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KE®AAAIO 4
IIOAYQNYMA - IIOAYQNYMIKEYX EEIXQYXEIX

§ 4.1 Illohvdvopa
A" OMAAAX

15

OL maQaoTdoelg -X*+1 xaw -x*30’x-3ax™ 0’ eivor TOAGVIRA TOV

X,EVM Ol TOPAGTAGELS X + % kot x*—2x"? +4x — 1 Sev eivar moludvupa

TOU X.

) PX)+Qx)=x>—5x+2+x +3x+1
=x+x?—2x+3

i) 2P(x) —3Q(x) =2(x>=5x+2) = 3(x*+3x+1)
=2x>—10x+4—-3x*-9x -3
=—3x*+2x*—19x + 1

iii) Px) - Qx)=(x*=5x+2)(x* +3x+1)
=x=5x*+ 2x3 4+ 3x* — 15x 2+ 6x + x> = 5x + 2
=x=5x*+5x3 - 14x2 +x+2

iv) [P(x)]*=(x*—5x+2)* ;
=x*+25x2+4 - 10x> + 4x> - 20x
=x*—10x" +29x* - 20x + 4.

. T va givarl 1o P(x) to undevikd moAvdvupo apkei

4 —pn=0 «xat M—%:O Kot  —2p+1=0

H xown pila tov eE16MGE®V ALTOV ElVOL L = > Enopévmg to P(x) eivat

TO UNSEVIKO TOALDOVLULO AV W= 5

. Amd tov opiopd G 160TNTAG VO TOALOVOUMY APKEL

a’—30=-2 kot l=0? kat a’—1=0«kata=11

a’=3a+2=0«kot a’—1=0 kot a’—1=0 ko1 a=1.
H kown piCa avtov eival a =1, wov eivar n {ntoduevn Tipn tov a.

. i) JEyoupe

® P(-1)=2(- 1)}=3(-1)2+2(-1)+7=-2-3-2+7=0, ondéte 10 —1
gival piCa tov P(x).

® P(1)=2-1°-3-1°+2-1+7=8, ondte 10 | Sev givar pila tov P(x).
ii) Opoiwg éyovpe

® Q(—1=—(=1*+1=—-1+1=0, ondte 10 — 1 givar pila Tov Q(x).
® Q()=—-1"+1=—-1+1=0, ondte t0 | givon pila oL Q(X).

® Q(3)=—3*+1=—80+0, ondte 10 3 dev givan pila Tov Q(x).

6. [ va givor to 2 pila tou P (X) apkel

PQ)=0 o 2°-k-224+5-2+k=0
o —-3k+18=0
o 3k=18
o k=6
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7. "Eyoupe
P(-1)=1 o S5(-1)*+3a(-D+a’=2=1
& o’=3a+2=0
e oa=1Ma=2.

B OMAAAX

1. "Eyouvpe f(x)=ox(x+ D+ px+y=oux"+(a+P)x+y
T va madpver 1o 3X°—=7x+ 35 ) nopey ax’+ (a +B)x +y apkel ta dvo
OLTA ToAvmvupd va eival (6u. Autd onuaivel 0Tt

a=3, a+p=-7 ko y=5, ondte
u=3, B=-10 kot y=5

2. To —2 givar pila tov P(x) av xu1 pédvo av
P(-2)=0 & 3(-2)'+a(-2) +B(-2)-6=0

o —-24+40-2p-6=0
o 40-2=30
o 20-pB=15 ()]
To 3 eivat piCa touv P(x) uovo av
P3)=0 & 3-3'+0-3"+p-3-6=0
o 81+9%u+3p-6=0
o 27+3a+p-2=0
e 3a+pB=-25 2)

And Tig (1) kat (2) Bpiokovpe o= -2, B=-19

3. To 1 givar piCa Tov P(X) av xat pévo av
P(1)=0 o 2+A+u+6=0
& At+u=-38 (N

Axoun
P(-2)=-12 & 2= +M-2)"+u(-2)+6=-12
o —16+4A-2u+6=-12
= dh-2u= -2
e 2h-u=-1 (2)
Amo (1) xat (2) maipvoupe 2= -3 Kol p=—3.

4. To moAvwvouo P(X) ypdpeta
P(x)=AOA —Hx '+ (92" —Hx —(3r—-2)
=XBA-2)Br+2)x + (31 =2)31+2)x—(3x-2)
AW KPIVOLLE TIG TEPIMTWGELS:

. .2 X 2 . )
i) AvA#0 ko A# 3 KOLA# — R 107€ 0 PabLodg Tov moAvwVOIOL P(x)
givat 3.

ii) AvA=0, 1618 P(x) = —4x + 2 ka1 0 Babpog tov molvwvopov givor 1.
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iii) Av A= %, téte P(x) =0, givor SnAadt 1o pndevikd molvdvopo
Kat dev €xel fabpuo.

2
iv) Avi=— 3 téte P(x) =4, eivar dnAadn éva otabepd moAvdVLLO

Kl EMOREVOG ExEl Babud undév.

. Elvar @avepo 011 o Babudc tov P(x) eivon 2.
"Eoto P(x)=ax’+Bx +7y. Téte éxovue:
2x+ )(ox>+Bx +7) =2x> - 9x? — 3x + 1

& 20X +2Bx2 4+ 2yx+ ox +Bx+y=2x>—9x*—3x+1
e 20X+ 2B+ o)x 4+ Qy+PB)x+y=2x>-9x>—3x+1
s 20=2, 2+a=-9, 2y+B=-3 xu y=1
s a=1, pB=-5y=1

Eivon emopévag P(x)=x>—5x+ 1.

§ 4.2 Awipeon Ilolvovopov
A" OMAAAX

1

i) 3x +6x7—17x+20

—3x3—9x2

—3x*—17x+20

+3x2+9x

—8x+20
8x +24

44

x+3

3x*—3x—8

Enopévag 3x° +6x>—17x +20=(x + 3)(3x>—3x — 8) + 44

i) x* —-81| x-3
—x*+3x° X3+ 3%+ 9x +27
3x°? —-81
=3x3+9x°

9x2 -8l

—9x%4+27x
27x —81
—27x + 81
0
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Enopévog x*— 81 = (x — 3)(x> + 3x*+ 9x + 27).

i) 24x° +20x* — 16x> ~15 | 6x2+5
—24x° -20x* o 8
3
—16x? ~15
8
2 L
16x +5 3
_3
3
4 5 3 2 2 3 8 5
Emopévag 24x°+20x7 — 165~ 15 =(6x* +5)(4x’ — ) = 5
V) 2xt+4x’—SxP+3x—2 | x242x—3
—2x*—4x* + 6x* 2x%+1
x*+3x-2
—x2=2x+3
x+1

Enopéveg 2x* +4x° — 5x2+3x — 2= (x2 4+ 2x = 3)2x*+ 1) +x + 1

v) Eivar (x—1)*=x*-3x*+3x—1 ondte

4

x> —3x2+3x—1

X
—x*4+3x°—3x*+x x+3
3x3—-3x2+x
—3x°4+9x*—9x+3
6x>—8x+3

Enopévag x*= (x> —3x2+3x— 1)(x +3) +6x>—8x+3
=(x-1)3x+3)+6x>—8x+3

vi) X +7(|x3-1
—x°+x? x?
x? +7

Emopévog x°+7=x>— Dx*+x*+7
2. 'Eoto P(x)=18x¥—6x"+4x*—2. Téte 10 LEOAOWTO NG Sraipeong
givaw v=P(-1)=18-6+4-2=14
3. To x—1 givan mapdyovtag tov g(x) av kot poévo av to 1 givor piCa Tou
g(x), dnAadn povo av
g(1)=0 & k?+3k—4=0
& k=1 1 k=-4
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4. i) Me 1o oynua Horner £€xouvue

—11 0 | 75 |-250] p=-10
//
10 {—100f 250
—1{10 |-25) O
Enouévng 10 mnAiko xat

nx)= —x"+10x—-25

TO UTOAOLTO NG

Kat v=0 «aVvTioTolYmS.
ii) Opoimg éyovue
1 0 0 ||512 p=-8
-8 64 ||-512
i -8 641 O
Emopévme 1o mMAIKO KOl TO UROAOITO TNG

T(x)=x"—8x+64 Kol v=0 aVTIGTOIYMS.

iii) Opoiwg €youvpe

1

7

1

[89)

Enouévwg to mniiko xot

nx)=x"+x +x7+x+1

TO ULTOAOIMO NG

V=2 OVTIGTOIXWS.

