍɿɲʆɼ�ɸʇʀʍʘʍɻ�ʏʉʐ͘
ɴ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ� z5 15G G .
ɶ͘� Ɂɲ�ɴʌɸɽɸʀ�ɻ�ɸʄɳʖɿʍʏɻ�ʃɲɿ�ɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z .
ɷ͘� Ȱʋʊ�ʏʉʐʎ�ʋɲʌɲʋɳʆʘ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ�ʆɲ�ɴʌɸɽʉʑʆ�ɲʐʏʉʀ�

ʋʉʐ�ɹʖʉʐʆ͗
ŝ͘� ʏʉ�ɸʄɳʖɿʍʏʉ� z .
ŝŝ͘� ʏʉ�ʅɹɶɿʍʏʉ� z .

ɸ͘� Ȱʆ� ,z z1 2 � ɸʀʆɲɿ� ɷʑʉ� ʅɿɶɲɷɿʃʉʀ� ʋʉʐ� ɸʋɲʄɻɽɸʑʉʐʆ� ʏɻ� ɷʉʍʅɹʆɻ�
ʍʖɹʍɻ͕�ʆɲ�ɴʌɸɽɸʀ�ɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ� z z1 2- .

ϮϯϬ͘� ȴʀʆʉʆʏɲɿ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ͕ ͕ C!a b c � ɷɿɲʔʉʌɸʏɿʃʉʀ� ʅɸʏɲʇʑ�
ʏʉʐʎ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ� 02 2 2a b c a b c+ + = + + = ͘�Ȱʆ�Ȱ͕�Ȳ͕�ȳ�ɸʀʆɲɿ�
ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɲ͕�ɴ͕�ɶ�ɲʆʏʀʍʏʉɿʖɲ�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�
ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� 2a bc= .
ɴ͘� 0ab bc ca+ + = .
ɶ͘� 2a b b c c a- = - -^ ^ ^h h h.
ɷ͘� ʏɲ�ʍɻʅɸʀɲ�Ȱ͕�Ȳ͕�ȳ�ɿʍɲʋɹʖʉʐʆ�ɲʋʊ�ʏɻʆ�ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ͘
ɸ͘� ʏʉ�ʏʌʀɶʘʆʉ�ȰȲȳ�ɸʀʆɲɿ�ɿʍʊʋʄɸʐʌʉ͘
ʍʏ͘�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɲɴ͕�ɴɶ͕�ɶɲ�ɸʀʆɲɿ�ʃʉʌʐʔɹʎ�ɿʍʉʋʄɸʑʌʉʐ�

ʏʌɿɶʙʆʉʐ͘
Ϯϯϭ͘� Ȱʆ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�ɲʆɼʃɸɿ�ʍʏʉ�ʅʉʆɲɷɿɲʀʉ�ʃʑʃʄʉ͕�ʆɲ�ɷɸʀʇɸ-

ʏɸ�ʊʏɿ�ʏʉ�ʀɷɿʉ�ɿʍʖʑɸɿ�ʃɲɿ�ɶɿɲ�ʏɻʆ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�w iz
z i
2 1

2= +
- ͘�

Ɂɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ� z w- .
ϮϯϮ͘� ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�C1 �ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�

ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� i z1 2 2- - =^ h .
ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�C2 �ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�

ǁ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� w i
w i
2 4
2 1- +

+ = .
ɶ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z w- .

Ϯϯϯ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻ�ʅʉʌʔɼ� ia b+ �ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ͕�ʊʏɲʆ͗
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ɲ͘� ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǌ�ɲʆɼʃɸɿ�ʍʏɻʆ�ɸʐɽɸʀɲ� : x y2 1 0f - + = .
ɴ͘� Im Rez z2 1 2+ = -^ ^h h.
ɶ͘� ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǌ�ɲʆɼʃɸɿ�ʍʏɻʆ�ʋɲʌɲɴʉʄɼ�y x42 = .
ɷ͘� ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǌ�ɲʆɼʃɸɿ�ʍʏɻ�ɶʌɲʔɿʃɼ�ʋɲʌɳʍʏɲʍɻ�ʏɻʎ�ʍʐʆɳʌʏɻ-

ʍɻʎ�f x x 12= +^ h .
Ϯϯϰ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�z i2 2 4m m= - + -^ ^h h ͕� R!m .

ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏɻʎ�ɸɿʃʊʆɲʎ�ʏʉʐ� z
1 .

ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏɻʎ�ɸɿʃʊʆɲʎ�ʏʉʐ�z2 .
ɶ͘� Ȱʆ�ɸʀʆɲɿ�w z z

5= + ͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǁ�ɲʆɼʃɸɿ�ʍɸ�
ʅɿɲ�ʐʋɸʌɴʉʄɼ͘

Ϯϯϱ͘� ȴʀʆɸʏɲɿ�ɻ�ɸʇʀʍʘʍɻ͗�z z2 2 02 2m m+ - + + =^ h .
ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� ɶɿɲ�ʃɳɽɸ� R!m �ɻ�ɸʇʀʍʘʍɻ�ɹʖɸɿ�ʅɿɶɲɷɿʃɹʎ�

ʌʀɺɸʎ͘
ɴ͘� Ȱʆ�ɶɿɲ�ʏɿʎ�ʌʀɺɸʎ� ,z z1 2 �ʏɻʎ�ɸʇʀʍʘʍɻʎ�ɿʍʖʑɸɿ�z z 41

2
2
2+ = �ʆɲ�ɴʌɸʀʏɸ�

ʏɻ�ʏɿʅɼ�ʏʉʐ� R!m �ʃɲɿ�ʏɿʎ�ʌʀɺɸʎ� ,z z1 2 .
Ϯϯϲ͘� ȶʍʏʘ� ,z w�ʅɿɶɲɷɿʃʉʀ͘

ɲ͘� Ȱʆ�ɸʀʆɲɿ�z w w z
1 1 2+ = + =r r �ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗

ŝ͘� z w= .
ŝŝ͘� z 1= .