Kat
iv) Opolwg €yovpe
-310 0 0 0 p=2
-6 |—12|—-24||—48
-3 -6 |—12|—-24|[—48

draipeong eival

Swaipeong eival

Sdwaipeong eivan
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0 vnoiotmo ¢ Swaipeons eivar

Enopéverg 10 mMAIKO KUl
nx)=—3x'—6x"—12x-24 Kat v=—48 avTIcTOiYWS.

v) Opoiwg éxovpe

4 16 | -23||—15

/—2 -7 15

4 14 | =30l O

Enouévmg 10 mniixo katl o vorowmo ¢ daipeong sivat
T(x)=4x"+14x-30 kot v=0 VTIGTOIYOS.
5. To oynua touv Horner yta to P(x) Kat yia p= — 11 Siveu:

—2 =2 =1 {2409 p= —11

% 22 |-220i 2431
-2 | 20 |—221j{ 4840

Enonévoe P(—11)=4840.

6. i) Ta p=—3 éyovue

1| o |-2500 [l144] p=-3

-31 9 | 48

1 | -3]-16f{48 || O

Aniady P(—-3)=0. Eropévms to x+ 3 elvar mupdyovtag touv P(x).

1
ii) T p= T €YOLUE

16 | =81 9 14 -4 p=1/4

7/ 4 | -1 2 4

16 | -4 8 16 || 0

1 . 1 , .
Aniodn P(j)zo, EMOUEVOIS TO - X — - Elval TapdyovTag Tov P(x).
iii) o p=1 +3 Eyovpe
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1 —3 0 2 | p=14++/3
/ 1+43 | 1=4/3 || =2
1| —2+V3 | 1=v3 || o

Aniadn P +\/3_)=0, gnopuévwg to X —1 —\/5 glval Tapdyovtog
Tov P(x).

7. Oswpovpe Ta x'—y" KoL X +y G ToOALOVLLA TOL X. Av P(X)=x"—y", 16-
1€ i p= —y maipvoovpe: P(p)=P(-y)=(-y)"' -y '=y"—y"=0, apo? v
dptiog. Emopéveg 10 x —p=x+y elvar mtapdyoviag tov Px)=x"—y".

8. i) 'Eyoupe P(p)=4p*+7p>+12>0, yia kdBe pelR. Enopévwe P(p) #0
yia kG0 pelIR, mov onpaivel 6t to P(x) Sev éxer mpaypatiky pilo 1 ak-
Mg to P(x) dev éxel mapdyovia NG LOpONG X —p.

ii) T x40 pelR éxovne Q(p)= —5p°—3p*—4<0. Enonévog Q(p)#0
yia k60e pelR, mov onpaivel 6Tt to Q(X) Sev £xel TAPAYOVTA TNG LOPPTIC
X—p.

9. 'Ecto P(x)=x"+1, 16018 P(—1)=(—-1)"+1=—=1+1=0 a@ob o v givar
TEPLTTOG PLOIKOG. AVTO onpaivel OTL OTOV TO V Eival TEPLTTOG, TOTE TO
x+ 1 givar mapdyovtag tov x '+ 1.

To oxnpo Horner pe duupetéog 1o x*+1 kon Srupgtn 1o x+1 Sivew

1.0 0 0 0 1 p=-—1

/ -1 1 o s 1 =31

1 -1 1 =1 Neee 1 0

Enopévog 10 mnAiko tng Swaipsong (x'+1):(x+1) eivar 7o
nxX)=x"'=x""24+x"~ ... +1 evd T0 vVIOLOTO Eivar L=0.
Télog M TOLTOTNTA TNG daipeong ypdpeTal

X' Fl=+DE x4 x T -+ D)

10. iii) Oewpovpe SlopeTEO KL SLAPETN HWC TOAVMVULLE TOV X KUl KAVOU
ue ™n dwipeon:
3x*—20x—8a? | x—2a
—3x%+ 60x [3x +4a
4ax —8a’
—4ox + 8a’
0
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ii) Oswpolue drapeTéo Kat SLaPETn WG TOAVDVLLLA TOV X, KO KAVOL-
pe ™ dwaipeon:

+oax?-ax—o} | x+a

—x’—ox’ x’—a?
-a’x—a’
a’x+a’
0
B OMAAAX

1. Av 10 v givan Tapdyovtog tov p, dniadn p=pv, pelN, t61e €xovue
t—at=x"—a?=(x")"-(a")’
= =) [x)P T H) (@)
=(x'—a)x"CV+x"C 0" + 4+ a7,
Enopévog 1o x* —a* Swapeiton pe to x'—a’.

2. i) 'Eoto n(x) 10 tnAiko koi vb(x) To vTOAoTO TNG draipeong
P(x): (ax+B).
Tote éxovpe
P(x) = (ax + B)m(x) + v(x)
Eneidn o Stapétng ax + B givar 1ov faburov to vmorowro Ba eivar éva ota-
Bepd moAlvawvupo. ‘Ectw v(x) =v. Tdte €yovpe:
P(x)=(ax+B)n(x)+v

T x= —% TaipVOLUE
p p p B
P(— 'E)Z(—GE-FB)R(——Q“)-{-U@UZP(—-&‘)
i) To moAvdvopo P(x)=ax>+p Swupeiton pe 10 ax+p av kKot pévo av
p By
U=P(—E)=O & a(—;) +B=0.
& - % +B=0
s —B*+a’p=0
& B*-pH=0
o B=0 1 o’=p’
e B=0 1 a=p 4 o=-P

3. Tw 10 P(x) xa1 yio p=1 éyovpe.
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2 | -4 1 =210

ondte p(x)=(x — 1)(2x° —4x? +x - 2).
[ 10 () =2x"—4x>+ X —2 K1 Yo p=2 £XOUVUE

ondte n(x)=(x—2)(2x*+ 1). "Etot éyouvpe P(x) = (x— )(x —2)(2x*+ 1). Av-
16 onpaivel 611 1o P(x) Sranpeitar pe 1o (x — 1)(x —2) Kat 1o TAiko ¢
Swaipeomg eivarl to 2x%+ 1.

4. ‘Eyxovpe 2x° +3x+x=x(2x* +3x+ 1) =2x(x + 1)(x+ %)
T o moAvdvupo P(x) sivat:
® PO)=0+1)¥-0"-2-0—-1=1-1=0, ondte 10 x—0=x givar na-
payovtag touv P(x).
@ P(-D=(-1+D¥=(-D¥-2(-1)-1=-142-1=0, ondte 10
x+1 elvol mapdyovtog tov P(x).

o P D)=(- 4 ) (- - )

:(—%)2\‘—(%)2\# 1—1=0, ondTE KUl TO X + % elvat mapd-

yovtac Touv P(x).

5. T vo. givon to (x— 1) mapdyovrtag tov P(x) apkel 1o (x— 1) va givor o
payovtag kot Tov P{x) kot Tov mAikov n(x) tng Swaipeong P(x): (x — 1}
dnAadi apkel P(1)=0 ka1 n(1)=0. "Exovue Aowmdv

P()=0 & a+B+1=0 PB=-1-a.(l)
To P(x) t6te ypdpeton
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Px)=ax""'—(1+a)x'+1
=ax""'—oax —x"+1
=ux'x—-1)—(x"—1)
=ox'X—D—-x=DE " +x" 2+ +x+1)

=x—Dax'—x""'=x""2— ... —x—1)
‘Etot eivor m(x)=ax'—x""'— ... —x—1 kot emopévag
1)=0 & a-1-1—-...—-1-1=02 a-v=0 & a=v.

Téte, MOY® ™¢ (1), eivar B=—1—v.

§ 4.3 Iohvovopikéc E&l6dog1g Kal AVicdoglg

A" OMAAAX

1. Kobeprd and tig eEiomoeig dadoyikd ypageTaL:
) Sx*-6x’=0 & x*5x*-6)=0

o x=0 1§ x=V6/5 1 x=-6/5.

i) x*+2x7-9x-18=0 & x*(x+2)—-9(x+2)=0
(x+2)(x>=9)=0
x+2)(x-3)x+3)=0
X=—-2 1 x=3 1 x=-3
3x°+5x*-3x*-5x*=0
3IxI=-1)+5x4(x*=1)=0
(%2 -=1)(3Bx+5)=0

i) 3x°+5x*=3x%+5x%2

TTC g1

exXx=00@mmM)Mx=11x=-11%=-

x-2%=0

x3-23)x}+2%=0
x=2)(xX*+2x+ A +2)(x*—2x+4)=0

x=2 N x=-2

apol T TpIdVLRE X1 +2x+4 kol x7—2x+4 Sev éyouv pilec.

iv) X*-64=0

tg30¢e

v) x*+x7-2=0 & x*+x*-1-1=0
& E-DEI+x+D+E-DE+1)=0
& (x-DE242x+2)=0
e x=1,
a@ov TO TPIdVLRO X+ 2x +2 Sev éyet pilec.

vi)  X’-7x+6=0 o x’—x—6x+6=0
xx*-1)—-6(x—-1)=0
xx—Dx+1D)—-6(x-1)=0
x=1Dx*+x—-6)=0
x—Dx-2)x+3)=0
x=1 1 x=2 11 x=-3.

tsoee

3
3
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vii)

viii)

ix)

X)

x+1D)’+1=0 & x+1)’=-1 x+1=-1 = x=-2

163x +2)(1 - x)2— 3x+2)(1—x)*=0
o Bx+2)(1-%)[76x+2)-(1-x%)]=0
e (Bx+2)(x—1)*(22x+13)=0
2, , 13
@x=-= 1 x=1 1 X=-——>
x}+8=7(x>+5x +6) +9x*>— 36
o X+2)E1-2Xx+4)=Tx+2)(x+3)+9(x —2)(x+2)
& (x+2)[x*—2x+4-7x—21-9x+18] =0
o (x+2)(x*—18x+1)=0_ _
o x=-2 1§ x=9+4V5 1 x=9-45.

x'-3x°+6x-4=0 & x*'-22-3x(x*-2)=0
s X*-2)x*+2)-3xx*-2)=0
& x*-2)(x*-3x+2)=0
o &~V 2)x+ 2 )x-1)x-2)=0
o x=12 ul x= -2 N x=1 1 x=2

2. i) O1 mBavég axépateg pileg g eEicwong givar o1 drapéteg =1, +£2
Tov 6Tabepov Gpov 2. Me to oo Horner yio p=1 ka1 p= — 1 Bpickov-
ne P()=1#0kar P(-1)=-3 -%0, onote ot 1 ko — 1 Sev eivan pilec tng
eglomang, evad Yo p=2 EYOVUE:

1 {-3]11]2 p=2

/2 -2 =2

1 -1{-110

Eivor dniadi P(2)=0, ondte 10 2 givan pila g e&icmong.
Télog yio p= —2 Bpiokovue P(—2)=20+0, ondte To —2 Sev eivar pile
™m¢ eficwong.

Enopévog n povn axépata pila g eéicwong givat 1o 2.

ii) Ov mbavég aképaieg pileg tng e€icwong sivar =1, £2, +4.

Me to oyxfua Horner yia p=1 €yovpue
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Anladn to 1 givar pila tng e&icwong. Enopévmg n e&icwon ypdopetat:
x—DEx*+11x-4)=0 o x—-1=0 A 3x*+11x—4=0

& x=1 1M x=—-4 1 x=%
Enopévog o1 axépateg pileg eivar ot 1 ko —4.
iii) O mbavég axépaieg pileg eivar: =1, £2, £3, +£4, £6, =12. Me 10
oxnfpro tov Horner Bpiokovpe dtiot +£1, 2 dev eivan pileg, evo yio p= —2
710 oynua tov Horner diveu:

1 0 |-10[-12| p=-2

-21 4 12

1 | -2|-6] 0

Anrodi to —2 givon pila g eicwone. Eropévmg n e&icwon ypdeetot:
(x+2) - (x*-2x—-6)=0 & x+2=0 1 x’-2x-6=0

o x=-2 1 x=1-v7 1 x=1+7.
Enopévog n povn aképata pio eivor 1o —2.

iv) O mbavéc axépaieg pileg eivar +1, +£2, +£3, +£6. Eneidn dpwg ot
sLVTEAECTEG TNG e&lowaong elval 6Aot BeTikol, ol BeTikég pileg amokAgiov-
rat. T 1o Adyo avtd doxipdalovpe povo yia apvntikég pilec. To oxynpa
Horner ywo p= —1 diveu

Yoot
&)
2
=)
©
Il
|
—

Aniadn to — lelvoun piCa g eEicwong. Emouévmg n e€lcmon ypdopetot:
X+ DE+x+6)=0 o x+1=0, [apod 10 x*+x+6 &xst A= —23<0]
s x=-1.
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Enopévag n pévn aképaia pifa g eéicwong eivar to — 1.

3. i) Ov mbBavég oaxépaieg pilec eivar x£1, +2. Av 08covpe
P(x)=x*+3x—-2, 0a givat P(1)=2+0, P(—1)= —4%#0, P(2)=20+#0 ku
P(—2)=8+0. Enopévag n e&icwon dev éxel axépaieg pilec.

ii) Ov mboavéc axépateg pileg eivar: =1, +5. Av 0B&covue
P(x)=2x*-3x+6x>—24x+5 ko1 vroAroyicovpe ta P(1), P(—1), P(5),
P(-35), Bpiokovue 0Tt kavéva and avtd dev eival undév. Avtd onpaivel
ot n e&iowon dev €xel aképaieg pilec.

4. 1) 'Eyovpe: N
-2—3x20@223x@3x§2@x§’?.

X ox-2>0 x+1)x-2)>0ex<-1 § x>2.

exX’-x+1>0exeR (apod A=1-4=-3<0).
2
X —00 -1 5 2 +00

2-3x + + 0 = =
xP—-x-2 + 0 - - 0 +
Xt —x+1 + + + +

P(x) + 0 = 0 3k 0 -
ii) Eyovpe:

e X+4>0e2x"-4<0 X +2)(x-2)<0-2<x<2.
X -3x+2>0e (x-DNEx-2)20x<1 { x>2

exX’+x+1>0xe R (apod A=-3<0).

x —00 -2 1 2 +00
-x’+4 - 0 + + S
x*=3x+2 + + 0 - 0 +
xF+x+1 + + + +
Q) -0 + 0 - o0 -

5. i) Eotm P(x) = (x — 1)(x* + 2) (x> — 9). Eyovpe:
x—1>20ex>1.
X +t2>0oxeR.

X’-9>0o x+3)(x-3)>0x<-3 7| x>3.
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x —o0 -3 1 3 +00
x—1 - - 0+ +
X +2 + + + +
x*-9 + 0 - - +
P(x) - 0 + 0 - 0 +

Apa (x— (x> +2)(x*~9) >0 <> x e (-3, 1) U (3, +o0).

6. i) ‘Eyovpue
X+ 2x243x+6>0 & x*(x+2)+3(x+2)>0
o X+2)(x*+3)>0
& Xx+2>0, agod x*+3>0 10 kébe xelR
& x> =2,

ii) O1 mbavéc axépaieg pileg TOL TOALWVVLOV
P(x)=x*—6x*+22x>—30x+ 13 givar +1, +13.  Me 70 oxrjpa Horner
yio p=1 €xovpe

1 -6 22 |-30( 13 p=1

1 -5117 |-13

1 -5117 |-13] 0

oméTte P(x) = (x — 1)(x* = 5x*+ 17x — 13).
Opoimg ya To roAvdvupo m(x)=x>=5x*+ 17x — 13 kot yia p=1 €xovpe:

1 | =517 [-13] p=1

1 -4 113

1 -41 13 0

omdte m(x) = (x— 1)(x*—4x + 13) ka1 n avicwon ypdeeTot:

x—1)x*-4x+13)<0 & (x—1)?<0, [apov x2—4x+13>0]
& x=1.