ɴ͘� Ȱʆ� ɸʀʆɲɿ� z w w z
1 1+ = +r r � ʃɲɿ� z w w z

1 1 2 0
2

+ - - - =r r` j � ʆɲ� ɴʌɸʀʏɸ�
ʏʉʐʎ�ǌ͕ǁ͘

Ϯϯϳ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ǌ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ

Re Rez z z4 2+ =b ]l g� 1] g
ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ɴ͘� Ȱʆ�Re z 0!] g �ʏʊʏɸ͗

ŝ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z z
4= + �ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿ-

ʃʊʎ�ʃɲɿ�ɿʍʖʑɸɿ� w4 4G G- .
ŝŝ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�

c z i3 4= + + .
ŝŝŝ͘� ȳɿɲ�ʏʉ�ɸʌʙʏɻʅɲ� ii] g�ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɸʄɳʖɿʍʏʉ�ʃɲɿ�ʏʉ�ʅɹɶɿʍʏʉ�

ʅɹʏʌʉ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�Đ͘
ɶ͘� Ȱʆ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� , ,z z z1 2 3 �ɿʃɲʆʉʋʉɿʉʑʆ�ʏɻ�ʍʖɹʍɻ� 1] g�ʃɲɿ�ɷɸʆ�ɸʀʆɲɿ�

ʔɲʆʏɲʍʏɿʃʉʀ�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ
z z z z z z z z z21 2 2 3 1 3 1 2 3+ + = + +

Ϯϯϴ͘� ɲ͘� Ɂɲ�ʄʐɽɸʀ�ɻ�ɸʇʀʍʘʍɻ

z z6 4 9 02 2 2hn a hna vyo a- + + =^ ^h h ͕� ,0 2!a rb l
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ɴ͘� ʆɲ�ɷɸɿʖɽɸʀ�ʊʏɿ�ɷɸʆ�ʐʋɳʌʖɸɿ�ɶʘʆʀɲ�ɲ�ʋʉʐ�ʆɲ�ʃɳʆɸɿ�ʉʌɽʉɶʙʆɿʉ�ʏʉ�
ʏʌʀɶʘʆʉ�ɀɃɁ�ʊʋʉʐ�Ƀ�ɻ�ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ�ʃɲɿ�ɀ͕�Ɂ�ʉɿ�ɸɿʃʊʆɸʎ�
ʏʘʆ�ʌɿɺʙʆ�ʏɻʎ�ɸʇʀʍʘʍɻʎ͘

ɶ͘� Ɂɲ�ɴʌɸɽɸʀ�ɻ�ɶʘʆʀɲ�ɲ�ʙʍʏɸ�ʏʉ�ʏʌʀɶʘʆʉ�ɀɃɁ�ʆɲ�ɸʀʆɲɿ�ɿʍʊʋʄɸʐ-
ʌʉ͘

ɷ͘� ȳɿɲ� 6a r= �ʆɲ�ɴʌɸɽɸʀ�ɻ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ�v N*! �ʙʍʏɸ�z N*v ! .
Ϯϯϵ͘� ȶʍʏʘ� ʊʏɿ� ɶɿɲ� ʏʉʐʎ� ʅɿɶɲɷɿʃʉʑʎ� , ,z z z1 2 3 � ɿʍʖʑɸɿ͗� z z z 11 2 3+ + = � ʃɲɿ�

z z z 11 2 3= = = ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗

ɲ͘� z z z
1 1 1 1
1 2 3
+ + = .

ɴ͘� z z z z z z 11 2 1 3 2 3+ + = .
ɶ͘� z z z z z z 41 2

2
2 3

2
1 3

2+ + + + + = .
ϮϰϬ͘� ȶʍʏʘ� ,z w C*! �ʃɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 �ʏɹʏʉɿʉɿ�ʙʍʏɸ͗�z z w w z1 = + �

ʃɲɿ�z z w w z2 = - ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� Ƀ�z z1 2 �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘
ɴ͘� Ȱʆ�zw R!r ͕�ʏʊʏɸ�z z 01 2 = .
ɶ͘� Ȱʆ� ʉɿ� ɷɿɲʆʐʍʅɲʏɿʃɹʎ� ɲʃʏʀʆɸʎ� ʏʘʆ� ,z w� ɸʀʆɲɿ� ʃɳɽɸʏɸʎ� ʅɸʏɲʇʑ�

ʏʉʐʎ͕�ʏʊʏɸ͗� z z1 2= .
Ϯϰϭ͘� Ȱʆ�ɶɿɲ�ɷʑʉ�ʅɿɶɲɷɿʃʉʑʎ�ǌ͕�ǁ�ɿʍʖʑʉʐʆ� z w 6- = �ʃɲɿ� z w 10+ = ͕�ʆɲ�

ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� z2 8G G .
ɴ͘� w

z
4
1 4G G .

ɶ͘� z i w i6 18G G- + - .
ɷ͘� z w i8 2 12G G+ - .

ϮϰϮ͘� Ȱʆ�ɶɿɲ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ǌ͕�ǁ�ɿʍʖʑʉʐʆ͗� z i3 1- = �ʃɲɿ� w 4 2- = ͘�Ɂɲ�
ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z w2 8G G- .

Ϯϰϯ͘� Ȱʆ� ɶɿɲ� ʏʉʐʎ� ʅɿɶɲɷɿʃʉʑʎ� , ,z z z1 2 3 � ɿʍʖʑɸɿ͗� z z z 01 2 3+ + = � ʃɲɿ�
z z z 11 2 3= = = ͘� Ɂɲ� ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ɶɿɲ� ʃɳɽɸ� z C! � ɿʍʖʑɸɿ�
z z z z z z z31 2 3 H- + - + - .

Ϯϰϰ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɶɿɲ�ʃɳɽɸ�ʅɿɶɲɷɿʃʊ�z 0! �ɿʍʖʑɸɿ͗

z z z i z i1 1<+ + + +
Ϯϰϱ͘� Ȱʆ�ɶɿɲ�ʏʉʐʎ� , ,z z z1 2 3 �ɿʍʖʑɸɿ͗

z i
iz

z i
iz

z i
iz1 1 1 2<

1

1

2

2

3

3

-
- + -

- + -
-

ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʏʉ�ʋʉʄʑ�ɹʆɲʎ�ɲʋʊ�ʏʉʐʎ� , ,z z z1 2 3 �ʅʋʉʌɸʀ�ʆɲ�ɸʀʆɲɿ�
ʋʌɲɶʅɲʏɿʃʊʎ͘

Ϯϰϲ͘� ȶʍʏʘ�z C! �ʏɹʏʉɿʉʎ�ʙʍʏɸ� z z3 2 3+ = - .
ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
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ɴ͘� Ȱʆ�ɸʀʆɲɿ�w z
z

5
9= -

- ͕�z 5! �ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�
ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǁ͘

Ϯϰϳ͘� Ⱥɸʘʌʉʑʅɸ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�z i2 1 2 1m m= + + -^ ^h h ͕ R!m .
ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�ʏɻʎ�ɸʐɽɸʀɲʎ�ʋɳʆʘ�ʍʏɻʆ�ʉʋʉʀɲ�ɴʌʀʍʃʉ-

ʆʏɲɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɲʌɿɽʅʙʆ�ǌ͕�ɶɿɲ�ʏɿʎ�ɷɿɳʔʉʌɸʎ�ʏɿ-
ʅɹʎ�ʏʉʐ� R!m .