"Apa 1 avicwon €xel povadikn Avon tny x=1.
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iii) "Eyovpe
x*-3x+2<0 & x*—x-2x+2<0
s x(x*-1)-2x-1)<0
e (x-Dxx+1)-2/<0
e (x-DE+x-2)<0
s x=1)*(x+2)<0
o x+2<0, [apod (x—1)>>0 yo k6Be xeIR, pe x#1]
e x< -2.

iv) Av gpyoactobpe pe to oxnuo tov Horner yia p= —1 Bpiokovpe:

1| -1] 1 |-3]-6]|p=-1

-1]1 2 |-=-3]6

1 -2 3 |-6]0

OTOTE N OVICWON YPAPETOL
(x+ D =2xT+3x—-6) =0
& (x+D[x(x-2)+3(x-2)] =0
e X+ DE=-2)x*+3)=0
o (x+Dx-2)>0, |apoy x*+3>0 yia ke xelR|.
e x< -1 x=22.

7.1) Ta onpela toung éxouvv wg teTunuéveg t1g pileg g etlowong
3x*—=3x?=5x-2=0.

Ovmbavég axépaieg pileg g e&icmwong elval +1, 2. Me to oynpa Hor-

ner Bpiokovpe Ot f(1)#0, f(—1)#0, eved yia p=2 €yovue

3 =3 -5]=2 p=2

6 6 2

3 3 1 0

ondte f(x)=(x—2)(3x>+3x+1). To TpudVLRO dpwg 3x7+3x+1 Sev é-
Y&l pilec ondte N ypoikn mapdotacn e f TEUVEL TOV X' X GTO onuElo
2, 0).
ii) ‘'Onwg kot otny mepintmon iapkel va Adcovpe v e&icmar
4x* - 3x—1=0. Avtq Sradoyikd ypdpeTal:
3 =3x4+x—1=0 & 3IxE-D+E-DHE+x+1)=0

& x-D[B3x+3x+x7+x+1]=0

e (x-D@Ex’+4x+1)=0

& (x-DEx+1)’=0

sx=1 1 x=~% (SuThi)
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Enopévae n ypagikn mapdotacn g g Téuvel Tov X' X ota onueia (1,0)
Kou EQATTETOL aVTOY 0TO ompeio (- %, 0)

8. Apkel va Bpodue ta xelR yia Ta omoia 16yveL
=5 +3x7+x<0 & x(x'-5x2+3x+1)<0
& x(x’-x*=3x’+3x-x2+1)<0
e x[x*x-1)-3xx-1)—x-1)x+1)] <0
& xx-DE*-4x-1)<0 B
o xx-1)x-2-vV5)x-2+5)<0
Amd v tekevtaio Bpiokovpe To oyxfua:

777, 7777,

Z »

N\

X

2 +Vs s

(9]
|
(=]

Enouévmg ot M’)Gslg gival Oha T X, pe 2—\/5_<X<0 | 1<x<2+\/5_.

9. i) Av Béoovue x*=y n eticwon yiveton y>— 15y —16=0 ko éyer pileg

y, =16 xor y,= — 1.
Enouévog:

® I'a'y = 16 éxovpe x* = 16 & x= + 2

® I'a y=—1 &yovue x*= —1, mov eivar advvorn.

ii) Av Bécovpe (x—1)’=y n eticwon yivetar y* =9y +8=0 xar éyel pi-
Ceg y,=1 xar y,=8.

Enouévoc:

@ [Na y=1 éyovpe (x—1)°=1 & x—1=1 & x=2

@ o y=8 éyovpe (x—1)°=8 & x—1=2 o x=3

iii) Av v x# —1 Béoovue =y n ekicwon yivetal 6y>+ 5y —6=0

x+1

, , 3 2 , Ry
Ko €xe pileg y, = — 5 Kol y,= ER Enopévmg n apyikn eEiowon
YPOQETUL:
x .3 x 2
x+1 2 ' x+l 3

< 2x=-3x-3 1 3x=2x+2

& X=-— N x=2

f(0)=-3<0

10. Ecto f(x)=x>+5x—-3 Tote i
f(1)=3>0

‘Ao m eElowon éxeL wa TovAdxLotov pita oto didotnua (0,1)
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YrnoloyiCouvpe Tig Tipég £(0,1), £(0,2),...,£(0,9) ka1 Bpickovue:

f(0,5)= —0,375<0
£(0,6)=0,216>0

‘Apa 1 g€icwon €xel pia pila oto didotnua (0,5, 0,6)
Ouoimg g Twnée £(0,51), £(0,52), ... £(0,59) kot Bpioxovps:
{f(0,56): -0,03<0
£(0,57)~0,03 >0

"Apa n e&iowon €xel pua pila oto Sdotnpa (0,56, 0,57). Elvatr dnhadn
0,56<p<0,57 xaw dpo. p=0,6.

B OMAAAX

1. i) Av moAllamiacidoovpe pe 10 Bpiokovue tnv oodvvapn eéicwon
x> +5%*4+2x —8=0 1 omofo £xel aképaiovg ouvterestéc. Ot mBavig a-
képaueg pilec givar =1, =2, +4, +£8. Me 1o oynua Horner £xovue:

1 {5 |2 |-8] p=1

1 6 8

1 6 8 0

ondte M eliowon ypapeTol:
(x—DE*+6x+8)=0

ko €xel pileg x; =1, X,= -2, x;= —4.

if) Av moAlomAlacidcovpe HeE T0 6 Bpiokovpe TV 160dVvaun e&icwaon
6x* —5x*—44x + 15 =0 O mbBavég axépaieg pilec g sticwong eivar =1,
+3, £5, x£15.

Me v Bonfewa tov oynpatog Horner Bpickovpe 61t to 3 givar pila tng
efiomong. Zuykekpipuéva EYOVUE:

18 | 39 |15




118 N ZEIZ TON AZKHZEON - KEQAAAIO 4

onote 1 e&lowon ypdeeTal
(x—=3)(6x*+13x—5)=0
®oL €xeL piteg x, = 3, X, = 2,5, X, = %
2. To P(x) éxel mopdyovta 10 x+ 1, av kot pévo av
P(-1)=0 & (=D*+a(=1D*+B(-1)>—=16(-1)—-12=0
e l1-a+pf+16-12=0
e a—p=5 (1)
To P(x) €xel mapdyovta To X—2, 0V Kol HOVO oV
P2)=0 & 2*+a-2°+B-2°-16-2-12=0
o 16+8a+4p—-32—-12=0
o 8ua+4p-28=0
s 20+B=7 2)
Ano tig (1) xoat (2) maipvovpe a=4 xar B=-1, onodte
P(x)=x*+4x’—x*—16x—12
Me 1o oynuo Horner yio p= —1 maipvoupe

1| 4 | —1]-16/-12] p=-1

-1|-3| 4 12

1 3 | -4(-121 0

onote P(x) = (x+ D>+ 3x—4x — 12)
Opoiwg pe to oxfipo Horner yio 1o molvdvopo x '+ 3x” —4x — 12 kot yo
p =2 maipvoupe:

1 3 -4 1-12 p=2

2 10 | 12

1 5 6 0

omdTe X*+3x2—4x— 12 =(x —2)(x*+ 5x + 6), ka1 dpa
Px)=(x+1x—-2)(x*+5x+6) ko n e&icwon P(x)=0 6a éxe pileg
x=-1, x=2, x=-2 xua X=-3.
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3. Ou duvartég axképaieg pileg sivar =1, £3.
INo x=1 éyovpe 1 -1+k+3=0 & k= -3.
Ta x=—1éyxovpe —1-1-k+3=0 & k=1
[Na x=3 éyoovpe 27-9+3k+3=0 & k=-7
INa x= -3 éyovpe —27-9-3k+3=0 & k=—-11
Enopévmg ot Tipég tov k eivar —3, 1, —7, —11.

4. Ov mBavég aképaieg pileg elvor =1, +2.
1

Ftax=1éxovuel+2X-2=0<=vk=2

¢ Z, omote 10 1 dev eivar

piCa g eElowonc.

oV VvV 4pTioq
INo x=—1 éyovpe (—=1)"-21-2=0 &

50
3 .
> OV Vv mepitTdg
Sniadi Ag Z , ondte to0 — 1 Bev eivar pila.

Avdloyo anodsikvioupe 6tL ot —2 kat 2 dev sival pileg. Emopévag n &-
Elowon dev €xel aképaieg piles.

5. To x—1 givatl mapdyovrtag tov P(x) av kKot pévo av
P(1)=0 & 1—-5-10+k=0 © k—14=0 & k=14.
Ia v Tipq avty tov k eivat: P(x)=x°—5x*—10x? + 14.
Av 8écovpe x*=y Bpickouvue 1o ToAvdVLRO Q(Y) =y’ — Sy>— 10y + 14 Y
10 onoio and 1o oxfua Horner, yia p=1 naipvoupue:

1 | -5|-10] 14 p=1
/ 1 | -4|-14

1 | -4f-14] 0

ométe Q(y)=(y— DN(y*—4y—14) ko dpa
P(x)=(x>— 1)(x*—4x? = 14) = (x — D(x + {x "' - dx* — 14).
Enopévog:
Px)=0 & (x—DE+Dx'—4x*~14)=0
o x=1fx=—-19x*-4x'—14=0
Av Béoovpe x?=m n teAsvtaia ebicmon yiveton o’ —4m — 14 =0 kot £xgt
pilec , =2+3V2 xat (9222—3\/3. -
And autég dexTn eival povo n BeTikn 2+3\/2, OmOTE

X2=2+32 o x=V2+3v2 f x=-V2+3/2 .
‘mouévmg ot pileg g apyiknic eicwong eivat:

1, -1, -V2+3v2 , V2432
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6. O 6ykog Tov kouToL Ba eivar V = (9 — 2x)(5 — 2x)X, ondte &yxovue TNV e&i-
ocwomn (9—2x)(5 —2x)x =21 mov ypdapeTal 160dVVOLA WG EENG:
4x3—28x*+45x—21=0
O mBavég axépaieg pileg eivar +1, +£3, +7, £21. To oyiua Horner
vy p=1 diver

4 |-28[ 45 [-21] p=1

4 |-24] 21

4 |-24|21 | 0

ondte N e&iocwon ypdeeTat:

(x—1)(4x*—24x+21)=0
Kot €xel povadikn axképoaia piCa 1o 1. Emopévoe x=1dm ot ot Staotd-
GEIC TOL KOLTLOY givon 3, 7, 1

7. "Eyxovpe
3t44+2t° =300t —200=0 & t3(3t+2)—100(3t+2)=0
s (Bt+2)(t*-100)=0

& t=—% 1 t*=100

2
e t=—=3 1 t=N'100 .
2 .
H pila — 3 dev eivan dektn apov mpémel t =0. Enopévac t=v100 .

Mapatnpodue 611 64= 4° < 100< 5° =125
97,3~(4,6)° < 100 < (4,7)° ~103,8
99,8~~(4,64)° < 100 < (4,65)* ~100,5

ATé Ta Tapandve cvpmepaivoupe 6Tt t=V 100 ~4,6 ondte n uéytcfn

GLYKEVTPWOT] Eival:

3-(4,6)°+4,6 68,08
100+ 50 T 150

(C= ~0,45
8. O éykog Tov Simhovod oyfurotog gival icog pe x*(x+ 1)em’. Enedn o
dykog avtdg eival {cog pe 36cm? éyovpe:
X(x+1)=36 o x*+x*-36=0
x3-27+x*-9=0
x=3)x*+3x+9)+(x=3)(x+3)=0
x-3)(x*+4x+12)=0
x—3=0, apod 1o x*>+4x+ 12 Sev éyer pilec.
x=3m.

1 A A
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9.

10.

11.

To naydpovvo AMmvetl tedeimg étav yivet V=0. I'a va fpodue emouévmg
LeTd mdoo xpovo Ba Mmoel, apkel va Adoovpe Tnv e&iocwon
5007
3

(2000 — 100V +20v*—v)=0 & v>—20v2+100v—2000=0

& vi(v—20)+100(v—20)=0
& (v—-20)(v2+100)=0
& v=20 nuépsc.
H pndpo Ba enavérbel otny apyiki} Tng 0€on dtav to d yiver undév. Ap-
kel Aowmdv va. Aboovpe v e€icmon
15t(t°—6t—9)=0 & t=0 1 t’—6t—9=0
H piCa t=0 avtictoryel otn oTiyun g npéov’cpoucng, omoTE 0 XPOVOG
nov {ntdpe Ba sivar pila ¢ e&icwong
t’—6t-9=0 & t’—-9t+3t—9=0
o tt*—-9)+3(t—3)=0
e (t-3)(t*+3t+3)=0
& t=3sec, apod n t2+3t+3=0 Sev éyet pilec.

TTpénel
y+4x<108 o x’y=11664,
ondéte  y= 11)(6264 Kot 11)(6264 +4x < 108.

H avicwon ypdeetat:

4x3 —108x*+ 11664 <0 x*—27x*+2916<0

x> —18x*—9x?+18-162<0
x2(x—18)—9(x>—324)<0
x2(x—18) —9(x — 18)(x + 18) <0
(x—18)(x*—9x—162)<0
x—18)(x+9)<0

x=18 1 x+9<0

x=18 1 x< -9

AN

H x< —9 dev 1oyvet agot x BeTikd, dpa Xx=18cm, ondte

11664
=187 36cm
i) ‘'Eotw y=Ax+p n e&icwon g evbeiag. Enedn 1o A(l,2) xat
1
B(?, = %) aviikovv otnyv gvbeia avth, £XOVHE:

1 1
2=A+B k1 ——==A=+B © B+A=2 xar 2B+Ai=-1
2 2
e A=5 ko B=-3.
Enopévog n egicwon g gvbelag givar y=5x —3.
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ii) Ta onueia Toung t®v VO ypauu®yV, GTOTELOLY TN AUGT TOL GL-
CTNHOTOG

y=x'+x2 X +x?=5x-3
o

y=5x—-3 y=5x—3

Enouévmg ta X Towv onueimv toung enainbsvovy v e&icwon
*+x?=5x-3 o x'+x'-5x+3=0.
iii) Me to oynua Horner éyovpe:
X+x7=5x+3=0 & x-DE+2x-3)=0
& x=1 |8 pilal 4 x=—3.
lNo x= -3 naipvoope y=5(—3)—3= —18. Enopuévmg ot GLVTETAYE-
veg tov I eivar (—3, —18).

13. @) H e&iomwon tov mpoPAnuatog eival
XX+ D(x+2)=200 & x +3x7+2x-200=0 (Iml = lem™)

‘Eoto f(x)=x"+3x?+2x —200.

f(4)=-80<0
Tore: { "Apa 4<x<5.
f(5)=10>0
f(4,9)= -0,52<0
Eniong { . TApa 4,9<x<5
f(5)=10>0

f(4,90)= —0,52<0
Kol . "Apa 4,90<x<4,91

(4,91)=0,52>0

Enopévog x=4,9cm =49mm.

B) H etiowon tov mpoPAinpatoc eivor

=318  (1lit=1000cm")

) . , 1000
nr(r+10)=1000 & r’+10r"= -

= r’+10r’-318=0
‘Eotw  f(r)=r"+10r"—318.
f(d)= —94<0
Tot {

"Apu 4<1r<5
f(5) =57 >0

f(4,6)= —9,07<0
Eniong { . TApa 4,6<r<4,7
£(4,7)=6,72>0
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f(4,65)=—1,24<0

Kot . "Apa 4,65<1r<4,66
f(4,66)=0,34>0

Enopévog r=4,7cm=47mm

y) H eticmon tov npoPfAnipatog eivat
—13—(h+5)2h=250 & (h?+10h+25)h =750 (Iml=1cm?)

& h’+10h*+25h—750=0
‘Eotw f(h)=h’+10h2+25h—750

f(6)=-24<0
Tote { . "Apa 6<h<7
f(7)=258>0
f(6,0)= —24<0
Eniong { . "Apua 6,0<h<6,1
f(6,1)=1,58>0

) £(6,09)= — 101 <0
Télog . "Apa 6,09<h<6,10

£(6,10)=1,58 >0

Enopévog h=6,Icm=61mm.