ɴ͘� Ȱʋʊ�ʏʉʐʎ�ʋɲʌɲʋɳʆʘ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�
z i10 = - �ɹʖɸɿ�ʏʉ�ʅɿʃʌʊʏɸʌʉ�ɷʐʆɲʏʊ�ʅɹʏʌʉ͘

ɶ͘� Ɂɲ�ɴʌɸɽʉʑʆ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ǁ�ʉɿ�ʉʋʉʀʉɿ�ɿʃɲʆʉʋʉɿʉʑʆ�ʏɻʆ�ɸʇʀʍʘʍɻ�
w w z122

0+ - =r .
Ϯϰϴ͘� ȶʍʏʘ�ǌ�ʅɿɶɲɷɿʃʊʎ�ʏɹʏʉɿʉʎ�ʙʍʏɸ͗� z i z2 4- = + .

ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʃɲɿ�ʏɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏɻʎ�ʋɲʌɳʍʏɲʍɻʎ�
z 6+ .

ɴ͘� Ɂɲ� ɴʌɸʀʏɸ� ʏɻ� ʏɿʅɼ� ʏʉʐ� ǌ� ɶɿɲ� ʏɻʆ� ʉʋʉʀɲ� ɶʀʆɸʏɲɿ� ɸʄɳʖɿʍʏʉ� ʏʉ�
z i2 3- - .

Ϯϰϵ͘� ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�
ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ͗� z i z i z3

1
3

1
9

10
2- + + = + .

ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿʍʏɻ�ɲʋʊʍʏɲʍɻ�ʏʘʆ�ɸɿʃʊʆʘʆ�ɷʑʉ�ʅɿɶɲɷɿʃʙʆ�
ʋʉʐ�ɿʃɲʆʉʋʉɿʉʑʆ�ʏɻʆ�ʋʌʉɻɶʉʑʅɸʆɻ�ɸʇʀʍʘʍɻ͘

ϮϱϬ͘� ȶʍʏʘ�z C! �ʃɲɿ� ͕ R!a b �ʅɸ� 0> >a b .

ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸʇʀʍʘʍɻ� z z2 2
a b a b

ab
+ - - =r �ʋɲʌɿʍʏɳ-

ʆɸɿ�ɹʄʄɸɿʗɻ͘
ɴ͘� Ȱʆ�ɸʀʆɲɿ� z z7 48- =r ͕�ʆɲ�ɴʌɸɽɸʀ͗

ŝ͘� ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ŝŝ͘� ɻ�ʅɹɶɿʍʏɻ�ʃɲɿ�ɻ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z .

Ϯϱϭ͘� ȶʍʏʘ�Ȱ͕�Ȳ͕�ȳ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɻ�ʅɻɷɸʆɿʃʙʆ�ʅɿɶɲɷɿʃʙʆ� , ,z z z1 2 3 �ɲʆʏʀ-
ʍʏʉɿʖɲ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʏʉ�ʏʌʀɶʘʆʉ�ȰȲȳ�ɸʀʆɲɿ�ɿʍʊʋʄɸʐʌʉ�ɲʆ�ʃɲɿ�
ʅʊʆʉ�ɲʆ�z z z z z z z z z1

2
2
2

3
2

1 2 2 3 1 3+ + = + + .
ϮϱϮ͘� ȴʀʆɸʏɲɿ�ɻ�ɸʇʀʍʘʍɻ� Rezz z zi2 1 0+ - + =r ^ h ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗

ɲ͘� Ƀɿ�ʄʑʍɸɿʎ�ʏɻʎ�ɸʇʀʍʘʍɻʎ�ɸʀʆɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ʅɸ�ɸɿʃʊʆɸʎ�ʏɲ�ʍɻʅɸʀɲ�
ɸʆʊʎ�ʃʑʃʄʉʐ��͘

ɴ͘� Ȱʆ� ,z z1 2 �ɸʀʆɲɿ�ɷʑʉ�ʄʑʍɸɿʎ�ʏɻʎ�ɸʇʀʍʘʍɻʎ͕�ʏʊʏɸ� z z 21 2 G- .
ɶ͘� Ȱʆ�ɶɿɲ�ɷʑʉ�ʄʑʍɸɿʎ� ,z z1 2 � ʏɻʎ� ɸʇʀʍʘʍɻʎ� ɿʍʖʑɸɿ� z z 21 2- = � ʏʊʏɸ�

z z 81 2
2+ = .

Ϯϱϯ͘� ȶʍʏʘ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ǌ͕� ǁ� ʏɹʏʉɿʉɿ� ʙʍʏɸ͗� z i 3+ = � ʃɲɿ�
w z i z i z

i1 2
1

2
2= - + + - + ͘�Ɂɲ�ɲʋʊɷɸɿʇɸ�ʊʏɿ͗

ɲ͘� w 1= .
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ɴ͘� w
z zi3 8- =r .

ɶ͘� Ɂɲ�ɴʌɸɽʉʑʆ�ʉɿ�ǌ͕�ǁ�ʙʍʏɸ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʉʐʎ�ʃɲɿ�ɻ�ɲʌʖɼ�ʏʘʆ�ɲʇʊ-
ʆʘʆ�ʆɲ�ɸʀʆɲɿ�ʍʐʆɸʐɽɸɿɲʃɳ�ʍɻʅɸʀɲ͘

ɷ͘� min z w 3
11- = �ʃɲɿ�max z w 5- = .

Ϯϱϰ͘� ȴʀʆʉʆʏɲɿ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ͗� z i1 a b= + � ʃɲɿ� z z
z

2
2

2
1

1= +
- � ʊʋʉʐ�

͕ R!a b ͕� Ϭ!b ͘�ȴʀʆɸʏɲɿ�ɸʋʀʍɻʎ�ʊʏɿ͗�z z R2 1 !- .
ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�z z 12 1- = .
ɴ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�z1 .
ɶ͘� Ȱʆ�ʉ�ɲʌɿɽʅʊʎ�z1

2 �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ�ʃɲɿ� 0>ab ͕�ʆɲ�ʐʋʉʄʉɶɿʍʏɸʀ�
ʉ�z1 �ʃɲɿ�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z i z i1 1 01 1

20 20+ + - + - =^ ^h h .
Ϯϱϱ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 � ʃɲɿ�ʉ�ɲʃɹʌɲɿʉʎ� 1>o ͕�ʙʍʏɸ� z i21 = +o � ʃɲɿ�

z i1 22 = +o .
ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z

z
2

1= �ɷɸʆ�ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ�
ɲʌɿɽʅʊʎ͘

ɴ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�z w
w

1
1= -

+ ͕�ʊʋʉʐ�ǁ�ʉ�ʅɿɶɲɷɿʃʊʎ�
ʏʉʐ�ʋʌʉɻɶʉʑʅɸʆʉʐ�ɸʌʘʏɼʅɲʏʉʎ͕�ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘

ɶ͘� Ɂɲ� ɴʌɸʀʏɸ� ʏɻ� ʅɿʃʌʊʏɸʌɻ� ʏɿʅɼ� ʏɻʎ� ʋɲʌɳʍʏɲʍɻʎ�
f c c w c w= + + -^ h ͕�Đ C! .