§ 4.4 E&lodoe1g ko Avic®oeig mov Avayovral o€ [lolvmvopukég
A" OMAAAX

1. i) H e&iowon opiletar yio kabe x€IR pe x#0 kot x#1. T avtég Tig
TILEG Tov X M e&lowon yYpageTaL
x(Bx*-1)-2=(x-1)(x*-3x+2) & 3x*—x-2=x’-3x2+2x—x’+3x -2
& 2x +4x*—6x=0
& 2x(x*+2x-3)=0

& x?+2x-3=0, [apob x#0]
s x=-3 1 x=1
& x=-3, [apov x#1.]

ii) H e&icwon opiletar yio kabe xeIR pe x#1 kar x# — 1. T avtég 11
Tinég tov x N eéicwon ypageTaL:
X(x+1)-2(x-1)=4 = xX’+x*~2x-2=0

o xX(x+1)-2x+1)=0

e x+1)x*-2)=0

& x=-11 x=—\/5 ] x=\/5.

Amnd avtég deKTEG gival poOvo ot —\/5, \2 apov x# — 1.
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2. H e&icwon ypdepetar

nwx+1-mux+2nux—2=0 & 2nux—-npx+2nux—1=0
nex2nux—1)+2npx—1=0
@npx—1Mp’x+1)=0
2nux—1=0

rte

1
© nux=—

= |lux—|lu _'

3 N x=2kn+——, keZ.

"Apa Xx=2kT+ 6

3. i) H eEiowon opiletor yio xdBe x € [0, +°). T OUTA TA X EXOUUE:

VX' =-4x = x=0  (ogob -4x <0)

ii) H eElowon opiletar yia xdbe x € [%,ﬂw]. T avtd T X dLadoyLre

éxovue

V3ix—-2 =4

3x-2=16 ) i
(LWWVOLLE GTO TETPAYWDVO)

Avtn €xel pila 10 x = 6. Mg enaAnfgvon dramioTdVOLUE OTL TO 6 Eival KoL
pila ™G apyikmg.

iii) H e&icwon eival addvatn a@ov V5x — 1 givar BeTikd, evd to —4 &i-
val apvnTiko.

iv) H eficwon opiletar yio kd0e xelR pe x+32>0, dniadn yia kdbe
X2 —3. Mg avtd T0V TEPLOPIoUO E£YOLpE SL080Y LKA
Vx+3 =x+1
x+3=x>+2x+1 [Yydoape 610 teTpdymvol
x*+x-2=0
x=-2 1 x=1
Amd Tig pileg avTég, OTWG SLOMIOTMOVOLUE PE SOKIUES, Pila TNG APYXIKHC
gEicwong sivar povo § x=1.
v) H e&icwon opiletor yio kG0e xeR pex+3>20 ko 10—x2=0, 6n-
Aadn Y kdBe xe[ -3, 10]. Me autd Tov Teplopopd éxovpe Sradoxikd

Vx+3=v10—x+1
X+3=10—x+1+2V10—x
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2x—8=23/10—x

x—4=10—x
x*=7x+6=0 [Yydoape oto te1pdymvo|
S x=1MNx=6

AT6 T1g pileg avTég, OTMG S1TIOTOVOLUE HE SOKIUES, pila TNG APy IKHC
e&lowong eivar povo n x=6.

vi) H eicwon opiletar yio x€IR pe x>0 kou x—20>0 dniadr, ya
x > 20.
Me avtov tov meplopiopd Sradoyikd £xovpue

~x-20)2=(10-x)?
X —20=100—20Vx +x
207x =120
Vx=6

x = 36.
H tipun 36 ikavomoiel Tov mepropiopd x =20 kat ov OEGOVHE 6TNV APYLIKH
x =136, avtn enainbevetal. Emopévog 1o 36 eivar pifo kol TG apyiknig
e€icwong.
vii) H e&icwon opiletal 1o kabe xe(0, + ). Mg avtdv TOV NEPLOPIGUS
Stadoyikd €xovpe -
2x=x-8+6vVx (1)

x+8=6Vx
(x+8)?=36x
x?+ 16x + 64 = 36x
x?—20x+64=0
x=4 Nx=16

Or1ipég 4 kat 16 1kavomotovv Tov meploptopd x >0 kat emaindedouvy tny
apykn e&icwon. "Apa eivon pileg tg.

viii) H g&iowon opiletat yia x€IR pe x 20 ko x = — 1 dnhadn, yio x =0.
Me autdv 10 mEpLoplopd Stadoyikd EYovpuE:

V1+ 2\/£=\/x+ 1 [vydvovpe 610 TETPAYWVO|

2\/x=x

4x =x?
x(x—4)=0
x=0 nx=4

Ot tinég 0 kot 4 ikavomowovy tov meplopiond x =0 kot av Bécovpe oty
apyikn, v enaAndevovv. Eivar emopévog pileg tne.
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4. i) %
X

‘?>0 ox+DE-2)>0ox<-1 { x>2.

i) ZXH1 o0 o @x+ 1)(x-3)<0, pex#3

X l y<3
@—?_X .

2
i) X "X"2 ) & (K -x-2)K+x-2)<0, pex>+x—-2#0.
X+x—2
Eoto P(x)=(XZ—X—Z)(x2+x—2).'Exovua:
xX-x-2>0 x+1)Ex-2)>0x<-1 f x>2.

X +x-2>0x+2)E-1)>0ex<-29x> 1.

x —o0 -2 =1 1 +00
x*—x-2 + + 0 - - 0 +
X +x-2 + 0 - - 0 4+ +

2
Apo. S RSO -2,-1]u(1,2).

X+x-2
5.0) XF3 S 4 B3 4o X3t 2T
x—1 x—1 x—1 x—1

=27 4:)(2X—7)(x—1)<0(:>1<x<%.

X_
11) 4 X2 _450<:>x—2—12x—20 50<:>_11x_22 <
5 3x+5 3x+5 3x+5

SUX*22 56 o 11x+2)(Bx+5)20, pex#—>
3x+5 3

S x<2 ﬁx>—%.

ApaX e (<0, 2] U (—%, T

2 2 2
i) =310 5 g X =3x-10+2x-2 o x’-x-12 _,
x—1 x—1 |

o -x-12)(x-1) <0, pex#1.
‘Eoto P(x) = (x2 —x—12)(x — 1)."Exovpe:
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X —x-1220 (x+3)(x-4)>0x<-3 1§ x>4.
*x-1>0=x>1.

x —0 -3 1

x*—x-12 + 0 - ' S 0

x-1 = _ 0 +

Apax e (o, —3] U (1, 4].

2 X _ 2 g

iv) < = <
3x-5 x-1 3x-5 x-1 BGx-5x-1)

X' —7x + 10

2 .
X —x—-6x+10 <0 &
Bx-5x-1)

Gx-5x-1)

<0

x(x—1)-2(3x-5) <0

& Bx—-5)(x-1)(E=Tx+10)<0, pex# 1, x#%.

‘Eoto P(x) = (3x-5)(x— 1)(x2 — 7x + 10). 'Eyxovpe:

°3x—520<:>x2%.

ex-1>0x>1.
X —T7x+1020 = (x—2)(x-5)>0ox<2 | x>5.

x —00 —i— 5 +00
3x-=5 = -0 + +
x-1 - + + +

x*=Tx+10 + + + +
P(x) + -0+ 0 +
- X 2 2
Apo, —— < =& (Bx-9)-DHE"-7x+10)<0,

3x-5 x-1
5 5
x#l,x;ﬁ?@xG(l,—g)u[LS].
2

vy X > 3 o x _ 3 >0 X +2x-6x+3 >0

2x—-1 x+2 2x-1 x+2 2x-Dx+2)
X' —4x+3 >0

x-D(x+2)

o X —4x+3)2x - D(x+2)>0, uex#—Z,x#%.

‘Eoto P(x) = (x2 —4x +3)(2x - 1)(x + 2).
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x —0 -2 % 1 3 +00
x*—4x+3 + + + 0 — 0 +
2x—1 = -0 + + +
x+2 - 0+ 4 + +
P(x); -l £ 00 i 0 S 20 Sl 0 ok

Apax e (o2, -2) U (5 110 [3, +e0).