Ϯϱϲ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�ǌ͕�ǁ�ʅɸ� z 4= �ʃɲɿ�w z
z

2
8= -

- ͘�Ɂɲ�ɲʋʉ-
ɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� w 2= .
ɴ͘� Ƀ�ʅɿɶɲɷɿʃʊʎ�w w

w 4
1

2

= + �ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘

Ϯϱϳ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�z i
i

4 3
25 m

= +
+^ h

͕� R!m .
ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ʅɿɶɲɷɿʃʊ�ɲʌɿɽʅʊ�ǌ�ʅɸ�ʏʉ�ʅɿʃʌʊʏɸʌʉ�ʅɹʏʌʉ͘
ɶ͘� ȳɿɲ� ʏʉʆ� ʅɿɶɲɷɿʃʊ� ʏʉʐ� ɸʌʘʏɼʅɲʏʉʎ� ;ɴͿ� ʆɲ� ɴʌɸʀʏɸ� ʃɳɽɸ� R!n �

ʙʍʏɸ�ʆɲ�ɿʍʖʑɸɿ�w z z R!
n= + .

Ϯϱϴ͘� ȶʍʏʘ� R!m �ʃɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�z R!Y �ʙʍʏɸ� z z zm + =r .
ɲ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� 1m = .
ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ɶ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�min z i- .
ɷ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�z R3 ! .

Ϯϱϵ͘� ȶʍʏʘ� , ,z z z1 2 3 � ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ɷɿɲʔʉʌɸʏɿʃʉʀ� ɲʆɳ� ɷʑʉ� ɶɿɲ� ʏʉʐʎ�
ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ�z z z 01 2 3+ + = �ʃɲɿ�z z z 01

2
2
2

3
2+ + = ͘�Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ͗

ɲ͘� z z z z z z 01 2 2 3 3 1+ + = .
ɴ͘� z z z 01 2 3 ! .
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ɶ͘� z z z1
3

2
3

3
3= = .

ɷ͘� z z z1 2 3= = .

ɸ͘� z z z z z z
1 1 1

R1 2 3
1 2 3

!+ + + +^ ah k .

ʍʏ͘�z z z 01
13

2
13

3
13+ + = .

ɺ͘� Ƀɿ� ɸɿʃʊʆɸʎ� ʏʘʆ� , ,z z z1 2 3 � ʍʏʉ� ʅɿɶɲɷɿʃʊ� ɸʋʀʋɸɷʉ� ɸʀʆɲɿ� ʃʉʌʐʔɹʎ�
ɿʍʉʋʄɸʑʌʉʐ�ʏʌɿɶʙʆʉʐ͘

ϮϲϬ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�ǌ͕�ǁ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ�
z w i2 4 4+ = + .
ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉʐʎ�ǌ͕�ǁ�ʍɸ�ʃɳɽɸ�ʅʀɲ�ɲʋʊ�ʏɿʎ�ʋɲʌɲʃɳʏʘ�ʋɸʌɿʋʏʙ-

ʍɸɿʎ͗
ŝ͘� ʉ�ǌ�ɸʀʆɲɿ�ʋʌɲɶʅɲʏɿʃʊʎ�ʃɲɿ�ʉ�ǁ�ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ͘
ŝŝ͘� ʉ�ǁ�ɸʀʆɲɿ�ʉ�ʍʐɺʐɶɼʎ�ʏʉʐ�ǌ͘

ɴ͘� Ȱʆ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǌ�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ʃɿʆɸʀʏɲɿ�ʍʏɻʆ�ɸʐɽɸʀɲ�
: y x 2f = + ͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǁ�ʃɿʆɸʀʏɲɿ�ɷɸ�ʅɿɲ�

ɳʄʄɻ�ɸʐɽɸʀɲ͕�ʋɲʌɳʄʄɻʄɻ�ʋʌʉʎ�ʏɻʆ�ɸ͘
ɶ͘� Ȱʆ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǁ�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ɷɿɲɶʌɳʔɸɿ�ʏɻʆ�ɸʐɽɸʀɲ�

: y x 1h = - ͕�ʆɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� w i- .
Ϯϲϭ͘� ȶʍʏʘ�ʉɿ� ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ� , ,z z z1 2 3 � ɶɿɲ� ʏʉʐʎ�ʉʋʉʀʉʐʎ� ɿʍʖʑʉʐʆ�ʉɿ�

ʍʖɹʍɸɿʎ� Re Re Rez z z1 2 3= =^ ^ ^h h h� ʃɲɿ� z z z i1 1 1 6
1 2 3
= = = ͘� Ɂɲ� ɲʋʉ-

ɷɸʀʇɸʏɸ�ʊʏɿ͗

ɲ͘� z z z i1 1 1 6
1 2 3
+ + =- .

ɴ͘� ʉɿ�ɲʌɿɽʅʉʀ� , ,z z z1 2 3 �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʉʀ.
ɶ͘� ɲʆ� Im Im Imz z z2 31 2 3= =^ ^ ^h h h͕� ʆɲ� ɴʌɸʀʏɸ� ʏʉʐʎ� ɲʌɿɽʅʉʑʎ�

, ,z z z1 2 3 .
ϮϲϮ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ� Imzz z2=r ^ h.

ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�M z^ h�ʍʏʉ�
ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ɸʀʆɲɿ�ʉ�ʃʑʃʄʉʎ�ʅɸ�ɸʇʀʍʘʍɻ� z i 1- = .

ɴ͘� Ȱʆ�w z
1= ͕�ʆɲ�ɴʌɸʀʏɸ͗

ŝ͘� ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǁ͘
ŝŝ͘� ʏʉʆ�ʅɿɶɲɷɿʃʊ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ʏʉ� ǁ �ɶʀʆɸʏɲɿ�ɸʄɳʖɿʍʏʉ͘

Ϯϲϯ͘� ȴʀʆɸʏɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�f z z i2= +^ h ͕�z C! .
ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�f z iz 2= +r^ h �ʃɲɿ�f z f z- = r^ ^h h.
ɴ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͕�

ʊʏɲʆ�ɿʍʖʑɸɿ�f i z f i z1 2 3+ + + +=^ ^h h.
ɶ͘� ȵɳʆ�ɿʍʖʑɸɿ�ɻ�ɿʍʊʏɻʏɲ�f z f z 102 2+ =r^ ^h h ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z 1= .
ɷ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ɲʆ� ɿʍʖʑɸɿ� f z f z= r^ ^h h͕� ʏʊʏɸ� ʃɲɿ� ʅʊʆʉ� ʏʊʏɸ�

z R! .
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ɸ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ�ʊʏɲʆ�ɿʍʖʑɸɿ
z f z i f i if i2 12+ - = - +^ ^ ^h h h.

Ϯϲϰ͘� ȴʀʆɸʏɲɿ� ɻ� ʅɿɶɲɷɿʃɼ� ʍʐʆɳʌʏɻʍɻ� ʅɿɶɲɷɿʃɼʎ� ʅɸʏɲɴʄɻʏɼʎ� u f z= ^ h͕�
z C! �ɶɿɲ�ʏɻʆ�ʉʋʉʀɲ�ɿʍʖʑɸɿ� f z f z z z2 1 3 7 142+ - = - +^ ^h h �ɶɿɲ�ʃɳɽɸ�
z C! .
ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�f z z z5 62= - +^ h ͕�z C! .
ɴ͘� Ɂɲ�ɴʌɸɽʉʑʆ�ʏɲ�Re f z^^ hh�ʃɲɿ�Im f z^^ hh.
ɶ͘� Ɂɲ�ʄʐɽɸʀ�ɻ�ɸʇʀʍʘʍɻ�f z z i5 9 4=- + +^ h .
ɷ͘� Ɂɲ�ʄʐɽɸʀ�ɻ�ɸʇʀʍʘʍɻ�f z z5 4= -^ h �ʃɲɿ�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉɿ�ɸɿʃʊ-

ʆɸʎ�ʏʘʆ�ʌɿɺʙʆ�ɲʆɼʃʉʐʆ�ʍʏʉʆ�ʅʉʆɲɷɿɲʀʉ�ʃʑʃʄʉ͘
ɸ͘� Ɂɲ�ʄʐɽɸʀ�ɻ�ɲʆʀʍʘʍɻ� zf 0>^ h .
ʍʏ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�f z f z 0>r^ ^h h �ɶɿɲ�ʃɳɽɸ�z C! .

Ϯϲϱ͘� ȴʀʆɸʏɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�f z i z i3 4= + +^ ^h h ͕�z C! ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗
ɲ͘� Re Re Imf z z z3 4= -^^ ^ ^hh h h�ʃɲɿ

Im Re Imf z z z4 3 1= + +^^ ^ ^hh h h .
ɴ͘� ɲʆ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ� f z^ h�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ʃɿʆɸʀʏɲɿ�ʍʏɻʆ�ɸʐ-

ɽɸʀɲ� : y x 1f = + ͕�ʏʊʏɸ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǌ�ʃɿʆɸʀʏɲɿ�ɸʋʀʍɻʎ�ʍɸ�ɸʐɽɸʀɲ�
ɻ�ʉʋʉʀɲ�ɷɿɹʌʖɸʏɲɿ�ɲʋʊ�ʏɻʆ�ɲʌʖɼ�ʏʘʆ�ɲʇʊʆʘʆ͘

ɶ͘� ɲʆ�Ȱ͕�Ȳ͕�ȳ͕�ȴ�ɸʀʆɲɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ� , , ,z i f z f i^ ^h h�ɲʆʏʀ-
ʍʏʉɿʖɲ͕�ʏʊʏɸ͗
ŝ͘� f z f i i z i3 4- = + -^ ^ ^ ^h h h h.
ŝŝ͘� 5CD AB=^ ^h h.

Ϯϲϲ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�ǌ͕�ǁ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ�ʉɿ�ʍʖɹ-
ʍɸɿʎ� z 2 1- = �ʃɲɿ� w i2 1- = .
ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ǌ͕�ǁ͘
ɴ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ� ʊʏɿ� ɷɸʆ� ʐʋɳʌʖʉʐʆ�ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ǌ͕�ǁ� ʏɹ-

ʏʉɿʉɿ�ʙʍʏɸ�z w= .
ɶ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z 3G �ʃɲɿ� w 3G .
ɷ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿʍʏɻ�ʃɲɿ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z w- .

Ϯϲϳ͘� ȶʍʏʘ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�z x yi 0!= + �ʅɸ� ,x y R! �ʃɲɿ�w z z
z1= - r .

ɲ͘� Ɂɲ�ɶʌɳʗɸʏɸ�ʏʉʆ�ǁ�ʍʏɻʆ�ʅʉʌʔɼ� ia b+ �ʅɸ� ͕ R!a b .
ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ǌ�ʅɸ� z 1= �ʃɲɿ�ǁ R! .
ɶ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�

ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ� Re Imz w z22 2=^ ^h h.
Ϯϲϴ͘� ȴʀʆɸʏɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�f z z z= +r^ h ͕�z C! ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗

ɲ͘� f z f z=r^ ^h h�ɶɿɲ�ʃɳɽɸ�z C! .
ɴ͘� f z R!^ h �ɲʆ�ʃɲɿ�ʅʊʆʉ�ɲʆ�z R! .
ɶ͘� ɲʆ� z 1G ͕�ʏʊʏɸ� f z 2G^ h .
ɷ͘� ɷɸʆ�ʐʋɳʌʖɸɿ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ�ǌ͕�ʏɹʏʉɿʉʎ�ʙʍʏɸ�f z z i2 3= -^ h .
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Ϯϲϵ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ� z z9 1- = - .
ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ� z .
ɴ͘� Ȱʆ�ɶɿɲ�ʏʉ�ʅɿɶɲɷɿʃʊ�ǁ�ɿʍʖʑɸɿ�ɻ�ʍʖɹʍɻ� w i w i5 5 1- + =r^ ^h h ͕�ʏʊʏɸ͗

ŝ͘� ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�
ǁ͘

ŝŝ͘� ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ͗� z w1 9G G- .
ϮϳϬ͘� Ȱ͘� ȴʀʆʉʆʏɲɿ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� z i3 5 21 m n= - + -^ ^h h � ʃɲɿ�

z i2 1 12 n m= - + -^ ^h h ͘�Ȱʆ�A w1^ h�ɸʀʆɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�
w z z1 1 2= + � ɻ� ʉʋʉʀɲ� ʃɿʆɸʀʏɲɿ� ʋɳʆʘ� ʍʏɻʆ� ɸʐɽɸʀɲ� : y x 21f = + ͕�
ɸʆʙ�B w2^ h�ɸʀʆɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�w z z2 1 2= - �ɻ�ʉʋʉʀɲ�ʃɿ-
ʆɸʀʏɲɿ�ʋɳʆʘ�ʍʏɻʆ�ɸʐɽɸʀɲ� : y x2f = ͕�ʆɲ�ɴʌɸɽʉʑʆ�ʉɿ�ʋʌɲɶʅɲʏɿʃʉʀ�
ɲʌɿɽʅʉʀ�ʅ͕�ʄ͘

Ȳ͘� Ȱʆ� ,z z1 2 �ɸʀʆɲɿ�ɷʑʉ�ʅɿɶɲɷɿʃʉʀ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ�ɻ�ɿʍʊʏɻʏɲ�
z z 11 2= = ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z z z z z z z z1 11 2 1 2 1 2 1 2+ + - = + - + .