1
6. H avicwon opiletal yia kd0s xeIR pe x #0 ka1 x # 5 INa avtég 16 -
HEG TOL X YPAPETAL:

2w 2 -1 54 ¢x2(2x-1)x+2x—120
2x-1  x(2x-1) x(2x-1)
3
&+ oy

e x(x}+1)=0
& xE+DE2-x+1)=0
s x(x+1)=0

© x<-LN( x>0 ,ue x¢l).
2

B" OMAAAX

1. i) H avicwon opiletat yio xelR pue 2x+3>0 ko 1 —3x >0 dniadn ywo

3 1 . , .
Y <x< 3 Me autdv tov meproptopd SadoyiKd £xovue:
Vax+3 <V1-3x o V2x+3 )< 1-3x)?
& 2x+3<1-3x
o Sx< -2
o x< =2
5
Kol AdY® TOL TEPLOPLGHOV Bpickovpe wg AVCELS TNG aviocwong Ta xeIR
3 -2
- =—<x< —
HE ) x< 5

ii) H avicwon opiletat yio kdbe xeIR pe x =3. Awakpivoope 11 mept-
TTWOELG: .
® Avx—5<0 & x<35, t01e N aviowoT 1oVeL Yia KABe xeIR pe 3 <x < 5.
(yrati o 1o pérog tng eivar BeTiko).

@ Avx—520 & x>=5, téte Sodoyika £yovue
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Vx—3 >x-5 Xx—3=>(x-5)?
x—3>x"—10x+25
x*—11x+28<0
4<x<7

5<x<7, enadn x=>9.

S

2. i) Hekiowon opiletar yia kdbe xe[0, + ). Av Bécovpe Vx =y 1 kico-
on yivetar y>+3y—10=0 kot éxet pileg y, =2 ko y,= — 5.
Encidni v — \/;20, dexTn givar pévo n y, =2, ondte Vx=2 dniadn x =4.

H tiun} 4 ikavonoiel Tov mepopiopd x =0 kat emaAnOevst Ty apyiki e&i-
cwon, dpa sivar pila tne.
ii) H e€icwon opiletan vy k6Oe x €[0, +oo). Av Bécovpie x = y 1me-
Elowon yivetar y* +y — 6 = 0 o1 éyget pileg y, =2 kv y, = =3. E-
mewn y = \/; >0, dextn etvar povo 1 y =2, omdte IVx = 2 dmaadn
x = 8. H i x =28 wavonoiei tov nepropiopd x 20 kar emainBevet
mv apyn e&lowon, dpa eivar pila g,
3. i) Av Béoovpe x#x-2 =y (1) n eElowon yodeperta:

yv-2=Vy @

H eEiowon auti ogifetal epdoov y > 0. Me TOV TEQLOQLOUG QTO oo
mv eElowon (2) moximter 1 eEiowon (y-2)* = y n omoia ypdgetat
SLadoyInd.:
y-4y+d = y = y-5y+d = 0 = y=1 1 y=4
And TG TWég autég povo m y=4 elvor oita g (2). Etor, Adyw g
(1), éxovpe:
X4X-2 =4 = X+x-6 =0 = x = -3 | X = +2

ii) H eSlowon avty opiCetor epooov x-120 xor x-4 20 nai x+4 >0,
onhady x24. Me Tov meQloglopd avtd omd v eEiowon  ovti
TEORVITTOVY ALAOOYIRE. OL EELOMOELS:

x-1+/x-4y = (/x+ay
X-1+x-4+42V (x-1)(x-4) = x+4
2V (x-1D(x-4) = 9-x
@V (x-1)x-4)¥ = (9-x)

4(x>-5x+4) = 81-18x+x
3%-2x-65 = O

5
e (s

3

ATO TLG TLUES QUTEG TOV X MOVO 1 X=5 elvar oiCa g agyrig eEiowong.

4. i) Ipéner x—12>0 dnhadn x=1. AlaKpivOLUE TIC TEPIMTMGCELG:
® Av a4<90, n ekicwon sivar advvarn.
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® Av a0, 101e Vx—1 =0 & x—1=0’ & x=0?+1
ii) H eicmon opiletar oe 6lo 10 IR. Alakpivovue TG TEPINTWOELG:

® Av 2x—A<0 dnradn x< %, N e&iowon sivar addvartn.

@ Av 2x—A >0 dnhadn x> L, téTe:

Vax2+1 =2x—A o 4x°+1=4x>—4x+1> & 4hx=A"—1.

H tekevtaia e&icwon,
@ ov A=0 elvat adbvatn, evo

a2

A =1 \ . A
® ov A#0 £€yel pla Aon x= TR H Mon avutny eival dekTy povo

A .
oV emaANOevEL TOV TEPLOPIOUD X = o> oniodn uévo av

A1 by —(A7+1) s
ST —= > L P )
25 © o >0 & AM+DK0 & A<0

5. H eticwon ypdpetat:
mptx = 3nux =31 —np’x) - 3nux+4=0
i 2np*x = 3npx 4+ 3nuix = 3nux+1=0
Av Bgoovpe nux =y Ppiokovue TNV TOALOVLULIKT e&lcmon
2y* =3y’ +3y’—3y+1=0 )
Ov mbaveg aképaieg pilec g elvar + 1. Me to oyiura Horner yia p=1
Bpiokovue

2 (=313 1-3]1 p=1

2 | —-112 |-1

2 | -1 2 {-1|0

ondte N (1)Swadoyikd yivetat:
(y-DRy' -y +2y-1)=0 & (y-Dly’Qy-1)+2y-1]=0
& (-DQy-DE*+D)=0
1
kot éxel pilec y, =1 kary,= 5 Enopévmg €yovpe mux=1 1 nux= ~:12~

5
dniadn x:2|<7r+% il X=2K7[+% ul x=2Kn+Tn,keZ.
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I'evikég Aokijosig

1. Oswpovpue T dropopd
P(x)— (X +x+1)=x"+x¥ 4 xP 2 —x?—x—1
=xV—1+xM x4 x¥ox?

=) = 1+x[)" = 1] +xxH°-1]

= (X~ (x) + x(xP- D, (xO+xAx-1)7,(x)

=(x"=1)-n(x), OmoL M(X) EVO TOALMVLLLO TOV X.

Enopéverg P(x)= x> +x+ 1)+ (x*=1) - n(x)
=x2+x+ 1+ x-DE*+x+ Dnr(x)
=x*+x+1)[1+x— D)
=x*+x+1)-mx)

mov onpaivel 611 To P(x) Sropeitan pe to x*+x+1.

2. i) To moivmvoupo f(x) ypdeeton

fx)=vx'* ' —vx' —x"+1
=vx'x-1)—-x"—-1)
=vx'x—1)—x—DE"+x"T L x4 1)
=x—-1[vx* =x""'=x""2— .. —x—1]
Av 0éoovpe P(x)=vx'—x""'—x""?—...—x—1, t01¢ glvar
fx)=(x-1) P(x) kat P(l)=v—-1-1-...—-1-1=v-v=0,
ondte

P(x)=(x— 1)1t(x), 67ov m(X) TOALMVULUO TOV X.
Enopévog fx)=x—-1) - x—=1) - n(x)=(x— 1)*n(x), mov onpaivel Tl TO
f(x) Smpeiton pe to (x—1)2

To mnAiko n(x) vroroyileta pe To oynpa Horner, yia to moAvadvopo P(x)
kot yio p=1, g e€ng:

v |-1]-1] .. -1 —1 p=1

v |v—=1] ... v—v+2 1

v |v—1|v=2] ... 1 0

"Eyovpe dnAady nx)=vx' '+ (v—1Dx" 2+ ... + 1.

ii) To g(x) ypdopetat
g(x)=(v—2)x"—vx""'+vx—v+2
=vx'=2x"—vx" ' +vx—v+2
=vx" 'x=-1)=-2x"=1)+v(Ex-1)
=vx"T ' x=1D)=2x - DE"T X T L+ D+ V(x - 1)
=(x—1)[vx" " =2x" T = 2x" 2 — L = 2x -2+
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Av Béoovpe P(x)=vx' ™' =2x""' = 2x P — ... =2x—2+V, 1018
gx)=x—-1Px) (1) kot P(l)=v—-2-2—...—2+v=2v-2v=0,
OTOTE

P(x) = (x — 1)Q(x), 6mov Q(X) TOAVMVLULO TOV X.
Enouévag

g(x) = (x-1)*Qx) 2.