Ϯϳϭ͘� ȴʀʆɸʏɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�ɲʌɿɽʅʊʎ�z i
i

2
2
a
a= +

+ ͕� R!a .
ɲ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�ɲʆɼʃɸɿ�ʍʏʉʆ�ʅʉʆɲ-

ɷɿɲʀʉ�ʃʑʃʄʉ͘
ɴ͘� ȶʍʏʘ� ,z z1 2 � ʉɿ� ʅɿɶɲɷɿʃʉʀ� ʋʉʐ� ʋʌʉʃʑʋʏʉʐʆ� ɲʋʊ� ʏʉʆ� ʏʑʋʉ�

z i
i

2
2
a
a= +

+ �ɶɿɲ� 0a = �ʃɲɿ� 2a = �ɲʆʏʀʍʏʉɿʖɲ͘
ŝ͘� Ɂɲ�ɴʌɸɽɸʀ�ɻ�ɲʋʊʍʏɲʍɻ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ɲʌɿɽ-

ʅʙʆ� ,z z1 2 .
ŝŝ͘� Ɂɲ� ɲʋʉɷɸɿʖɽɸʀ� ʊʏɿ� ɿʍʖʑɸɿ� z z1

2
2= -o o^ ^h h � ɶɿɲ� ʃɳɽɸ� ʔʐʍɿʃʊ�

ɲʌɿɽʅʊ�o.
ϮϳϮ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ� z z8 81

3
2
3= = .

ɲ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z z
1

1
1

= �ʃɲɿ� z z
1

2
2

= .

ɴ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z z z z2 2
1

1 2 1 2+ = + .
ɶ͘� Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ� z z1 31 2G G+ .

Ϯϳϯ͘� Ȱ͘� ȶʍʏʘ�A z1^ h�ɸʀʆɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�z1 ͕�ʉ�ʉʋʉʀʉʎ�ʃɿʆɸʀʏɲɿ�
ʋɳʆʘ�ʍɸ�ʃʑʃʄʉ�ʃɹʆʏʌʉʐ� ,O 0 0^ h�ʃɲɿ�ɲʃʏʀʆɲʎ� 2t = ͘�Ȱʆ�B z2^ h�ɸʀ-
ʆɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ� z2 �ʃɲɿ�ɿʍʖʑɸɿ� z iz z

4
2 1

1
= - ͕�ʏʊʏɸ�ʆɲ�

ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ɲʌɿɽʅʉʑ�z2 �ʃɿʆɸʀʏɲɿ�ɸʋʀ-
ʍɻʎ�ʍɸ�ʃʑʃʄʉ�ʏʉʐ�ʉʋʉʀʉʐ�ʆɲ�ɴʌɸɽɸʀ�ʏʉ�ʃɹʆʏʌʉ�ʃɲɿ�ɻ�ɲʃʏʀʆɲ͘

Ȳ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�z i1 a b= + �ʃɲɿ�z z
z

2
2

2
1

1= +
- ͕�ʊʋʉʐ�

͕ R!a b �ʅɸ� Ϭ!b ͘�ȴʀʆɸʏɲɿ�ɸʋʀʍɻʎ�ʊʏɿ�z z R2 1 !- .
ɲ͘� Ɂɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ�z z 12 1- = .

ΗΛΙΑΣΚΟΣ ΦΡΟΝΤΙΣΤΗΡΙΑ



45

ɴ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʉʐ�z1 �ʍʏʉ�ʅɿ-
ɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ͘

ɶ͘� Ȱʆ�ʉ�ɲʌɿɽʅʊʎ�z1
2 �ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ�ʃɲɿ� 0>ab ͕�ʆɲ�ʐʋʉʄʉɶɿ-

ʍɽɸʀ�ʉ�z1 �ʃɲɿ�ʆɲ�ɲʋʉɷɸɿʖɽɸʀ�ʊʏɿ� z i z i1 1 01
20

1
20+ + - + - =^ ^h h .

Ϯϳϰ͘� Ȱ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ� , ,z z z1 2 3 �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ�
z z z
2 2 2 2
1 2 3= = ͘�Ȱʆ�ʏɲ�ʍɻʅɸʀɲ�A z1^ h͕�B z2^ h�ʃɲɿ� z3C^ h�ɸʀʆɲɿ�

ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ� ,z z1 2 �ʃɲɿ�z3 �ɲʆʏʀʍʏʉɿʖɲ�ʃɲɿ�ʏʉ�ʏʌʀɶʘʆʉ�
ȰȲȳ�ɸʀʆɲɿ�ʉʌɽʉɶʙʆɿʉ�ʃɲɿ�ɿʍʉʍʃɸʄɹʎ�ʅɸ�A 90c=t ͕�ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�

ʊʏɿ� Re
Re

z z
z z

2
1

2 3

1 2 =^̂ hh .

Ȳ͘� ȴʀʆʉʆʏɲɿ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ,z z1 2 � ɶɿɲ� ʏʉʐʎ� ʉʋʉʀʉʐʎ� ɿʍʖʑɸɿ�
Rez z z z z z2 1 3 2 2 3 61 2

2
1 2 1 2G+ - + + + -^ ^h h6 @ .

ɲ͘� Ɂɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏɲ�ʅɹʏʌɲ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ� ,z z1 2 .
ɴ͘� ȴʀʆɸʏɲɿ�ʉ�ʅɿɶɲɷɿʃʊʎ�w z

z
z
z

2
3

3
2

2

1

1

2= - ͘�Ɂɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʉ�ǁ�
ɸʀʆɲɿ�ʔɲʆʏɲʍʏɿʃʊʎ�ɲʌɿɽʅʊʎ͘

Ϯϳϱ͘� ȴʀʆʉʆʏɲɿ� ʉɿ� ʅɿɶɲɷɿʃʉʀ� ɲʌɿɽʅʉʀ� ǌ͕� ǁ� ɶɿɲ� ʏʉʐʎ� ʉʋʉʀʉʐʎ� ɿʍʖʑʉʐʆ�
w 1= �ʃɲɿ�z w i4 2 1= + - .
ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʋʉɿʉɿ�ɲʋʊ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ǌ�ʏʉʐ�ʋɲʌɲʋɳʆʘ�ɶɸʘʅɸ-

ʏʌɿʃʉʑ� ʏʊʋʉʐ�ɹʖʉʐʆ� ʏʉ�ʅɸɶɲʄʑʏɸʌʉ�ʃɲɿ�ʅɿʃʌʊʏɸʌʉ�ʅɹʏʌʉ�ʃɲɿ�
ʋʉɿɲ�ɸʀʆɲɿ�ʏɲ�ɲʆʏʀʍʏʉɿʖɲ�ʅɹʏʌɲ͘

Ϯϳϲ͘� Ȱ͘� ȴʀʆʉʆʏɲɿ�ʉɿ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ� ,z z1 2 �ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑʉʐʆ�
z z i4 41 2+ = + � ʃɲɿ� z z i2 5 51 2- = + ͘� Ɂɲ� ɴʌɸɽʉʑʆ� ʉɿ� ʅɿɶɲɷɿʃʉʀ�
,z z1 2 .

Ȳ͘� Ȱʆ�ɶɿɲ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ɲʌɿɽʅʉʑʎ�ǌ͕�ǁ�ɿʍʖʑʉʐʆ� z i1 3 2G- - �
ʃɲɿ� w i3 2G- - ͕�ʏʊʏɸ͗
ɲ͘� ʆɲ�ɲʋʉɷɸʀʇɸʏɸ�ʊʏɿ�ʐʋɳʌʖʉʐʆ�ʅʉʆɲɷɿʃʉʀ�ʅɿɶɲɷɿʃʉʀ�ɲʌɿɽʅʉʀ�

ǌ͕�ǁ�ʙʍʏɸ�z w= .
ɴ͘� ʆɲ�ɴʌɸɽɸʀ�ɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z w- .

Ϯϳϳ͘� Ȱ͘
ɲ͘� Ɂɲ�ʄʑʍɸʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ�z iz2 = r .
ɴ͘� Ȱʆ�Ȱ͕�Ȳ�ʃɲɿ�ȳ�ɸʀʆɲɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɻ�ʅɻɷɸʆɿʃʙʆ�ʄʑʍɸʘʆ�ʏɻʎ�

ʋɲʌɲʋɳʆʘ�ɸʇʀʍʘʍɻʎ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�ʏʉ�ʏʌʀɶʘʆʉ�ȰȲȳ�ɸʀʆɲɿ�
ɿʍʊʋʄɸʐʌʉ͘

Ȳ͘� ȴʀʆɸʏɲɿ�ɻ�ɸʇʀʍʘʍɻ� z z4 4 4 3 02 m m+ + - = ͕� R!m .
ɲ͘� ȳɿɲ�ʋʉɿɹʎ�ʏɿʅɹʎ�ʏʉʐ� R!m �ɻ�ʋɲʌɲʋɳʆʘ�ɸʇʀʍʘʍɻ�ɹʖɸɿ�ɷʑʉ�

ʌʀɺɸʎ�ʍʐɺʐɶɸʀʎ�ʅɿɶɲɷɿʃɹʎ͘
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ɴ͘� Ɂɲ� ɴʌɸɽɸʀ� ʉ� ʋʌɲɶʅɲʏɿʃʊʎ� ɲʌɿɽʅʊʎ� m ͕� ɲʆ� ʉ� ʅɿɶɲɷɿʃʊʎ�
z i1 2

1
0 =- + �ɸʀʆɲɿ�ʌʀɺɲ�ʏɻʎ�ʋɲʌɲʋɳʆʘ�ɸʇʀʍʘʍɻʎ͘

Ϯϳϴ͘� Ȱ͘� ȴʀʆɸʏɲɿ�ɻ�ʍʐʆɳʌʏɻʍɻ�f z z
z i

1
2= +

+^ h �ʅɸ�z 1!- .
ɲ͘� Ɂɲ�ɴʌɸɽɸʀ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ�ʙʍʏɸ�f z i3 2= -^ h .
ɴ͘� Ȱʆ�ɿʍʖʑɸɿ�Re f z 0=^^ hh ͕�ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�ʏʘʆ�

ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
ɶ͘� Ȱʆ�ɿʍʖʑɸɿ� f i z1 2 1+ + =^ h ͕�ʆɲ�ɴʌɸɽɸʀ�ʉ�ɶɸʘʅɸʏʌɿʃʊʎ�ʏʊʋʉʎ�

ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ͘
Ȳ͘� Ȱʆ� ɻ� ɸɿʃʊʆɲ� ʏʉʐ� ʅɿɶɲɷɿʃʉʑ� z1 � ʃɿʆɸʀʏɲɿ� ʋɳʆʘ� ʍʏʉʆ� ʃʑʃʄʉ�

z i1 2 1+ + = ͕� ɸʆʙ�ɻ� ɸɿʃʊʆɲ� ʏʉʐ�ʅɿɶɲɷɿʃʉʑ� z2 � ʃɿʆɸʀʏɲɿ�ʋɳʆʘ�
ʍʏʉʆ�ʃʑʃʄʉ� z i3 2- - = ͕�ʆɲ�ʐʋʉʄʉɶʀʍɸʏɸ�ʏɻ�ʅɹɶɿʍʏɻ�ʃɲɿ�ɸʄɳʖɿ-
ʍʏɻ�ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ�ʏɻʎ�ɷɿɲʔʉʌɳʎ�z z1 2- .

Ϯϳϵ͘� Ȱʆ�ǌ�ʅɿɶɲɷɿʃʊʎ�ʅɸ�Re z
1

4
1=` j ͕�ʏʊʏɸ͗

ɲ͘� ɲʆ�Im z 1=^ h ͕�ʆɲ�ɴʌɸʀʏɸ�ʏʉ�Re z^ h.
ɴ͘� ʆɲ�ɴʌɸʀʏɸ� ʏʉ� ɶɸʘʅɸʏʌɿʃʊ� ʏʊʋʉ� ʏʘʆ� ɸɿʃʊʆʘʆ� ʏʘʆ�ʅɿɶɲɷɿʃʙʆ� ǌ�

ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ͘
ɶ͘� ʆɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z .

ɷ͘� ɲʆ� ,z z1 2 �ʅɿɶɲɷɿʃʉʀ�ʅɸ�Re Rez z
1 1

4
1

1 2
= =a ak k ͕�ʆɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿ-

ʍʏɻ�ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ� z z1 2- .
ϮϴϬ͘� ɲ͘� Ɂɲ�ʋɸʌɿɶʌɳʗɸʏɸ�ɶɸʘʅɸʏʌɿʃɳ�ʍʏʉ�ʍʑʆʉʄʉ�C͕�ʏʉ�ʍʑʆʉʄʉ�ʏʘʆ�ɸɿ-

ʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ʋʉʐ�ɿʃɲʆʉʋʉɿʉʑʆ�ʏɿʎ�ʍʖɹʍɸɿʎ� z i 1- = �
ʃɲɿ�Im z 1H^ h .

ɴ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ͕�ɲʆ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�ʃɿʆɸʀʏɲɿ�ʍʏʉ�ʍʑʆʉ-
ʄʉ�C͕�ʏʊʏɸ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�w z i z i2

1 1= - - -` j�ʃɿʆɸʀʏɲɿ�
ʍɸ�ɸʐɽʑɶʌɲʅʅʉ�ʏʅɼʅɲ�ʏʉ�ʉʋʉʀʉ�ɴʌʀʍʃɸʏɲɿ�ʍʏʉʆ�ɳʇʉʆɲ� 'y y.