Yroioyiloupe 10 Q(x) pe to oynua Horner wg e€ig:

v—=2-21-21 .. -2 v—2 p=1
v=2lv—4] ... [v=-2(v=2)| —v+2
v—2|v—4|v-6] ... [v=2(v—=1) 0

"Exovpe dnrodn:
QR)=(v=2)x""+(v=Ax" T+ (V=6x" T+ ...+ [v=2(v—1)]
Axoun €yovue
Q) =(v-2)+(v—-4H+(V—6)+...+[v=2(v=1)]
=v—24v—-2-24v=2-3+...+v=-2(v—-1)
=(VAVF . AV =2[1 4243+ .+ (v=1)]
[1+v-D]v-1)
2
Avto onpaivel 0t x —1 givor tapdyovtog tov Q(x), Sniady
Q)= (x—DII(x) (3)
Amo 11¢ oxéoelg (2) kat (3) maipvovue
g(x) = (x—1)'n(x)
Emopévme 1o g(x) Stoupeitat pe 1o (x—1)°.

=v(v—1)-2

=v(v—1)—v(v—-1)=0

3. i) He&iowon eivar avtioctpoen kat 1o 0 dgv givar pila g, omdTe EYouue
N 2 1 , 2
*+2x*+2x+1=0 & x‘+2x+;+;=0 (Sratpovue pe x7)

o L

e X'+ =5 +2x+ L)=o

x? X
’ 1 ’ 2 1 ] ’ ’
Av 98covpe X + ~ Y X+ =y?—2 kot n ekicmon yivetat

yi-242y=0 & y'+2y-2=0
o y=-1-vV3 1§ y=-1+3
'ET(HS{V(MX-F%:—]“\/?T il x+—£—=—1+\/§
1 woodVvvapa
Cr(+V3Ix+1=0 1 x2+(1-vV3)x+1=0
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Eivat A, =(1+V3)?=4=2V3 xar A,=(1-+3)?—4=—23/3<0 onére
n devtepn eEicwon dev €xet pileg, evds N TPOTN €YEL TIG

—1-v3-V12 —1-v3 +312
P 2

X, =

ov gival xat ot pileg ™G ApYIKNG.
ii) H etiomon dev éxel pila 10 0, £T01 v S0PECOVUE PE X EXOVLUE
1 1 1

1
X +x—4+ —+ 5 =0 o X'+ 5 +x+——-4=0
X X’ X X

, 1 i 1 , ,
Av 0éoovpe x + < =Y e x2+ Z =y?-2 ka1 1 e€icwon yiveta

y’=2+y-4=0 7N y*+y-6=0

kot €xet piec y,= —3 ko y,=2.
1 -1
‘Etol éxovpe X+ <= -3 11 x+ o =P
1 toodVvapa

x2+3x+1=0 1§ x?-2x+1=0

-3-/5
2

X, =

. , —3++/5 )
Avtéc éyouvv pileg x,= — N TPAT Ko X, =1

n devtepn.  Emopévag o pileg g apyikig e&icmong eivar ot

-3+v5  —3-+/5

.l

2 ’ 2
4. i) Eneidn 1o x=0 Sev eivar pila, Sopodpe pe x? kot £xovpe:
2
x2+x—16-—£+iz=0 & x2+iz+x———16=0
X X X X

. 2 _ . 2y .
Av Béoovpe x — =Y TotE (x " ) =y*, ondte
4 2 4
2 - <z 2 ;2 2 2
x+x2 2xx y,8nka8nx+x2 y°+4
kai-n e&iowon yivetat
y’+4+y—16=0 1 y*+y—-12=0

mov €xel pileg y,= —4 ko y,=3

Enopévag

2 _ , 2
xx—4 1M xX 3
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o x’+4x-2=0 B x*—-3x-2=0

3-/17 3+17
2 N )

o x=-2-6 1 x= —2+\/gr'] X=

ii) Av gpyacBodue dnwg otnv i) N e&icwon ypageTal
1 1
2 — _—— —
X2+ = +8(x— —)+13=0
) . 1 . 1 , ,
Av Béoovpe x — <=y Té1E X2+ ) =y*+2 ka1 n ekiowon yiveta

y>+8y+15=0
nov éxel pileg y,= —3 ko y,= —35
Enopévag dradoxikd €yovue

1 ; L .
x——x———3nx-—x— 5

x2+3x—1=01 x*+5x—1=0
O tehevtaieg éxovv pileg

-3-413 - -3+V13 1B -5-v29 _ =54ND
2 g M 2 L 3= 2 ’ xd— 2
avTioToixme. Autég OAeg ivar ot pileg ™G apyIKNG.

5. Av 6éoovpe x*+2x—1=y n e&iowon yiveta
v -3(y+4)+14=0 1 y’-3y+2=0
Ko €xel piteg y,=1 kau y,=2, onote £XOLUE
x1+2x—1=1 1 x*+2x—-1=2
o x2+2x-2=0 i x*+2x-3=0
O1 ekiotoelg autég éxovv pileg Toug aptBpols
—1—\/5, —l+\/§n npd™ Ko 1, —3 n devtepm.
Emopévag ot pileg g apyknig eivau
X, = —l——\/g, Xy = —-l+\/3_, x;=1, X,= -3
6. ATO TNV TOVTOTNTA TNG OLOLQEONS TQORVITTEL OTL:
X +3x +oax+B=(x>--2) n(x)+5x +8
Ma x=v2 £€YoLvpuE
~2) +3(V2) +aV2 +B=0+5V2 +8

s 4\/5+6+a\/2_+[5=5\/5+8

o aV2+p=v2+2 1)
Mo x =-Y2 éyouvue
a\/;—[5=/_-2 &

Avvovtag 1o ovotnpa Twv (1) xow (2) Boioxovpe OtL o=1 xar B=2.
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7. Me 10 oynuo Horner maipvouue

1 | =-12] 12 [—-12| ... | 12 | -1 p=11
11 |—=11] 11 | ... |=11] 11
1 | -1 1 S o 1 10

emopévag P(11) = 10.

Av dokipdoovpe va vrodoyicovpe to P(13) pe tov idio tpdno 8a drami-
GTMOOVUE OTL OL TPaEelg eivarl apkeTd eninoves. 'Evag mio obviopog
TpOTOG gival o g€Ng:

To P(x)=x"—1-12x(x " —x"“+x"—...+x—1)

» 16_
—x"—1-jox X =1
x+1
_x_1opp X=X
x+1
137-13
z . 17_ _ Lo Y
Ométe P(13)=13"-1-2. ——=—
Ao 137-13 _ 6(13"+1)
=137 - 1 - -

Me évov vroroyioth Toénng Ppiokovpe 10 137 ko éror €xovpe TO
P(13).

8. O mayetdvag tekewwver Otav n Oeppoxpacto T = T(x) avepyouevn
OUvVEX(G Unoevitetar, eved ovtdg EavagyiCer Otav n Ogopoxgooia
nateQxouevn undeviCetar. oo va Aoovpe Aowtov 1o TeoBAnua, aoxei
va fovpe Ta onueior undeviopov g ovvaptnong T(x) xabog emiong
®OL TA OLAOTHUOTA HOVOTOVIOS TNG.
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Av Béoovpe T=0 mpoxkVTTEL N €- |

Eicwon . y
10x° — 100x2+270x — 180 =0 T
o x*—10x2+27x—18=0 3IF

o x*—9%x?—x*+9x+18x—18=0
o xXX(x-1D)-9%xEx-1)+18(x—-1)=0
& (x—DE2-9x+18)=0 T
o x-Dx-3)x—-6)=0 :
Me 1t Bonibeia Twv prldv Kot evog mi-
vakKa TILOV Bpiokovpe pia Tpdyepn
YPOQIKY TApAGTOCT TNG GLVAPTN-
ong T,(x)=x>—10x*+27x — 18.

Me 1 BonBela ™G YPOPIKNG Tapd-
otaong Ppiokovpe OTL:

a) TO TEAOG TV TAYETOVWYV Ba £pBel
RHETA amd 1 eKaTOLUVPLO YPOVIaL.

B) O endpevog nayetwvag Ba apyi-
o€l 6€ 3 eKaToppvpla Xxpovia Kat Ha
dwapkéoer 6—3=3 exkatoppbpld _gH=—————e——-
XPOVIQL.

=)

w

— e ——— — — — — —— ]