Ϯϴϭ͘� ȶʍʏʘ�z iC! - -" ,�ʃɲɿ�w z i
iz 1= +
+ .

ɲ͘� Ȱʆ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǁ�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ɸʀʆɲɿ�ɸʇʘʏɸʌɿʃʊ�ʍɻ-
ʅɸʀʉ�ʏʉʐ�ʅʉʆɲɷɿɲʀʉʐ�ʃʑʃʄʉʐ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ�Im z 0<^ h .

ɴ͘� Ȱʆ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǌ�ʍʏʉ�ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ɷɸʆ�ɸʀʆɲɿ�ɸʇʘʏɸʌɿʃʊ�
ʍɻʅɸʀʉ� ʏʉʐ� ʃʑʃʄʉʐ�ʅɸ� ʃɹʆʏʌʉ�Ƀ� ʃɲɿ� ɲʃʏʀʆɲ� 2t = ͕� ʆɲ� ɴʌɸʀʏɸ�
ʋʉʐ�ɴʌʀʍʃɸʏɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǁ͘

ɶ͘� Ȱʆ�ǁ R! ͕�ʆɲ�ɴʌɸʀʏɸ�ʋʉʐ�ɴʌʀʍʃɸʏɲɿ�ɻ�ɸɿʃʊʆɲ�ʏʉʐ�ǌ͘
ϮϴϮ͘� ȳɿɲ� ʏʉʐʎ� ʅɿɶɲɷɿʃʉʑʎ� ǌ� ʃɲɿ� ǁ� ɿʍʖʑʉʐʆ� ɲʆʏɿʍʏʉʀʖʘʎ� ʉɿ� ʍʖɹʍɸɿʎ�

zz i z z 1+ - =r r^ h �ʃɲɿ� w i
i3 2

1 27- = -
-^ h .

ɲ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�C1 �ʏʘʆ�ɸɿʃʊʆʘʆ�ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�
z.
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ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻ�ɶʌɲʅʅɼ�C2 �ʋʉʐ�ɴʌʀʍʃʉʆʏɲɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʘʆ�ʅɿɶɲɷɿ-
ʃʙʆ�ǁ͘

ɶ͘� Ȱʆ�M z C1 1!^ h �ʃɲɿ� 'M z C2 2!^ h ͕�ʆɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʃɲɿ�ʅɹ-
ɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ� z z1 2- .

Ϯϴϯ͘� ȶʍʏʘ� ,z z C1 2 ! � ʉɿ� ʌʀɺɸʎ� ʏɻʎ� ɸʇʀʍʘʍɻʎ� z z 02 a- + = ͕� R!a � ʃɲɿ�
,z z R1 2 !Y .

ɲ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� 4
1>a .

ɴ͘� Ȱʆ� z 1= ͕�ʏʊʏɸ͗
ŝ͘� ʆɲ�ɴʌɸʀʏɸ�ʏʉ�ɲ͘
ŝŝ͘� ʆɲ�ʄʑʍɸʏɸ�ʏɻʆ�ɸʇʀʍʘʍɻ͘
ŝŝŝ͘� ʆɲ�ɴʌɸʀʏɸ�ʋʉʐ�ɴʌʀʍʃʉʆʏɲɿ�ʉɿ�ɸɿʃʊʆɸʎ�ʏʉʐ�ʅɿɶɲɷɿʃʉʑ�ǌ�ʍʏʉ�

ʅɿɶɲɷɿʃʊ�ɸʋʀʋɸɷʉ�ɶɿɲ�ʏʉʆ�ʉʋʉʀʉ�ɿʍʖʑɸɿ� z z z z 01
5

2
5- - - =^ ^h h .

Ϯϴϰ͘� ȳɿɲ�ʏʉʐʎ�ʅɿɶɲɷɿʃʉʑʎ�ǌ͕�ǁ�ɿʍʖʑɸɿ�w z
i= r .

ɲ͘� Ȱʆ�ɿʍʖʑɸɿ� w w1+ = �;ϭͿ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z i 1- = .
ɴ͘� Ȱʆ�ɿʍʖʑɸɿ� w i 2- = �;ϮͿ͕�ʆɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z 1 2+ = .
ɶ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉʐʎ�ɶɸʘʅɸʏʌɿʃʉʑʎ�ʏʊʋʉʐʎ�C1 �ʃɲɿ�C2 �ʏʘʆ�ɸɿʃʊʆʘʆ�ɀ�

ʏʘʆ�ʅɿɶɲɷɿʃʙʆ�ǌ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�ɿʍʖʑɸɿ�ɲʆʏʀʍʏʉɿʖɲ�ɻ�ʍʖɹʍɻ�
;ϭͿ�ʃɲɿ�;ϮͿ͘

ɷ͘� Ȱʆ� ʉɿ� ɸɿʃʊʆɸʎ�M1 � ʃɲɿ�M2 � ʏʘʆ� ʅɿɶɲɷɿʃʙʆ� z1 � ʃɲɿ� z2 � ʃɿʆʉʑʆʏɲɿ�
ʍʏʉʐʎ�C1 �ʃɲɿ�C2 �ɲʆʏʀʍʏʉɿʖɲ͕�ʆɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿʍʏɻ�ʃɲɿ�ɸʄɳʖɿʍʏɻ�
ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ� z z1 2- .

Ϯϴϱ͘� ȶʍʏʘ�ʉ�ʅɿɶɲɷɿʃʊʎ�ǌ͘
ɲ͘� Ɂɲ�ɷɸʀʇɸʏɸ�ʊʏɿ� z i z i1 2 2 1+ - = - +^ h .
ɴ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏʉ�ɶɸʘʅɸʏʌɿʃʊ�ʏʊʋʉ�ʏʘʆ�ɸɿʃʊʆʘʆ�ǌ�ɶɿɲ�ʏʉʐʎ�ʉʋʉʀʉʐʎ�

ɿʍʖʑɸɿ� z i iz1 2 3+ - =^ h �;ϭͿ͘
ɶ͘� Ɂɲ�ɴʌɸʀʏɸ�ʏɻʆ�ɸʄɳʖɿʍʏɻ�ʃɲɿ�ʅɹɶɿʍʏɻ�ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ�ʏʉʐ�ʅɿɶɲ-

ɷɿʃʉʑ�z�ʋʉʐ�ɸʋɲʄɻɽɸʑɸɿ�ʏɻʆ�;ϭͿ͘
ɷ͘� Ȱʆ�ʉɿ�ʅɿɶɲɷɿʃʉʀ� ,z z1 2 �ɸʋɲʄɻɽɸʑʉʐʆ�ʏɻʆ�;ϭͿ͕�ʆɲ�ɴʌɸʀʏɸ�ʏɻ�ʅɹɶɿ-

ʍʏɻ�ʏɿʅɼ�ʏʉʐ�ʅɹʏʌʉʐ� z z1 2- .
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